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PREFACE. 



Is Spite of vrhni I miiet still consider a tolerably com- 
plete statement of my position (^ 11-15, 108, otc), aome 
of my critics persist in accusiug me of deliberate incon- 
sistency in my treatment of Force. I am represented by 
Ihem as iirst telling my readers that there is "uo etich 
thing as Force," and then introducing utter coofusion by 
the assertion that "Matter is merely the plaything of 
Force" ! They appear to be unable to perceive tliat the 
idea of Force is an essential feature of Newton's Laws of 
Motion : — and that, until we are provided with an eflll- 
cient anbatitute for JTewton's system, we must retain it 
in ita integrity. To have left these statements altogether 
unnoticed might have been prejudicial to the book itself, 
in the eyes of the many weak ones who regard the dicta of 
a critic (especially when he is anonymous) as necessarily 
authoritative. To take more tliau this passing notice of 
them would be to esaggerate their importance. 

Since the last edition of this book was published, the 
whole of M. Amagat's splendid experimental results have 
become generaUy accessible : — and I have made consider- 
able additional use of them, especially in Chaps. IX. 
andX. 

Parte of Chap. VIII. have been considerably modified. 
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with the view of making easier for beginners the extxa- 
Kirely important olomonta of the mathematical theoi; of 
drfanitstiou. 

I am greatlj indebted lo Sir G. G. Stokes for a^istance 
in toy eoiliuivoar to form clear conceptions on the vexed 
qtiMtion of the (so-called) internal pretmre of fluids. It 
w» alluded to only in a foot-note to § 280 of the preTious 
ftdition, but it now forms the subject of § 260 of the text 
The difficalties which this question undoubtedly presents 
•Mm to be munly of our own making ; another illustra- 
tton of the pemictoDs effects of a false system, in which 
foTM h ragarded as something essentially ot^ective. 

Tho whole work has been carefully revised by Dr C. G. 
Knott W waU as )>y myaelf, and the proofs have under- 
goot minute acrutiny from Messra W. Thomson and A, D. 
, Mall-Amott Hchotors in ray Laboratoiy. 



P. G. TAIT. 



Cottuf, EmfiuRoir, 
Jfay 1, lt9i. 



PREFACE TO THE SECOND EDITION. 






Is tlie present edJtioE this Treatise has been carefully 
revised and considerably extended: — apecial attention 
having been paid to passages where a diiBculty had 
been foand. 

For one of the most important additions I am indebted 
to M. Amagat, who has very kindly enabled me to avail 
myself of some of hia splendid but hitherto luipubliahed 
TesoltA. These relate to the compression of Sutils exposed 
to enormous presanres ; and, when published entire, will 
form a singularly interesting and practically new branch 
of the subject. 

To some of the scientific critics of the firet edition I 
am indebted for suggestions of real value, and I have 
endeavoured to profit by them. I must except, however, 
those which concern my treatment of the subject of Force. 
I have seen so much mischief done by this quasi ■i>eraoni- 
fication of a mere aenae-impresaion that, even in an 
elementary book, I am constrained to protest agninst it. 
(See g 15 of the text.) I feel assured that the difficulties 
which are now everywhere felt aa to the great scientific 
question of the day, the nature of what we call electricity, 
great part due to the way in which our modes of 
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viii FBEFACK TO TOE SECOND EDITION. 

thinking hare been, by earl; training mid subsequent 
habit, encouraged to run in UiiB fatal groove. 

To some of my other critics, more aggressive because 
leas Bcientiiic, I have been indebted for genuine amuse- 
ment. Nothing is, however, without its use in this 
world, though it may occasionally be difficult to discover 
that use. It would seem, then, that the function of the 
unscientific critics of a, scientific book is (like that of the 
writers of slipshod English) to furnish examiners with 
rich material for [{uestions of the weU-kcown kind : 
— "Point out all the errors in the following pussage." 
Nothing is more difUcult than the attempt to jtuiliV such 
passages : — and the results are usually forced and awkward. 
From the critics I allude to they come in perfection. 

Tliere is one ailditional remark which I must make. 
The minority of the illustrations in this work (whether 
given in words or by diagrams) are, when the contrary is 
not stated, to the best of my knowledge original, I make 
the remark lest I should be supposed to have taken them 
from some of the books in which they have been re- 
produced without acknowledgment of their source. It is 
flattering to have one's work thus appreciated, but the 
honour has its little iuconvenioncea. 



P. G. TAIT. 



COLLEOR, EniNSUKOII, 

July 1, 18S0. 
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CHAPTER r. 

IKTHODCCTOEY. 

. Wb start with certain aaamuptions or Axiomb, t 
' are not of an a priori character, but which the obaerva- ' 
tions and experiments of many gencratioiks have forced 
upon us : — 

(1) That the physical universe has an objective exiat- 

(2) That we become cognisant of it solely by the aiJ 
of our Senses, 

(3) That the indications of the Senses are always 
perfect, and often misleading ; but 

(-1) That t)ie patient exercise of Reason enables U3 to ■ 
control these indications, and gradually, hut 
surely, to sift truth from falsehood. 
. If, for a moment, we use the word Tlnnn to denote, 
jonerally, whatever we are constrained to allow hna 
fehjective existence : — i.e. exists altogether independently 
r senses and of our reason : — we arrive at the follow- 
ing conclusions : — 

. In the physical universe there are but two classes 
i thing?, Matter and Enehov. 



n 






niOPERTIKS OF ftLiTTElt. 

but the waste wbich he laments ho looks upon as ita 
armihilaiion. Till ivithin the lost fifty years ot eo ths 
vast majority even of Bcientific men held precisely the 
same opinion. 

7. The modern doctrine of the Conservation of Energy, 
securely based upon the splendid investigations of Joulo 
and others, completes the juatificntion of our preliminary 
statement. Energy, like matter, baa been experimentally 
proved to be indestructible and uncrcatsble by man. It 
exists, therefore, altogether independently of liumaii 
senses and human reason, though it is knoM-n to man 
solely by their aid. 

One of the most curious passages in history is that 
which describes the quest of Tin Perpetual Molion. 
This was simply the attempt to discover a continuous 
Source of fresh mechanical energy. Id 17TS the Academy 
of Sciences declined, for the future, to consider any 
scheme which professed to furnish work without corre- ' 
sponding and equivalent expenditure. But the race of 
Perpetual Motionista is by no means even yet extinct. 
The doctrine of the impossibility of the Perpetual Motion 
is often valuable in modern physics (see, for instance, 
S 139 below), as it turaiahea simple ex ahturdo proofs of 
important fundamental theorems. 

The objectivity of energy is virtimliy admitted in a 
cnrioua way, by ita being advertised for sale. Thus in 
manufacturing centres, whore a mill-owner hna a steam- 
engine too powerful for his requirements, he issues a 
notice to the effect, " Spare Power to let." But, of 
course, the common phrase " price of labour " at once 
acknowledges tlie objectivity of work. 

8, There is, however, a most important point to be 
noticed. Energy is never found except in association 
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IXTEOWXTOBT. 

with nuUer. Hence we nigbt dot 
Vehiele or Befrptadt of Emtryf ; ani 
than proWiie that «misT ^"^ nliii—lrfr be f 
all its Tuied forau^ lo depcod npoo Matio* of n 

"Hiis is adraaceil, for the moDieiit, « a i»Me ii 
etateraent, instances of which will be d 
the present wock ; bat its ccanplete 
ruiuice the tntrodoctioa of hnaches ol [^jaks wHh 
wliich we hare htm nothtag to do. One gnat aigimiait 
ID its &T011T t^ that maU«r is foniul to cOBsict of {«rtB 
which preserve their iitentit;, while nmgj is maniiested 
to OS onlj in tiw act of transfonnatioD, and (iboo^ 
meaaurable) cannot be idcntiScd. F(v this is pceciwlj 
what we Bhoold uperf to find if eoeisy dcpeoda ta- 
v^iriably on motion of nutter. 

9. Beside their common chaiaeteristie, onscTTatioii, 
and in strange contract to it, wc hare thedr dtaractenatic 
difTurence. Matter ia Eimply passive (litert is the edcnitfie 
word) ; energy is perpetually imdcrginng tiaiififormatioa. 
Tlie one is, as it were, Uie bodj of the phyrical aniverse; 
the other ila life and activity. All terrestnal pbeDomena, 
from winds and waves to lightning and thunder, eruptions 
and eaitliquakes, aru transfonnations of energy. So 
ore alihe the brief flash of a falling star, and the fiery 
glow from the mighty solar outbursts of incandescent 
hydrogen. 

10. From the gtricUy scientific point of view, the greater 
part of the present work would be said to deal with energy 
rather than with matter. In fact, were we to speak of 
weight as a properly nf matter, in the senBe that ft stone 
of itself has weight, or even in the sense that the earth 
aflraetg the stone, we should go directly in tlie teeth of 
Newton's distinct assertion. 
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8 PROPERTIES OF JlArTEK. 

For Buch B. slatement (bocaUEo coiiGiied to the attracU 
ing bodies alone) implies the existence of Action at a 
Difiiance, a very old but most pernicious heresy, of which 
much more than traces still exist among certain schools, 
even of physicists. (See Newton's words on this subject, 
§ 160 below.) 

Gravitation, like all other mutnal actions between 
particles of matter, such as give rise to cohesion, 
elasticity, etc., muat, with our present; knowledge, be 
set do^TQ to the energy which particles of matter are 
fonnd to possess when separated. The intervening 
mechanism by which this is to be accounted for has, as 
yet, only been guessed at, and none of the guesses have 
been successful. Clcrk-MJix well's success in explaining 
electric and ma^etic attractions by something an&logoua 
to stresses and rotations in the luminiferotis ethoi shows, 
however, that wo need not despair of being able to 
explain the ultimate mechanism of gravitation. 

But there is great convenience in separating, as for 
as possible, the treatment of Mass, Weight, Cohesion, 
Elasticity, Viscosity, etc., which we range under the 
general title, Fropertiea of Matter, from that of Heat, 
Light, Electric Energy, etc., which can all in great 
measure bo studied without express reference to any one 
i^iecial kind of matter — though, as forms of energy, they 
Insist only (§ 8 above) in association with matter. Along 
'With these forms of energy must of course be treated tlie 
properties of matter, such as specific heat, refractive 
, conductivity, etc. Such, therefore, are foreign to 
le present work. And it must be remarked that, even 
in popular language, we invariably speak of the hardness 
body, its rigidity, its elasticity, as belonging to it in 
luch the same sense as does its density or its atcmia 
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INTEODUCTORY. 9 

weight — and certainly in a iniicb more intimate sense 
than does its t«mpcTatnre or its electric potential 

It is, therefore, on the two grounds of custom and 
convenience that wo use the tenn Pmpertiea of Malttr as 
the title of this work. The error involved is not by any 
means eo monstrous as that which all agree to perpetuate 
by the use of the term Ceatri/iu/al Force. 

11. The word Force must often, were it only for 
brevity's sake, be used in the present work. Aa it does 
not denote either matter or energy, it is not a term for 
anything objective {% 2, A), The idea it is meant to 
express is suggested to us by the " muscular aenae," just 
a the ideas of brightness, noiao, smell, or pain are sug- 
gested by other senses : — though they do not correspond 
directly to anything which exists outside us, 

It is exceedingly difficult to realize fully the fact that 
noise is a mere subjective impression, oven when reason 
has convinced us that outside the drum of the ear there 
is nothing to correspond to it except a periodic com- 
pression and dilatation of the air. 

Stilt more difficult is it to realize that outside us all in 
ilark; and that the objective cause of even the most 
gorgeous of optical phenomena is an excessively rapid 
quivering motion of the ethereal jelly which extendi 
through all space. 

We need not, therefore, be surprised at the tenacity 
with which the great majority, even of scientific men, 
still cling to the notion of force as something objective. 

But if it were objective, what an absolutely astounding 

difficulty would have to be faced by one who tries to 

explain the nature of hydrostatic ])ressure ; and who 

finds that by the touch of a finger on a little piston he 

I can produce a pieesure of (si^) a pound weight on every 
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> aquaro indi of the surface of a veaael, however largi 
1 full of water, anil the some amount on every square i 
f of surfnce of every object immersed in it, even if that 
object cM^nsisted of liundreds of square miles of sheets 
of tinfoil far enough opart to let the water penetrate 
} lietween Iheni. All this, moreover, ia found to disappear 
1 the moment he lifts his linger ! 

Wheu we communicate energy to a body, as in pushing 
or drawing a carriage, the impression produced upon our 
' muscular sense does not correspond to the energy com- 
municated per second, hut to the energy communicated 
i per inch of the motion. For experiment has proved 
I that wliat appears to our muscular sense as a definit* 
I tension (in a cord, let us say) is associated with the com- 
munication of energy, to any mass of matter whatever, 
I in direct proportion to the (linear) njiaee through which 
it is exerted, altogether independently of the speed with 
which the mass may bo already moving in tlie direetjon 
of the tension ; so that io equal times energj- is coiii- 
municated in direct proportion to that speed. Wlieii 
' there is no motion, no energy is communicated ; and this 
would certainly not be the case if communication of 
energy corresponded to the time during which the tension 
^vas said to act. 

12, The muscular sense ia far more deceptive than any 
other, except, perhaps, that of touch, Conjurois, ven- 
triloquists, perfumers, and cooks make their livelihood by 
practising on the imjierfec lions of our senses of sight, 
liearing, amell, and taste respectively. But he who has 
tried the simple experiment of rolling a pea on tlie table 
between his first and second fingers, after crossing one 
ir the other, will at once recognise tbo extreme deceit- 
I fulaeas of the sense of touch. And the inuBcnlat seoM 
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OTRODVCTOHY. 

well desETves a place beaidu it. Ho, as we know that 
there ia but one pea, Ihongh the sense of touch vividly 
impresses ua with the notion that there are two, we must 
be very wary when tlie muscular sense plainly sttggcsta to 
ua the notion of force as an objective realily. 

13. Many of the terms which are now used in a strictly 
scientific sense had a humbler origin, having been devised 
entirely for the popular expression of common ideas. Tlie 
tenn Work is a specially iiluatrative one. Thus, in a 
draw-well, the work done in bringing waU'r to the surface 
would l>e reckoned at first in terms of the quantity of 
water raised : — two raisings of a full bucket lifting twice 
as much water as one. But then it was found tliat, for 
the same quantity of water raised, the work depended on 
the depth of the well : — doubled depth corresponding to 
doubled work, Again, if the bucket were filled with sand 
instead of water, more work was required, in proportion 
lis sand ia heavier than water. All these statements were 
BOOH found to be comprehended in the simple form : — 
the work done ia directly proportional to the weight 
raised and also to the height through which it is raised. 
Here the indications of the muscular sense stepped in, and 
work came to have a general meaning, viz. the product 
of the so-called force exerted, into the distance through 
which it is exerted. 

Had thay not possessed the muscular sense, men might 
perhaps have been longer than they have been in recog- 
nising the important thing potential enenjij (% 4); but 
when they had come to recognise it, they would have 
staled that when water is raised it gains potential energy 
in proportion as it is raised, and perhaps they might have 
found it convenient to use a single term for the rate at 
which such eneigy ii gained {lei foot of ascaut. Thia 
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would probably not have been the word "Force, 
would have expressed precisely what the word force 
expresses. 

Then they would have recognised that when energy is 
transmitted by a drivbg-belt, the amount transmitted ia 
(ceteris paribus) directly proportional to the sjiace through 
which the belt has run. They might have invented a 
name for the rate of tranamiasion per foot-run of the belt; 
they might even have called it the tension of the belt ; but, 
anyhow, it would be precisely what is now called force. 

Let us look at the matter from another point of view. 

14, A stone, if let fall, gradually gains kinelic energy, 
or energy of motion, and experiment shows that the 
energy gained is directly projjortional to the vertical apace 
fallen through. Hence we have come to say that the 
stone is acted upon by a force (ita wexghi, as we call it) 
whose amount ia practically the same at all moderate 
distances from the earth's surface. 

But, BO far as we know the question scientifically, we 
can Bay no more than that the stone hoa potential energy 
(just as water in a mill-pond has head) in proportion to 
ita elevation above the earth's surface ; and consequently, 
by the conservation of energy, it must acquire energy of 
motion in proportion to tho space through which it 
descends. W}\y it has potential energy wlien it ia raised, 
and why that potential energy takes tho first opportunity 
of transforming itself into kinetic energy : — thus requiring 
that the stone shall fal! imleaa it be supported : — are 
questions to bo approached later. {Chap. VII.) 

15. That the statement above is complete, without the 
introduction of tho notion of force, is seen from the fact 
that a knowledge of the kinetic energy acquired, after a 
given amount of descent, enables us to determine fully 
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the natare of tlie resulting motion even when tho stone ie 
prelected, obliquely or Tertically, uot merely nlloweii to 
f&lL The question is easily reduced tx> one of mathe- 
matics, or rather of Kinematics, and es such the non- 
mathematical student must, for the present, simply accept 
the Btatement as true. 

And thus ne have another of the many distinct and 
independent proofs that Force is a mere phantom sugges- 
tion of our muscular sense ; though there can be no doubt 
that, in the present stage of development of ecience, the 
use of the term enables na greatly to condense our 
descriptions. 

But it is a matter for serious consideration whether we 
do not connive at a species of mystification by thus 
employing, in the treatment of objective phenomena, a 
term for a mere sensation, corresponding to nothing 
objective : — even although it bo employed solely to shorten 
our statements or our demonstrations. 

Every one knows that matter (e.;/. corn, gold, diamonds) 
has its price ; so (as we saw in g T) has energj-. We are 
not aware of any case in which force has been offered for 
sale. To " have its price " is not conclusive of objectivity, 
for we know that Titles, Family Secrets, and even Degrees, 
are occasionally sold; but "not to have its price "is at 
least all but conclusive against objectivity. 

Wo are in tho habit of speaking of fresh air, sunshine, 
&c., though obviously objective, as priceless / 

16. These introductory remarks have been brought 
in with tho view of warning tho reader that we are 
dealing with a subject so imperfectly known that at almost 
any part of it we may pass, by a single step as it were, 
from what is acquired certainty to what is still subject 
for mere conjecture. 



niOPEimES OF MATTKH. 



I 

■ An exact or adequate conception of matter itself, 
H could we obtain it, would almost certainly be Gomething 
^M extremely unlike any conception of it which our senses 
H and our reason will ever enable us to form. Our object, 
^M tliereforc, in what follows, is mainly to state experimental 
^P facts, and to draw from them such conclusions as seem to 
* be least unwarrantable. 

17. But, for the classification of the properties of 

matter, whether our classification bo a good one or not, 

it is necessary that we should have a definition of matter. 

From what was said in lost section it is obvious that 

no definition we can give is likely to be adequate. All 

tthat we can attempt, then, is to select a definition which 
(while not obviously erroneous) shall servo as at least u 
temporary basis for the classification we adopt. 
IS. Numberless definitions of matter liave been pro- 
posed.^ Uere are a few of the more important : — 
(a) That which possessM Inertia {§ 9). 
(V) The Seeepiacle or Vehicle of Energy (§ 8). 
(y) Whatever exerta or can be acted on by Fuive. 
(8) Whatever can bo perceived by our senses, especi- 
ally the ecnsQ of Touch. This is closely akin 
to the well-known definition of matter as a 
Permanent Pomhilil'j of Senmlion. 
(*) WTiatever can occupy space. 

({) Whatever, in virtue of its motion, poasessea Enei^. 
(ij) Whatever, to set it in motion, requires the ex- 
penditure of Work, 
{&) [Torricelli, Lczioni Accademirhe, 1715, p. 25.] La 
materia altro non e, che un voso di Circe incan- 
tato, il quale serve per ricettacolo dello forza, e de' 
^ A remarkable colleotiou of such (now historical] speculations, 
doe to ProfsBSDr Flint, is giveD in Appendix I, 
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momenti dell' iin[)eto. La forza poi, e gl' impcti, 
sono nstratti tanto sottili, aon quintessenze Unto 
spititose, che in altre arupoUo non si poason 
racduudere, fuor che nell' intima coipulonza de' 
solid! Daturali. 
(i) [The Vortex Hypothesis of Lord Kelvio.] The 
rotating parts of an inert perfect fluid ; -rrhose 
notion is absolutely continiunu, whicli fills all 
space, but which is, when not rotating, absolutely" 
unperceived liy our senses. 
19. The mutual incompatibility of certain pairs of 
these definitions shows that some of them, at least, must 
be of the so-called metaphysical species (§ 3). 

(a), (jS), (0. (v)> above, have much in common, and, 
with further knoivledgo, may perhaps he found to differ 
in expression merely. At present, from want of informo- 
tion, we cannot be certain that any two of them are 
precisely equivalent. 

Berkeley iTTlually asserted that all motion is produced 
by the direct action of spirits on matter. Even then, the 
statement (^) that matter ia the receptacle or Tobicle of 
energy holds good (but how then does energy exist in 
the spirit )). 

But the statement that matter is whatever can exert 
force (y) is to be rejected; though it was virtually intro- 
duced by Cotes in his Preface to the second edition of 
the Pnncipia. 

(S) must be rejected, if only because there is another 
thing besides matter (in the physical universe) which we 
know of, and of course only through our senses (g 1). 
But this is not all the error ; for we get the notion of 
force through our muscular sense {§ H), and force is not 
matter, not even a tiling. 
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Torricelli's language is pocticnl, and therefore lu3 
Btateraent (fl) must not bo token too literally. In liis 
time, as in all subsequent time til! well within the last 
half century, energy and force were very rarely distin- 
guished from one another. Even now they are too often 
confounded. 

(i), the most recent of these speculations, has the 
curious peculiarity of making matter, as we can [jerceive 
it, depend upon the existence of a particular kind of 
motion of a medium which, under many of the defini- 
tions above, would be entitled to claim the name of 
matter, even when it is not set in rotation. 

20, But aa we do not know, and are probably incapable 
of discovering what matter i>, wo must content ourselves 
for tbo present with a definition which, while not at 
least ohviousli/ incorrect, shall for the time serve as n 
working hypothesis. 

We therefore choose (t) above, t.e. we define, for tho 
moment, as follows : 

Mailer is whatever eait oeeupy «paee. 

Esiwrience has proved that it ia from this aide that the 
average student can most easily approach the subject, r.e. 
here, as it were, the contour lines of the ascent (§ 80) are 
most widely separated. 

21. But this definition involves three distinct proper- 
ties : — (l)the Volume, (2) the Formot Figure, of the space 
occupied; and (3) the nature or quality of the Occupation. 

Hence the older classical works on our subject almost 
invariably speak of matter as possessing — (1) Extendoj}, 
(2) Form, and (3) ImpenelTalnlilij. It is mainly for the 
sake of the first of these, and the preliminary discussions 
which it necessarily introduces, that we have chosen the 
above definition as our starting-point. 
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22. Bt'fore ne take these up iu detail, however, it mny 
bo useful to devote a short chapter to a digression on 
some of the more notable of the hypotheses which have 
been propoonded aa to the altimnte structure of matter. 
We advisedly ufie the word strudure instead of nature, 
for it most be repeated, till it is fully accepted, that the 
dlacxivery of the ultimate nature of matter is probably 
beyond the range of human intelligence. 

Another chapter, of a very miscellaneous character, will 
follow, devoted to the examinatiun of eome of the t^rnis 
popularly applied to pieces of matter, and a rapid glance 
nt the physical truths which underlie them. This is 
mtroduccd to give the reader, at tho very outset of his 
work, a geneiul idea of its nature and extent. 



CHAPTER II. 

SUHB HVFOTHKSia AS TO TUB CLTIMATE 5TKDCTURK OF 
MATTKB. 

23. TiiB hard Ahm, glorilied in the grand poem of 
Lucretiiis, but origuiftlly conceived of, some 2i00 years ago, 
l)y the Greek philosophers Demokritua aad Leukippue, 
survivoB (as at least an unrefutccl, though a very improh- 
able, hypothesis) to thia day. NewtoD made use of the 
hypothesis of Riiite, hard, atoms to uxplain why the speed 
of sound in air was found to bo considorahly greater than 
that (^veii by his calculations i which were a<:curatQ m 
ihumaelves, but founded on erroneous or, rather, incom- 
plete data. But in this problem Laplace found the vera 
eauM, and in consequence Kewton's apparent support of 
the hypoUiosia of hard atoms ia no longer availabli:. 

Many of tho postulates of this theory are with difficulty 
roeoncilod with our present knowledge ; some Lave been 
con torn ptuously dismissed as " incouoeivable." But any 
ono who nruiica on these hues bocomoa, ipgo/acto, one of 
tho flo-('(dlod mo til physicians. 

I/il a» briefly conaidi-r tho main atatcmenta of this 
thoory, hut without regard to the order iu which 
Luuretiua gxvn thain. 

24. Nature work* by iuvUihle things; thus paving- _ 
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Atones and plooghsliareB are gisdaalljr worn down without 
the loss of any risible particles. 

Reproduction [i.e. agglomeration of scattered particles 
so as to produce visible Ixidies] is slower thui decay 
[i.e. the breaking np of bodies into invisible particles], and 
therr/im there most be a limit to breakage, elac the 
breaking of infinite past ages wotdd have prevented any 
reprodui;tian within finite time. Hence there exists a 
least iu things [i.e. unbreakable parts or Atoms, "strong 
in solid singleness "]. 

But there is also void in Uiinga, else they would be 
jammed together, and nnable to move. Here Lucretius 
takes the cose of a Gsh moving in water, sliowing that 
void is necessary in order that it may be able to move. 
[Our modem knowledge of eireidatxon, i.e. the motion of 
fluids in re-entrant paths, shows that this reasoning ia 
baseless.] 

There can be no third thing besides body and voiJ. 
For nothing but body can touch and be touched ; and 
what cannot be touched b void. [Here we have the germ 
of the erroneous definition of matter (S) in g 18 above.] 

Tlie atoms are infinite in number, and the void in 
which they move [space] is unlimited. 

They have different shapes ; but the number of shapes 
is finite, and there is on infinite number of atoms of each 
shape, 

Nothing whose nature is apparent to sense consists of 
one kind of atoms only. 

The atoms move through vuid at a greater speed than 
does sunlight. 

Besides this, there is a great deal of curious speculation 
as to how a vertical downpour of atoms [supposed to be 
a result of their weight] is, in some arbitrary way, mode 
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consistent with their meeting one another and aggit 
rating into visiblo mosses of matter. 

The basis of the whole of Lucretius' reasoning in 
favour of tho existence of atoms lies in tlio gratuitous 
assumption that reproduction is slower than decay. This 
is by no means consistent with our modern knowledge, 
for potential energy of different masses [whether gm\-ita- 
tional or chemical] is constantly tending to the agglomera- 
tion of parts, and on a far grander Bcale than thiit in 'n'hich 
any known cause tends to decay or breaking up. 

But if there ho hard atoms, they must (in all known 
bodies) have intervals between them ; for compressi- 
bility : — i.e. capability of having the component otonia 
brought more closely together ; — is a characteristic of all 
known bodies. [Contrast this mode of arriving at the 
conclusion that " there must be void in things," with the 
erroneous mode employed by Lucretius.] 

25. A refinement of this theory, mainly due to 
Boscovich, gets rid of the material atom altogether, 
substituting for it a mere mathematical point, towards 
or from which certab forces tend. It is sujiported by 
the assertion that we know matter only by the effects 
which it produces (or seems to produce), and therefore 
that, if these effects can he otherwise explained, we need 
not assume the existence of substance or body nt all. 
This theory was, at least in part, accepted by go great an 
experimenter and reaaoner as Faraday. It virtually 
substitutes force for matter as an objective thing (§ 2), 
and it essentially involves the heresy of distance-action 
(§ 10), But the fatal objection to which it is exposed is 
that it does not seem capahle of explaining inertin, which 
is certainly a distinctive (perhaps the most distinctive) 
property of matter. 
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This theory must he regarded as u mero mathcnialical 
fiction, very similar to that which {in the lianda of 
Poifson and Gnusa) contributed so much to the tlieorj- 
of Btatical Electricity ; though, of ours?, it could in no 
way aid inquiry as to tehat electricity is. 

26. A much more plausible theory is that matter is 
continnoua (i.e. not made Dp of particles situated at a 
distance from one another) and comjiressihle, but in- 
tensely heterogeneous ; like a plum-pudJing, for instance, 
or n mass of brick-work. The finite hcturogencousnefia 
of the moBt homogeneous bodies, such as water, mercury, 
or lead, ia proved by many quite independent trains of 
argument based on experimental facta. If such a con- 
stitution of matter be assumed, it has been shown ' tliat 
gravitation alone would suffice to explain at least the 
greater port of the phenomena which (for want of know- 
ledge) wo at present ascribe to the ao^ialled Mol-ieular 
Forfen. But it does not seem to be compatible with 
experimental facts; especially some of the simpler 
phenomena presented by gases. (^ 55, 322.) 

27, The moat recent attempt at a theory of the 
structure of matter, the hypothesis of Vortex Atoins, is 
of a perfectly unique, self-contained character. Its postu- 
lates are few and simple, hut the working out of anything 
beyond their immediate consequences is a task to tax to 
the utmost the powers of the greatest mathematicians for 
generations to come. A vortex filament, in a pefect 
fluid, is a true "atom ;" but it is not bard like those of 
LucretiuB ; it cannot be cut, hub that is because it 
neeeegarily wri^les away from the knife. 

The idea that motion is, in some sort, the basis of 
what WL' cidl matter is an old one ; but no distinct con- 
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ceptioiiB on the subject were possible until v. Helmholtz, 
in 1S58, miule a grand contribution to hydrokinetics in 
the sbnpe of iiia theory of vortex motion.' He proved, 
among other entirely novel propositions, that the rotating 
portions of a continuous incompressible fluid, in which 
there is neither viscosity nor finite slipping, mmntain 
their identity ; — being thua for ever definitely differenti- 
nted from the non-rotating parts. Eo also showed that 
these rotating portions are necessarily arranged in con- 
tinuoofl, endless filaments ; — forming closed curves, which 
may be knotted or linlccd in any way : — unless they 
extend to the bounding surface of the fluid, in which 
alono they can have ends. Tlius, to give ends to a 
closed Tortex filament {i.e. to cut it) wu must separate 
the fluid mass itaelf, of which it is a portion : — so that 
on Lord Kelvin's theory we must (virtually) sever space 
itself. 

Such vortex filaments (though necessarily of an im- 
perfect character) are produced when air is forced to 
escape from a box, through a circular hole in one side, 
by sharply pushing in the opposite side. If the air in 
Iho box be filled with smoke, or with sol-antnioniac 
crystals, the esca]>ing vortex ring is visible to the eye; 
and the collisions of two vortex lings, which rebound 
from one another, and vibrate in consequence of the 
shock, OS if they had been made of solid india-rubber, 
are easily exhibited. p!!xperim.ental results of this kind 
led Lord Kelvin^ to propound tho theory that matter, 
such as we perceive it, is merely the rotating parts of a 
fluid which fills oil space. This fluid, whatever it be, 
must have inertia : — that is one of the indispensable 
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postulates of v. Hclmholte's investigation ; and the great 
primary objection to Lord Kelvin's theory is, that it 
explains matter only by the help of something else which, 
though it is not what we call matter, must possess what 
we consider to be one oi the most distinctive properties 
of matter. 

28, This theory is still in its infancy, and we cannot as 
yet toll whether it will pass with credit the severe ordci! 
which Ues before it, when the properties of vortices (which 
most be discovered by mathematical iaveatigation) shall 
be compared, one by one, with the experimentally ascer- 
tained properties of matter. As wo have already said, 
this theory is self-contained ; no new hypotheses can be 
introduced into it; so that it possesses, as it were, no 
adaptability, or capability of being modified, but must fall 
before the very first demonstrated insuHiciency, or contra- 
tUction, if such should ever be discovered. 

29, But the really extraordinary fact, already known in 
this part of our subject, is the ai)parently per/eel similarity 
and equality of any two particles of the Bome kind of gas, 
probably of each indii'idual species of matter when it is 
reduced to the state of vapour. Of such ports, therefore, 
whetlier they be further divisible or not, each species of 
solid or liquid must be looked on as built up. This 
similarity of parts, very email indeed but still of easetiti- 
ally finite magnitude, has been bo well treated by Clerk- 
Maxwell that, instead of insisting upon it here, we give a 
conaiderahle extract from one of his remarkable articles 
in Appendix II. below, 

30, The further treatment of the subject of structure, 
involving the question of ftoic the component parts (be 
they atoms or not) of bodies are put together, must be 
deferred to the end of the work. What has been said 
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above must bo looked on aa a mere preliminary ekekb, 
not inkndetl even to be fully underetooii until the 
experimental data, on wbicb all out reasonicg must be 
based, are bi'ougbt before the reader aa completely oa our 
limits permit 



CHAPTER HI. 



EXAMPLES OF TERMS IN COXHON ITSB AS APPLIED TO 
HATTER. 

31. Bekore ire priKeed to a more rigorous treatment of 
oiir subject, it may Iw well to consider what physical truth 
underlies each of some of the many aJjccti\'e8 in common 
use aa applied to portions of matter, such as Mamw, 
Heav^t Pltutic, Ductile, Viseou*, Etaiitic, Ri'jid, Opaipie, 
Blue, Coherent, etc. 

This course secures a twofold gain, so far as Ihc 
bogtuner is concerned ; for, Jirel^ he is introduced by it, in 
a familiar way, to Bome of the more important terms 
which are indispensable in scientific description ; and 
teeotui, he obtains a glance here and there through the 
whole subject of Natural Philosophy, because the pro 
gramme before us is bo vague as to leave room for 
iuimmerable digressions, each introducing some novel but 
important fact or property. But we must endeavour to 
be brief, for whole volumes would have to be written 
Ijefore this suhject could be nearly eKhausted. 

32. Every one who has used his senses to any purpose 
knows, before he comes to the study of our science, a 
great many of its phenomena, among them some of tho 
yet unesploined. But he knows, as it were, each by 
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itself, and only in its more prominent features; 
analysis of the appearances or impressions which he 1: 

a and experienced, and the explanation of the pliysi' 
cal fact or process which underhes each of them, 
absolutely necessary before he can understand the mode 
in which they must bo grouped, and the reasons for such 
grouping. 

33. Thus he knows that the moon keeps company with 
the earth, never receding nor approaching by more than a 
email fraction of the average distance. He also knows 
that the earth keeps, within narrow limits, nt a definite 
distance from the sun. He has a general notion, at least, 
that the state of matters on the earth would become 
Betious, A3 regards both animal and vegetable life, if we 
were to approach to even half our present distance from 
the BUn, or recede to doviblo that distance. But he would 
require to be a Newton if, without instruction, he could 
divine that these results are due to tlio very cause which 
keeps the bob of a conical pendulum moving in a horizontal 

He sees ripples running along on the surface of a pool, 
but requires to be told that their motion depends upon 
the cause which rounds the drops of water on a cabhage- 
blade, or in a shower, and «-hich renders it almost 
impossible to keep a water-surface clean. 

He sees what he calls a flash of lightning, but be 
requires to bo told that what bo sees is mainly particles 
of air heated so as to be aelMuniinous. 

He looks at the stars and thinks ho sees them as they 
are, but ho requires to be informed that he cees even the 
nearest of them only as it was three years aiju and that it 
may have changed entirely in the interval. 

And he will certainly require to be informed, even 
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with patient iteration, that air is made up of separate and 
independent particles : — tlie number of which in a single 
cubic inch is expressed b; twenty-one places of figures, a 
multitude altogether beyond human conception : — a busy 
jostling crowd, each member of trhiuh daiis about in 
all directions, impinging on its neighbours some eight 
Ihoiteanil million limes per eee'jml. 

But Trlien he has got so far, and has been told tliat 
this astounding information is as nothing to what we 
feel convinced that acience can yet reveal, he cannot help 
marvelling alike at the arcana of physics, and at the 
patient efforts of genius which have already penetrated 
so far into the darkness shrouding its mysteries, 

34, Take the terms Mamnve and Heary as applied to 
a piece of matter, or iLe corresponding substantives, the 
Ma»g and the Weight of a Iwdy, 

The terms are usually regarded ae synonymous, but in 
their origin they are completely distinct. The one is a 
property of the body itself, and is retained by it without 
increase or diminution wherever in the universe the Iwdy 
may be situated. The other depends for its very exist- 
ence on the presence of a Kcond body, tbe Earth : — and 
varie* in inverse proportion to the square of the distance 
from the earth's centre. 

The destructive effects of a cannon-ball are duo entirety 
to its mass and to the relative speed with which it 
inipiugea on the target They have nothing to do with 
its weight, for they would he exactly the same (for the 
same relative speed) in regions so far from the earth, or 
other attracting body, that the ball had practically no 
ueigJU at all. 

"When an engine starts a train on a level railway, or 
when a man projects a cutling-etone along smooth ice. 
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the resistance irhicb either jirime mover has to overcoiDO 
is due to the mass of the body to be moved. Ita weiglit, 
except indirectly throngh friction, has nothing to do v 
it. So when we open a large iron gate properly sup- 
ported on hinges, it is the mass with which wc have to 
' deal ; if it were lying on the ground and we tried to lift 
it, we should have to deal simultaneously with its weight 
and with its mass. 

The exact proportionality of the weights of bodies to 
their masses, at any one [ilace on the earth's surface, 
was proved experimentaU'j by Newton, and ia thus no 
more truism, but an essential part of the great law of 
gravitation. 

Thus a pound of matter is a definite amount, or mass, 
of matter, unchangeable whithersoever that matter may 
be carried. ISut the weight of a pound of matter, or a 
" pound- weight," as it is commonly called, is a variable 
quantity, depending upon the position of the body with 
respect to the earth; and changes (to an easily measurable 
amount) as we carry the body to different latitudes, even 
without leaving the sea-level, 

35, The ct^pmou use of the balance as a means of 
measuring out equal quantities of matter ia justified by 
Newton's result ; but the process is essentially an indirect 
one, for the balance tells only of equality of weight. If 
the earth were hollow at the core, the balance would 
cease to act in the cavity (§ 140). Bodies would preserve 
their masses there, but would be deprived of weight, at 
least so far as the earth is concerned. 

To sum up for the present, the mass of a body is 
estimated by its inertia, and is taken as the measure of 
the amount of matter in the body ; while the weight is 
an accidental property, connected with the presence of 
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another mass of matter. Bat it is a most remarkaLIo 
fact that under the same given external conditiona the 
weight depends upon the quantity only, and not on the 
qunlity, of the matter in a body. 

If n body, A, becomes heavy in consequoDce of the 
proaence of another body, B, so in like wiae does B become 
henry in consequence of A'a presence. And the weights 
of the two, each as produced by the attraction of the 
other, are exactly eqnal. Hence, if they be free to 
aove, the qiiantHiea vf motion {i.e. the momenta) pro- 
duced in a given lime are equal and opposite. [Newton's 
Lex iii, § 128.] But aa the momentum is the prmluct of 
the mass and the velocity, the parts of the velocities of 
the two bodies, due to their mutual gravitation alone, 
will be in amount inverael-i/ an their magse^. Thus, 
though the weight of the whole earth, produced by the 
attraction of a stone, is exactly equal to that of the stono 
jirodnced by the attraction of tho earth, the consequent 
rate of fall of tho earth towards the alone is less thnn 
that of the stone ton^rds the earth in tho same ratio tliat 
the mass of tho stone is less than that of the earth, and 
is therefore usually so Email aa to escape observation. 
The moon, however, is a stone whose mass is not exces- 
sively smaller than that of the earth, and the consequences 
of the earth's fall towards the moon have to be taken 
account of in astronomy. 

36, To properties such aa inase, which depends on the 
size as well as on tho material of a body, and weight 
which, in addition, depends on a second body, there 
correspond what are called iipfj^ijie properties, characteristic 
of the substance and independent of the dimensions of the 
particular specimen examined. 

Tlius the mass of a cubic foot of any kind of matter 
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may be cnJIod ite epKiJic nioss. But this qnimtity, i.e. 
the amount of matter in unit bulk, is usually expressed 
by tbe term Density. 

The weijjht of a cubic foot of eacb jmrticulaT kind of 
matter in any locality may be called the xpecijk weight. 
But as this varies, though in the same proportion for all 
bodies, from place to place, wo use instead of it the ratio 
o( the weight of a cubic foot of the substance to that of 
a cubic toot of some standard substance. This is called 
the Specifle Gmvili/. Pure water, at the temjicrature 
called 4° C. (its maximum-density point), is usually taken 
as the standard substance. 

Hewton's experimental result shows that the density 
and the specific gravity of any substance are proportional 
to one another, so that if the density of water at 4' C. 
be taken as unitdensity, a table of specific gravities ia 
identical with a table of densities, (g 1G6,) But we 
must repeat, the coincidence is an experimental fact, not 
(as yet at least) in any sense a fruiein. 

Specific gravity is, in general, much more easily 
measured with accuracy than is density, so that it is usually 
the property to be directly determined, the other simply 
following from it in consequence of Newton's discovety. 

37. To vary the subject widely, let us now consider 
the term Vifcous as applied to fluids. The contrasted 
adjective is usually taken as Mobile. 

When a liquid partially fills a vessel, and has come to 
rest, it assumes a horizontal upper surface. If the vessel 
be tilted, and held for a time in its new position, the 
liquid will again ultimately settle into a definite position, 
with its surface again horizontal. PracticaUy it occupies 
the some hulk in each of these positions. Hence the only 
change it has suffered is a change oiform. 
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Eat tliis change of form is mncli more mpidly attnincd 
liquids than in othei's, even when they are of 
nearly the some density. Some (such as sulphuric other) 
attain their equilibrium position so quickly that they 
Tetiun energy enough to o§cillate ahout it for some timo 
before coming to rest; others (such as treacle) attain it 
only after a long time and, unless in great masses and 
when violently disturbed, do not oscillate hut gradually 
creep to their final shape. Hence ^e call treacle viscous. 
To analyse this result let us consider (in a very ele- 
mentary case, for the general analysis of the proecsa 
requires higher mathematical methods than we can employ 
work like this) what is involved in Slwar : — i.e. 
change tiform of a body without change of hulk. 

!. When water flows, without eddies, slowly in a 
rectangular channel of uniform width and depth, we 
know, by ohaervation of particles suspended in it, that 
the upper parta flow faat«r than the lower, and (practically) 
in such a way that a column of the water, originally 
rttaight and vertical, inctinea, as a whole, forwards more 
in the direction of its motion. Hence in a 
vertical section, along the middle of the chiyincl, the 
particles originally forming the line ah in the figure will. 



Ekftei the lapse of a certain time, ho found approximately 
^^ the line a'h'. Similarly those which were originally in 
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cil parallel to ah, will be found in i^d', parallel to «'&', EtnJ 
80 situated that a'e' = ae, esA of course alao h'lV = iid. The 
figures rtrf, a'<f, are thua paroUelogtnma on cqaol bnsea 
and botween the same parallels, and therefore equal in 
area. This shows that the water enclosed betiTeen 
Te^ti(^al cross sections through ab and cd has the same 
volume as that between inclined sections (periwndicular 
to tho sides) possing through a'fc' and c'd', Tliero lioa 
thus been change of form only in this mass of water, and 
we see that it has been produced by the sliding of every 
horizontal layer of the water over that immediately 
beneath it. [The same result follows even if a'h' be not 
straight, for e'd will necessarilj be equal and similar to 
it,] A goml illustration of the natiiro of this kind of 
distortion will be seen in the leaves of an opened book, 
especially a thick one, such as the Lotulon Direriory. It 
is often well exhibited by piles of copies of a pamphlet, 
or of quires of note-paper curiously arranged in a shop- 
window. Now when there is resistance to sliding of one 
solid on another wo call it Friction. Thua the viscosity 
of a fluid is due to its internal fiiction, just as the slower 
motion at the bottom than at tho top of the channel is 
to be ascribed to the friction of the liquid agnlnst the 
solid. [Another illustration of the subject is frequently 
furnished by the way in which we can judge of the 
direction of the wind from the mere form of detached 
clouds, as seen at a single glance. For sueh clouds, if 
originally nearly spherical, are distorted into ellipsoids 
whoso longer axca overhang, as it were, the direction of 
motion.] 

39. Wo now see vhy it is that disturbances of liquids 
gradually die away ; — why the waves on a lake, or even 
on an ocean, lost so short a time after tho storm whit;^ 
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produced thorn haa ceiaed. Also irhy winds {for tJiere 
is frictioa iii gaseoua fluids as well as io liquids, though 
the mechanical explanation of its origin may not be quite 
the same) gradually die out In eithei case the energy 
apparently lost is, as in the case of friction of aolids, 
merely transformed into heat. We also aeo wliy it is 
that winds have the power of raising water-waves. 

The atirting of water, or oil, and the meaaureraeDt of 
the consequent rise of temperature when the whole had 
come to test, the work done in stirring being also deter- 
mined, was one of the processes by which Joule found, 
with great accuracy, the dynamical equivalent of heat. 

40. It is very instructive to watch the ascent of an 
Dir-bubhle in glycerine, and to compare it with that of 
an equal bubble in water. The esperiment is easily 
tried with long cylindrical bottles, nearly full of different 
liquids, but having a small quantity of air under the 
stopper. When the bottle is inverted tlie bubble Las to 
traverse the whole column. 

Tiie (apparent) suspension in water of mud, and ex- 
ceedingly fine sand (to whose presence the exquisite 
colours of the sea and of Alpine lakes are mainly due), is 
merely another example of viscosity. So is the suspen- 
sion of fine dust, and of cloud particles, in the air. 
Stokes' calculates that a droplet of water, a thousandth 
of an inch in diameter, cannot fall in still air at a much 
greater rate than an inch and a half per second. If it bo 
of one-tenth of that size it will fail a hundred times 
slower, i.e. not more than one inch per minute ! It is 
very remarkable that the resistance in such cases varies 
as the diameter of the drop. (See § 316.) With larger 

On the EITect of the inierrin,! Friction of FluiJa on the Motion 
oE Ponduluma. Cami, Phil. Tram, ii, (18B1), eq"- (127). 
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bodies, moving faster, the resistance is proportional to 
the sectional area. 

41. Bodies are called Elaniic or Non-elastir. Compare, 
for instance, the properties of a wire of etficl with those 
of a lead wire ; or of a piece of india-rubber and a piece 
of clay or putty. But the popular uso of these terms is 
gonemlly very inaccurate. The blame rests mainly with 
the ordinary text-books of science, which are (as a rule) 
singularly at fault with regard to the whole of this special 
subject, including even its most elementary parts. 

Elaslicily, In the correct use of the term, im])lies that 
property of a body in virtue of which it recovers, or tends 
to recover, from a deformation. 

The phrase " tends to recover " is scarcely scientific ; 
we should preferably say " requires the continued applica- 
tion of deforming stress (§128) to prevent recovery, entire 
or partial, from deformation." 

Kinematics shows us that any deformation, however 
complex, is made np of mere changes of hulk and ol form. 

A distortion may therefore be wholly Compression, or 
wholly Shear {§ 37), or made np of these in any way. 
Hence there are two distinct kinds of Elasticity, viz. 
Ela*HeHi/ of Sulk and Elaeiidty of Form. The former 
is possessed in perfection by all fluids, while the second 
ia wholly absent. In solids both are present, but neither 
in [lerfection (except perhaps in very special cases, and 
then within very narrow limits). 

Thus we BBC that, as a necessary preliminary to in- 
vestigations on elasticity of bodies, we must study their 
eapabililios oE being distorted: — a whole series of pro- 
]iertios, suuh as compressibility) oxtenaibility, rigidity, etc. 

This investigation ia given in Chap. VIII., and its 
applicaUous in Chaps. IX., X., XI, below. 
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42. In popular language, bodies are Bald to ]>e MlUle, 
Black, Blue, Red, etc. The investigation of the under- 
lying acientilic facts, on which theeo depend, is partly 
physical (and therefore within our acope),_but also partly 
phyaiological. The subject is thna a somewhat complex 
one. 

What do we mean by Wlnte Liyht } This is a question 
much more physiological than physical ; dealing, as it 
does, with phenomena which are subjective rather than 
objective. Probably the true answer to it depends upon 
circumstances, or conditions, which may be varied in- 
definitely, and with them will necessarily vary what is 
described in terras of them. 

Thus, in a room lit by gas, a piece of ordinary writing- 
paper, or of chalk, appears white : — at least if we have 
been in the room for some little time. But if, beside it, 
there be another piece of the same paper or chalk on 
which, through a chink, a ray of sunlight is allowed to 
fall (weakened, if necessary, so as to make the two appear 
of nearly the same brigldnefs), we at once call the lirst 
piece of paper or chalk yellow, allowing the second to be 
tckile. Here we enter on a purely physiological question. 
In fact, if we accustom ourselves, for a sufficiently long 
time, to tlie observation of bodies in a room lit up only 
by burning aodiuni (which gives almost hoiaogeneoua 
orange light), we raay ultimately come to regard bright 
bodies such as chalk, etc., as being white : — others, of 
course, being merely of different shades, or degrees of 
blackness. This, therefore, is foreign to our present 
subject. For all that, it furnishes us with the means of 
answering an important question somewhat different from 
that proposed above, hut now a physical question : — via. 
What do we mean by a ichite hodij i 
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43, Suppose two sources to exist in the room, giving 
itifibrcnt kinds of homogeneous light ; one being iiicou- 
descent sodium as before, the other incandesiceat lithium, 
which (at moderate teiniieraturea) gives a homogeneous red 
light. Chalk and ordinary writing-paper wilt still appear 
OS white bodies to iin eye which has become accustomed 
to the light in the room ; other bodies appear darker, but 
some are reddish, some of an orange tint. 

And thus we obtain the idea that what we call a while 
body is one which sends to the eye, in nearly the same 
proportion aa it receives tUcm, the various constituents 
of the light which fulls upon it ; while a black body 
sends none ; and coloured bodies send hack light which, 
wliile (in general) necessarily made up of tlie same con- 
stituent as the incident light, contains them in different 
propojiiom to those in which they fell upon it, [It 
would only confuse tiie student were wo here to refer to 
Flnoresrertce.] 

44. Thus Khile light would seem to be a mere relative 
term. It is conceivable that the inhabitants of worlds 
whose sun is a blue star, or a red star (and there are 
many notable examples of such stars), may have their 
peculiar ideas of white light, formed from their own 
circumstances ; as ours ie formed from the light of our 

sun, which ie what, in contrast with these, we must 
call a yellow star. 

However this may be, the discussion above has shown 
what is meant by a white body. A blue body is, by 
similar reasomiig, one which returns blue rays in greater 
proportion tlian it does those of other visible hght. It is 
therefore said to abeorh the other rays in greater proportion 
than it absorhs the blue rays. 

Now WB are in a position to understand why blue and 
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yellow pigments, mixed together, give green : — wliUe a 
disc, painted with alternate sectors of the same blue and 
yellow, appears of a purplish colour when made to rotate 
rapid!}'. For the light given out hy the rotating disc is 
a miiiwe, in the proportion of the angles of the sectors, of 
the kinds of tight returned by the blue and yellow separ- 
ately. But that which the mixed pigments send back 
has in great part penetrated far enough into the mass to 
run, as it were, the gauntlet of absorption by each of the 
separate components in turn, and therefore is fin^dly made 
Dp of those rays alone which are not freely abeorbed by 
either. 

To this diacoasion we need only add, in illustration of 
the conservation of energy, that a body is always found 
to be htaled io proportion to the amount of light-energy 
which it absorbs. 

45. Shifting our ground again, wo next take tlio words 
MaiJeahle, Dudile, Plaetic, and Friable, as applied to 
solid bodies. 

All of these refer specially to tho behaviour of solids 
under the action of forces which tend to change their 
form; for the change of volume of solids, oven under 
very great pressures, ia usually very small. The first 
three indicate that the body preserves its continuity while 
yteUling to such forces, the fourth that it breaks into 
smaller parts rather than change its form. And, in 
popular use at least, tho terms imply in addition that 
the boiiy is not sensibly elastic. 

46. The most perfect example of a malleable body is 
metallic gold. The gold leaf employed for "gilding," as 
it is called, is prepared by a soraewhat tedious process, 
which requires a high degree of skill in the workman. 
The gold ia flret rolled into sheets thinner than the thin- 
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nest writing-paper (thus already showing a high amoiintof 
plastiuity) ; next it is bcnten out between leaves of vellum, 
tilt its surface ia increased, anil therefore ita tiuclaiess 
iliminished, some twenty-fold. A Bmall portion of this 
line leaf ia then placed between two pieces of gold- 
heater's akin ; and a more skilful workman, with a lighter 
hammer, again extends its surface twenty-fold. This 
operation can bo repeated mthout tearing the tliin film of 
metal, so great ia its lenaeifi/. (§ 226.) 

Here we have one dimension (tliiekness) diminished 
in a marked manner, but the product of the other two 
dimensions (the surface of the leaf) is of course pro- 
portionally increased. 

47. The action of the hammer may be practically 
viewed as equivalent to that of an intense pressure exerted 
through a very small volume, thus at every stroke apply- 
ing a finite amount of energy. One portion of this is 
changed into heat in the hammer, the anvil, and the 
gold leaf ; the rest is employed in doing work against the 
raolecnlar forces of the gold, and thus altering its form. 

To show that this is the true explanation ol tlie 
observed effect, we may vary the exjieriment by subject- 
ing a leaden bullet to the action of a hydrostatic press. 
A few strokes of the pump sufBco to bruise the bullet 
into a mere cake. The process is essentially the same OS 
that of gold-beating, but lead is by no means so malleable 
as gold. 

48. This leads us, in our present discursive treatment 
of parts of our subject, to inquire how it is, that by 

8 of such a machine as the Bnunah prcas, a man can 
I apply pressure sufficient to mould a piece of lead, wliose 
I shape he could scarcely alter to a perceptible amount by 
I the direct pressure oi the hand. 
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Here vre have a first tiikling of the Fitneiion of a 
Machine. A niacliine is merely a contrivance by which 
we con apply work in the way most suitable for the 
purpose we have in hand. Work (as a form of eoergj-) 
18 a real thing, whose amount is conserved. But we 
have seen that it can be measured us the product of 
Iwo factors — the (sO'CuUed) force exerted, and the space 
through which it ia exerted. Hence, because even when 
a machine ia perfect it can give out only the energy 
communicated to it, if there lie but one movable part 
to which energy is supplied and another by which it is 
given olT, the simultaneous linear motions of these two 
parts must be in the inverse ratio of the forces applied to 
them, or exerted by them, in tlie direction of these 
motions respectively. Thus wo are not concerned with 
the interior structure, or mode of action, of a perfect 
machine : all we need to know is the necessary relation 
of the tpeeile of the two parts or places at which energy 
ia taken in and given out. This is a matter of kinematics, 
and can bo made the subject of direct measurement when 
the machine is caused to mooe, whether it bo transmitting 
work or not. 

The statement just made is embodied in the vernacular 
pliraae — 

Whai IS gained in power is lost in speed. 

ObjectionB may freely be taken to this form of words, 
but it is meant to imply precisely what was said above 
03 to the action of a perfect machine. 

If the machine be imperfect, as, for instance, if there 
be frictional heating during its working, the heat so 
produced represents some of the energy given to the 
machine, and the remainder of it ia alone efficient 
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49. A sabstanco is said to be ductile when it. can Iki 
drawn into very fine wires — i.e. when it admitu of great 
exaggeration of one of its throe dimensions (length) at 
the expense of the product of the other two (cross 
section). Wire-drawing ia, essentiidly, a very coaisc 
operation, for it has to be effected by finifa gfayre, tho 
wire being drawn in succession through a number of 
holes in a hard steel plate, in which each hole is a little 
smaller in diameter than the preceding one. The more 
nearly continuous the operation ia made, the more tedious 
and therefore tho more coGtly it bocomea. 

The associated tenacity and plasticity of silver render 
it one of tlie most ductile of metals. And an ingenious 
idea of WoUaston'e enables us, as it were, to impart to 
other metals much of the ductility of silver. His idea 
may be briefly explained by analogy as follows, Supiwso 
a glass rod, whose core is coloured, bo drawn out while 
softened by heating, the diameter of the core ia found to 
be reduced in the same proportion as is that o( the rod. 
Thus, to obtain pbtinum wires much finer than could be 
procured by direct drawing, Wollaston suggested the 
boring of a hole in the axis of a cylindrical rod of silver, 
plugging the hole with a platinum \nie which just fitted 
it, and then drawing into fine wire the compound 
cylinder. When this operation has been carried to its 
limit, practically determined by the ductility of tho 
ailver, the diameter of the platinum has been reduced 
nearly in the same proportion as that of the silver; and 
the silver may bo at once removed from tho fine platinum 
core by plunging the whole in on acid which freely 
attacks silver but has no efiect on platinum. 

50, Plasticity ia shown, on the latge scale, by many 

'. substancBB which, in hand specimens, appear firagilp^^ 
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\ the extreme. Glacier-ice is one of theae, but its behaviour 
[ is so closely connected with its thermal properties that 
ffe can only mention it here, 

The whole earth, though its rock-strncture appears so 
rigid, hoe been found to bo more plastic (under the tidal 
attraction of the moon) than a globe of glass of the eaiue 
size would have been. 

But it is sjKcially under the action of small but 
jiergisieni forces that bodies, which are usually regarded 
IS brittle or friable, show themselves to be really plostit, 
A good example of this is given by an experiment duo to 
Lord Kelvin. Cobbler's wax is usually regarded as a 
very brittle body ; yet if a thick cake of it be laid npou 
a few corks, and have a few bullets placed on its upper 
surface (the whole being kept in a great mass of water 
to prevent any but small changes of temperature), after 
a few months the corks will bo found to have forced 
their way upwards to the top of the cake, while the 
bullets will have penetrated to the bottom. 

51. For variety, let us next take the terras Trann- 
pareni, Translucent, and Opaque. 

These refer, of course, to the behaviour of a substance 
with regard to the passage of light through it. In 
common speech, a pane of ordinary window-glasa is 
called transparent, while a piece of corrugated or of 
gronnd glass is translucent : — the latter transmits rays, 
no doubt, but with their courses so altered that they are 
no longer capable of producing distinct vision of the 
source from which tbey come. Consistency would require 
that the term translucent should also be applied to 
irregularly-heated air, or to a mixture of water and strong 
brine before diffusion has rendered it uniform throughout 

Translucent is hardly a scientific word, unless we 
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choose to limit its application to heterogeneous boJies. 
In science wc speak of the degree of transpnrency of a 
homogeneous substance ; as, for instance, water more or 
losa coloured, and employed in greater or less thickness. 
In such cases, besides the inevitable surface-reflection, 
there is more or less absorption ; and the percentage of 
any definite kind of incident light which unit thicknees 
of the substance transmits is called iU transparency for 
that kind of light. 

Opacity may arise from either of the tvo causes just 
mentioned. Light may ertter a body, and be unable to 
proceed farther, aa is the case with lamp bhick. Or it 
may fall on a highly polished surface, such as thinly 
silvered glass, and bo in great part reflected without 
entering. 

In the former case it is said to he absorbed ; and, when 
this happens, the absorbing body is raised in temperature. 
The incident energy is converted from the radiant form 
into that of heat. 

In the latter case part only can enter the body; and, if 
it meet in succession other reflecting surfaces in sufficient 
number, practically the whole of it may be reflected, 
This is the case with a heap of pounded glass, a cloud, 
a mass of snow, or of froth or foam. All of these 
materials are transparent, but they reflect some of the 
incident light ; and, in consequence of the multiplicity 
of surfaces which the light has to encounter, the greater 
part of it is reflected before it has penetrated deeply into 
the mass. Hence the whiteness and brightness of snow 
and clouds in full sunshine. 

52. We have here an excellent opportunity of calling 
the student's attention to the distinction: — ft very pro- 
found one : — between Heat and Temperature, 
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For we have seen that energy, in the form of light, 
vhen absorbed, becomes heat in the absorbing body, and 
thus nasea ita tcmperatare. But if the mme quantity of 
heat had been given to a body, of tlio same nature but 
of twice tlte maffi, the rise of tomperaturi' wouid have 
been only ha!/ aa great. The very form of words here 
used shows at once how different are the meaninga of 
the worJs temperature and heat. For the quantity of 
beat (so much energy, a real thing) ia perfectly definite, 
but the effect it produces on the temperature (a mere 
Btate) depends on the quantity and quality of the mass to 
which it ia communicated. 

Heat is therefore a thing, something objective; tem- 
perature ia a mere coxDmos of the body, with which 
the beat ia temporarily associated ; a condition which 
in certain cosea determinea the physical state of the body 
itself, and in all cases determines ita readiness to part 
with beat to aurrouniUng bodies or to receive it from 
them. 

Heat may, in this connection, but only for illustration, 
be compared with the air compressed into the receiver of 
an airgun ; temperature would then be analogous to the 
presBuro of that air. Neither of two receiyers would 
(except hy diffusion, with which we are not at present 
concerned) give air to the other, when o pipe is opened 
between them, if the pressure were the same in both; 
but air would certainly flow from the receiver in which 
the pressure is greater to the other ; and thio, altogether 
independently of the relative capacities of the two receivers, 
or the consequent amounts of their contents. 

53. As another example, take the terms Oohmve, In- 
coherent, Repuisiee. 

A lump of sandstone has considerable tenacity, which, 
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of course, is to be ascribed to those molecular forces of 
which wo spoko in § 26. But when, in virtue of its 
friftbility, it has been pounded down into sand, it becomes 
an incoherent powder. And we know that it must at 
Bomo time previoualj have been in this form, for it often 
cont&ina fossil plants or fish, and it may even have pre- 
served (perhaps for a million or more of years) records of 
surface-disturbancQ in the form of dents made by rain 
or hail, or by the feet of birds or reptiles, Wlien a 
HiifBciently deep layer of sand is deposited, by drifting 
or otherwise, above this portion, its loose particles are 
brought by the consequent pressure so close together that 
their molecular forces once more come into play. 

The graphite, or plumbago, which forma the material 
for the finest drawing-pencils, is a somewhat rare and 
valuable mineral. In cutting it up into " leads," however 
carefully, a considerable portion is reduced to powder — 
t.e, sawdust. But if this powder be esposed, in mass, to 
pressure sufficient to bring its particles once more within 
the extremely short mutual distance at which the molecular 
forces are sensible, these forces again come into play, and 
the powder becomes a solid mass, which can in turn 
be sawn into " leads " for a somewhat inferior class of 
pencils. 

The whole of this part of the subject, especially as 
regards liquids, will be fully treated later, so that we need 
not further consider it hero. 

54. But let us contrast, with the behaviour of the 
particles of a solid or a liquid, that of the particles of a 
gas or vapour. Such substances require to be subjected 
to external pressure in order to prevent their particles 
from being widely scattered. When a small quantity of 
air is allowed to enter an exhausted receiver it dilates so 
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as to occupy with practical unifonnity the whole interior 
of the receiver, however hirge that may be. 

This result was, naturally enough, at first oacribed to 
a apecies of repulsion between the various particles ; but 
the notion was found to be an erroneous one. For the 
effects of a true repulsion, capable of producing the 
practically infinite dilatation already spoken of, could not 
ull be consistent with the corresponding observed results. 
The mode of dejiarture from them depends upon the law 
according to which the repulsion may bo supposed to vary 
with the distance between two particles. Some assumed 
laws would give as a consequence that tlie particles would 
all be driven to the sideg of the vessel, leaving the interior 
void. Others would require that the pressure should 
change in value if we were to take half the gas and con- 
fine it in a vessel of half the content. Others would 
make it different at different parte of the surface unless 
the vessel were truly spherical, etc. etc. 

The true explanation of the phenomenon becomes 
obvious to us when we apply heat to the gas. For it 
then appears that the pressure requisite to maintain the 
whole at a constant volume increases as the temperature 
is raised ; and thus that heat is, in some way, the eanne 
of the pressure. 

55. Hence we are led to what is called the KineHc 
Tlieonj of gases, whoso fundamental assumption (§ 33) is 
that the particles dart about in all directions (with an 
average speed which is greater the higher the tempera- 
ture), impinging on one another, and also upon the sides 
of the containing vessel. This continued series of very 
small but very numerous impacts (each, by itself, absolutely 
escaping observation) is perceived by our senses as the 
so-called "pressure" exerted by the gas. Experiment 
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aho'WB that, when a gas is confined in a vessel of definite 
size, the changes of its pressure are nearly proportioned 
to the changes of temperature, aa measured by a mercury 
thermometer, whether these changes be in the direction 
of a rise oi a fall. If wo aesume, for a moment, that 
this statement is true for all ranges of temperature, even 
beyond those attainable in experiment, it loads us to the 
very important question : — At what temperature does the 
pregmre of a gas vanish i 

Calculations carried out in the above way showed that, 
under the assumption just mentioned, all of the (so-called) 
permanent gases cease to exert pressure at one common 
temperature (about— 273^ C.). Thermodynamical theory 
comes to our assistance and shows that the above guess is 
not far from the tnith :— that a body, cooled 10-274° C, 
cannot be cooled any farther; that it then is, in fact, 
totally deprived of heat. 

We might, therefore, fancy that a gas, if it could be 
brought to this temperature, would be reduced to a mere 
layer of incoherent dust or powder, deposited by gravity 
on the lower surface of the containing vesseL But 
experiment has shown that gaseous pai'ticles, even while 
in motion, if only close enough together, exert mutual 
molecular forces, so that the result {on any gas) of the 
conditions above specified would probably be its assuming 
a liquid or even a solid form. In fact Andrews baa shown 
that, for each particular substance, there is a temperature 
(usually called the Ciilkal Point) such that, while tlie 
substance is at any higher temperature it is necessarily a 
gas, in the sense that it cannot he liquefied by any pressure, 
however great At any lower temperature it can be 
liquefied hy the application of sufficient pressure, and is 
therefore to be regarded as a true vapour. 
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56. "We Bpeak of bodies as Hani and Soft. These ari; 

barely scientific terms ; because, unless tliey are strictly 

defined, tbey may bear a great variety of meanings. 

Thus, for instance, we have the mineralogist's Srale of 

I Sardness, wliich is often of great practical value in field- 

I TTork. For there are numeroua instances in which two 

I quite different minerala (sometimes a very valuable and a 

very common one) are almost undistinguiahable from one 

I another so far aa colour, density, and crystalline form are 

I concerned. Chemical tests (even the compamtivoly coarse 

I blowpipe tests), though they would settle a question of 

[ this kind at once, arc not readily applied in tho field. 

I Hence the uae of the scale of hardness, in which minerals 

I are ao arranged that every one can scratch the surface of 

I any other which is lower in the scale. By carrying a eet 

1 of tKctue Bm&U specimens only, of selected minerals, the 

I finder of a doubtful crystal can readily determine its rank 

ng them as regards scratching; and can thus often 

settle in a moment what would otherwise require some 

time, even with the facilities of a laboratory. 

Id such a scale diamond, of course, stands at the top, 
while native copper, one of the tougheat of substances, is 
far below it. 

Eut if we were to teat relative hardness by some other 
method, sny by blows of a liammer, we should be led to 
arrange our apociniens in a very different order. The scale 
above spoken of ia, therefore, by no means a scientific one ; 
though, as we have seen, it may often give easily some 
useful information. 
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57. ^E begin with an extract from Kant, wlio, as mathe- 
matician and physicist, has a claim on the attention of 
the physical student of a very different order from that 
possessed by the mere metaphysicians. 

"Time and space are two sources of knowledge, from 
which various d pi-iori synthetical cognitions ean be 
derived. Of this pure mathematics give a splendid 
example in the case of our cognitions of space and its 
various relations. Ah they are both pure forms of 
senauoua intuitioo, they render synthetical propositions d 
priori possible. But these sources of knowledge d priori 
(being conditions of our sensibility only) fix their own 
limits, in that they can refer to objects only in so fat as 
they are considered as phenomena, but cannot represent 
things as they are by themselves. This is the only field 
in which they are valid; beyond it they admit of no 
objective application. This peculiar reality of space and 
time, however, leaves the truthfulness of our experience 
quite untouched, because we are equally sure of it, 
whether these things are inherent in things by themselves, 
or by necessity in our intuition of them only. Those, 
on the contrary, who maintain the absolute reality of 
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I Space and time, whether na subaistiug or only as inherent, 
1 iDUfit come into confliet with the principles of experience 
f itseU. For if tliey admit space and time aa subgisting 
L (which is gcncrollf the view of mathematical students of 
[ nature), they have to admit two eternal infinite and aclf- 
I Buhsisting nonentities (space aod time), which exist with- 
[ out their being anything real only in order to comprehend 
all thai is real. If thej take the second view (held by 
I some metaphysical students of nature), and look upon 
I space and time as relations of phenomena, simultaneous 
\ or successive, abstracted from experience, though reprc- 
l 8ent«d confofiedly in their abstracted form, they are 
I obliged to deny to mathematical proirasitions <i pn&fi 
I their validity with regard to real things (for instance in 
I space), or at all events their apodictic certainty, whicli 
J cannot take place A poaleriori, while the li priori concep- 
B of space and time are, according to their opinions, 
creatures of our imagination only." ^ 

Ou matters like these it is' vain to attempt to dogma- 
Use. Every reader must endeavour to use his reason, as 
he best can, for the separation of the truth from the 
mctapbj'sics in the above characteristic passage. 

5S. Wo must now take up, as indicated in § 21, the 
property Extermon, which is one of those expressly in- 
cluded in our provisional definition of matter. 

It implies that all matter has colume, or bulk. The 
thinnest gold leaf has finite thickness, the finest wire has 
a finite cross section. 

In popular language this is recognised by the use of 
tlie associated tenns length, hreadlh, and thickne^e. 

in other words, the term extension recognises the 
essentially Tridiiiienfi'j7tal character of apace. 

' CrUi^iie qf Pure Iteaioa. ^lax Mullar's TranslatioR. 
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Why apace should hnve three (limeiisions, and not 
mora nor leas, is u question altogether beyoud the range 
of human reason. Ouly thoso who fancy that they know 
what space is, would venture (at least after well con- 
sidering the meaning of theii words) to frame such a 
question. 

69. The proof that our space has essentially three 
(Jimensions ia given in its most conclusive form by the 
atatemcnt, based entirely upon exjxnenre, that 

To assign tite relative poailion of two points in Bpace, 
f/iree numbers {of whiek one at least mtui be a mul/iple of 
the unit of length) are jieeessary, and are mfficieiil. 

It is an easy matter for us, accustomed to tridimen- 
sional apace, to imagine one or more of its dimensions 
to be suppressed. In fact so-called Plane Otomelri/ is 
the geometry of one particular kind of two-dimensional 
space; Siiliei-ical Tnijonometrij that of another. We 
cannot well speak of the i/eomelry of space of one, or of 
no dimensions ; but the idea we should thus attempt to 
express is a correct one, though the term ia inappropriate. 

When, however, we try to conceive space of four or 
more dimensions, we are attempting to deal with some- 
thing of which we have not had experience ; and thus, 
though wo may by analogy extend our analytical and 
other processes to an imagined apace, in which the rela- 
tive position of two points depends on more than three 
numerical data, we can form no precise idea of how the 
additional dimensions would present themselves to our 
senses or to our reason. 

A few remarks on this subject will be made at the end 
of the chapter, 

60. Space of no dimensions is a geometrical point, of 
which nothing further can be said. 
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61. Space of one diinenMon: — let ua call that dimeii- 

I noo Leivjlh : — \» a mere gcometiical lino which may be 

I curved or eLruigUt But to be sure oF the existence of 

» chntnctcnstio, and to understand its true nature, we 

must have cognisance of space of twi dimensions if it be 

f a plane curve^ of three if it bo tortuoua. The study of 

[ all the properties of space of one dimension, tliough an 

excessively simple afiair, is of very great intrinsic import- 

', besides being a necessary step towards that of the 

I higher orders. We vill, therefore, treat it so fully that a 

I far le^ amount of detail will be necessary when we come 

to two and to three dimensions. 

G2. Every one, whether he be aware of the fact or not, 
is acquainted by experience with at least the elemenls of 
this subject. Suppose, for instance, we take as our otie- 
dimensioned space any one of the roads or raUways lead- 
ing from Edinburgh to London ; which wo will, for the 
moment, suppose to be straight, and to run due south. 
. The mile-atones, set up at equal distances along the road, 
mark the positions of various points in terms of the oue 
>n, length, which is alone involved, or, rather, tf> 
whicli for the present we restrict our consideration. And 
n Oazeilcer or a Railway Gmde gives us the positions of 
I the towns or staliona along the road or line ; the position 
of each being fully described by a single numher, under- 
I stood as a multipher of a niile or of some other specified 
unit of length, and with a qualification which wilt 
presently he introduced. 

But these numbers refer to the distance from some 
[ assumed starting-point, or On'jin as it is technically 
t called; say, in this case, London. Thus we find in on 
I old Road Guide, for the particular one-dimensioned space 
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called the Ead Coast Route, a column of data (rom which 
WQ extract the following :-- 

MilM. 

London o 

York 1S8 

BertFick S37 

Edinburgh 3U5 

Fractions of miles are omitted, to avoid mere arithmetical 
complicAtion. 

From this taUe, by ordinary subtraction, we form a 
list, as Iwlow, of the lengths of what we may call the 
various elanes of the route. Thus — 

Miles. 

London to York ISA 

York to Berwick HI 

Berwick to Edinborgh 58 

It will be seen that, in this list, the origin from which 
each number ia measured ia Ihc first named of the two 
corresponding places, and the number itself is found by 
subtracting, in the first li^t, the number corresponding 
to the first of the two places from that corresponding to 
,he second. 
63. Now let us nt once take the only step which 
s any difficulty. Choose York as our origin, and 
boldly apply the rule just given, no matter what the 
consequences may bo. The result is — 

Miles, 

Londcm -1P6 

York 

Berwick IJl 

Ediabnrgli J98 

Here tliere ia no difficulty whatever in understanding the 
numbers for Berwick and for Edinburgh. They ate, as 
1 numbers of miles by which Berwick and 
Edinburgh are separated from York. Also the number 
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for London, irhen York is the origin, differs from that fot 
Vork, when London is the origin, only by change of 
nyn. 

So tbat va at once recognise the meaning of the 
negative sign as applied to a Icn^^h in our one-dimen- 
sional space: — -it measures the length in the opponHe 
dirtction to that in which a positive length is meoaured, 

The nece^ity foe this convention, and its estreiiie 
usefulness, were early recognised in Cartesian geometry, 
but they had long before been applied in common arith- 
metic as well as in algebra. 

Perhaps the simplest view we con take of the subject 
is that afforded by a man's "balance" at the bank. So 
long as this is on the right side (i.f. positivt) he can draw 
any less amount and still bo on the credit side ; if he 
o»erdrawa {i.e. takes more out of the bank than his 
balance), the diSeronce is negative, and he is to that 
amount indebted to the bank. 

64. In the first of the three little tables above, all the 
pliiees involved lay to the ncnik of the origin (London), 
and were all lhertf»re affected by the same sign (which 
we happened to take ba -H ). ^Vhen York was taken as 
origin, Berwick and Edinburgh were to the north, and 
their numerical quantities were still -f. But London 
being to the south, hod a ~ number. 

It would be easy to give multiplied examples of this, 
but they are unnecessary. The only additional com- 
ments which we need make are these : — 

(I.) When the northern direction along a lino was 
called +, the southward necessarily became-. Simi- 
larly had we chosen southward as -I- , northward would 
have become - . 

(2.) "VTe chose for onr special example a northward- 
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running line, but we might equally well have cliosen 
eastward one, etc. Heuce pairs such as K. and S., 
and W., up and down, etc., must be regarded aa having 
their members contrasted exactly as are the ■ 
Algebra or of Analytical Geometry. 

And, just as a ilisplaranml in either direction along a 
line may be regarded as +, while a displacement in 
the opposite direction must then be regarded as — , so it 
is with rates o£ motion, i.e. Speeth, in epace of one 
dL 



an 1 

■ing 1 

-of 
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Thus the relative speed of two trains running north- 
ward, A at 60 miles an hour, B at 40, is 20 miles an 
hour northward as regards A seen from B, and 20 south- 
ward as regards B seen from A ; so if A Ije moving 
southward at GO miles an hour, and B northward at 
40, the speed of A with regard to B is 100 miles per 
hour southward, and of E with regard to A 100 miles per 
hour northward. 

The idea of speed, as so many units of linear space 
described per unit of time, is a comple.Y one : — involving 
both of the fundamental ideas. We express this by 
sayuig that its Dimensions are 



m- 



This implies that, in whatever proportion 

our unit of length, the measure of a speed is diminished 

in that proportion : — while it ia increased in the same 

proportion as that in which the unit of time is 

increased. 

Thus a speed of B280 feet per second is but 1 mile 
per second ; while a speed of 1 foot per second is 60 
feet per minute. 

65. A precisely similar distinction (as to + and - ) ia 
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observed wben our one-dimensional space is a runxrl 
take for example the orbit of & planet. To 
describe fully the position of the planet, when the orbit 
is given, one number alone (say the aTtgle-vector, the 
angle wliieli the roiHui'Vixlor, or line joining the centres 
of planet and sun, makes with some fixed line in the 
plane of the orbit) is rctjuircd. This, however, must 
again be qualified as -i- or — . (In the case of angles, we 
agree to call them + when they are measared in the 
ojipoMle direction to that of the motion of the bands of a 
watch ; that is, when they are described in the same 
sense as that in which the northfm regions of the earth 
turn about the polar axis.) Angular vdoeity in one plane 
{i.e. rate at vhich the radius-vector turns) is similarly 
characterised. 

In all cases where motion is restricted to one line the 
same thing holds. Thus the position of a pendtilum is 
at every instant completely assigned by the angle the 
rod makes with the vertical, provided we are also told on 
which side the displacement is. 

The record kept by a self-acting tide-gauge gives at 
any instant the elevation or depression (ngain -^ and - ) 
of the water above or below the mean level. Similarly 
with registering barometers, thermometers, etc. But, 
for the full appreciation o! the indications of these 
records, they are usually made in tteo dimensions by the 
use of an important principle which will presently be 
explained. (§ 68.) 

66. In what precedes we have been dealing with a 
kind of space in which the only displacements arc 
forward or backward ; nothing is possible (nor even con- 
ceivable) sideways or upwards. 

This characteristic applies to Time, as well as to epace 
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of OHO dimension, and therefore we should expect to 
find, as we do finJ, tliat (witL the necessary change of 
It word or two) all that has just been said with reference 
to relative position is true of events in time, as well as 
of points in one- dimensional space. There ia no such 
thing as motion or displacement in time, so that this part 
of the analogy ia wanting. Every event has its definite 
epoch, for ever unalterable. And of courae there is no 
going sideways or upwards, as it were, out of the one- 
dimensional course of time. 

Thus we find that to assign definitely the position of 
an event in time, provided our origin is assigned, all 
we need know is a single number (a multiplier of the 
time-unit) with its aigti, + or - , signifying time after or 
time before that origin. 

Our usually adopted origin is the Christian era, and 
we speak of 1894 a.d. as tbe present year, while the date 
of the battle of Warathon is recorded as 490 B.C. The 
difference between tho characteristics a.d. and n.c. is 
of precisely the sauie nature as that between north and 
south, or + and -. 

Hence, if we wish to find the interval between the 
present time and the battle of Marathon, we have to 
suhtract + 1894 (the position of the now origin) from 
- 490. The result is - 2384, i.e. Marathon was fought 
2384 years O'jo. Thus to change the origin, or epoch, 
we must perform precisely the same operation as that 
which gave us the table in § 63, from the first table in 
Similarly, to change our s^tem of chronology to 
the year of the world (designated by a.m.) or to the old 
Roman (marked a.U.c), all we need do is to subtract 
from each date (a.d. or b.c, regarded as + and — respec- 
tively) the assumed date of the creation of the world 
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(4004 B.a) or of the foiiiiJatiou of the city of Eomc 
(753 b.g). 
We need say no more on such a matter. Every intel- 
, Jigent reader can make new and varied examplca for 
himself. 

67. Passing next to space of two dimensions, whether 
plane or spherical, we see at once from a map, or a globe, 
that the position of a place is given by two numbers, its 
Lalitude and Longitude. But each of these has to be 
qualified for definiteness by the + or — sign, or something 
equivalent. Thus we have N. or S. latitude, and E. or 
W. longitade. 

But there are two methods, Bpecinlly applicable to the 
plane, which deserve closer attention in view not only 
■ of their intrinsic usefulnes?, but also of their bearing 
1 on the general question of tridimensional space. These 
) are known in geometry as Rectangular and Pdar co- 
ordinates. 

68. In the first we assume two reference lines at right 
tngles to one another, both passing through the origin, 
md assign tiie position of a point by giving its distances 

from these two lines. These distances are looked on as 
drawn toimrJs tlic point from either line, and each there- 
fore changes sign when the point is taken on the other 
tide of the corresponding reference line. This ia symbol- 
ised in the cut. Ox, Oy are the two reference lines, the 
origin. The perpendiculars PM, PN, let fall from P on 
these lines, completely, and without ambiguity, define its 
position, For if we know OM or NP, the x of P, i.e. its 
distance from Oy, that condition alone limits our choice for 
P to points lying in PM, a line drawn parallel to 0^ and 
^erywhere at the assigned distance, x, from it. Similarly, 
being given as O'S or MP, the choice of points is 
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tlie line NP, all of which hnve this 
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Bat two lines nt right angles to each other must 
intersect, and iii one point only. Thus the point P is 
determined by tho conditions without ambiguity. 

If P lie to the left of Oy, its x is negative ; if below 
Oj", its y is negative. Tho lettering in the cut, at the ends 
of tho lines bonnding the four quadrants, ahowa at a glance 
the signs of x and y when F is situated in any odo of 
them. 

In general, any given relation, between the x and y of 
a point, limits its position to a definite Cun'e in the plane 
of the reference lines. It is often very convenient to 
represent such a relation by a curve ; and, in fact, most 
self-registering instruments actually trace such a curve 
for ue. Thus, if intervals of time (as OM) measured 
from a definite instant (represented by 0) be laid off 
along Qz, ".vith the corresponding heights of the thermo- 
metor, barometer, tide, etc., erected as perpendiculars 
^their extremities, we have (as the Locus of P) a 
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curve showing the mode in which temperature, prcsenre 
i>f the atmosphere, etc., change aa time goes on. But 
eucli corres can be traced by a pencil atlachud to the 
instrument, ot by photographic processes, on a long band 
of paper which is Jmwii horizontally post it, at a uniform 
rote, by clockwork. 

69. Id the second method mentioned in g 67 Uie data 
are the length of OP (the radiua-vector), and the magni- 
tude of < MOP (tlie aiigle-vector), g 65. These arc usually 
denoted by r and 6, respectively. Here r is always 
taken as a positive (or rather a gignlega) quantity, while 
9 is positive if it be measured round from Ox eotinter- 
t doe&iniae. 

Thia is the method adopted by a surveyor when, with 
I K chain and a. theodolite, be measures a field. Hia 
I leferencc line, O,;^ is usually given by a magnetic needle 
I attached to the theodolite. He measures the angle xOV 
I and the distance OP, P being a comer (let us say) of the 
I field. These two data, determinrd for cacli proniineut 
\ part of the Ijoundary, enable him to jilot the field ; and 
therefore contain all the necessary numerical data for 
cntctilnting its area, etc. 

It is also the method usually employed in dealing with 
orbital motion of any kind in one plane. 

I Comparing the two methods, wo see that the directed 
line OP may be resolved (as it is called) into OM and 
MP, lines in directions perpendicular to one another. 
Also that ibis resolution, in any direction, is otTccted by 
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It 18 clear tliat, tliough we have hitherto spoken of 
O and P as the aimultaneoua positions of iico points, wg 
may look oa them as successive positions of one (moving) 
point. If vo look on the displacement as having been 
produced uniformly, and in one second, it represents in 
magnitude and direction the Velocitij o£ the moving 
point; and OM, MP represent, on the same scale, its 
reaolved parts or components, parallel to 0^ and Qy. 

70. Ab examples, wo give one or two results which 
will be specially useful to us in later chapters. 

If a point be moving, in any manner whatever, we may 
consider its velocity alone, independent altogether of the 
actual path pursued. Here we are introduced to a new 
idea, that of AceeleratioJi. For, aa velocity is rate of 
change of position, acceleration is rate of change of 
velocity. 

Take any fixed point, 0, and let OP reprasent, in 

magnitude and direction, the velocity of the moving 

point. After one unit of 

time let the velocity be 

rL'presented by OP,; after 

iP two units, by OPj; and 

so on. It is clear that all 

the points P, P^ P^, etc., 

^ ho on some definite curve, 

^'°- *■ which will bo the more 

nccur.itely traced the greater the number of points we 

obtain in any assigned portion of it ; i.e. the smaller we 

assume our unit of time, If the motion whose properties 

are thus studied be that of a particle of matter, this 

curve (which is called the Hodograph) is necessarily 

continuous, for the velocity cannot alter by starts (g 120) 

either in magnitude or in direction. And, oa OP passes 






to a proximate position, OQ, by having a velocity PQ 
compounded with it, tbe Aecelera/wn of OP ia the 
velocity with which P moves in its curve. If the path 
be a plane curve, the hodograph ia alao plane. 

This construction enables ue at once to solve a number 
of elemcntaty problems in kinematics, which will be of 

•At use to U8 in the sequel. 

In g 64 above, we ehowed that the dimensions of speed 
|{V)are 

LV,-[^]. 

In precisely the same way we see that those of accelera- 
I tiou (A) aire 

Thus the numerical measure of acceleration is diminished 
Win proportion aa the unit of linear space ia increased : — 
■ but is increased in tbe duplicate ratio of that of tbe time 
BnniL 

An acceleration of 1 foot per second, per second, ia 

F obviously tbe same as 3600 feet per minute, per minute. 

71. Suppose a point to move uniformly, with speed V, 

in a circle of radiiis K. OP in the hodograph (Fig, 3) 

haa constant length V, and its direction rotates uniformly. 

Hence the hoilogruph ia another circle, also uniformly 

described in the same sense {i.e. clockwise or couuter- 

clockwise), and in the same period of time. Hence tbo 

speed of F must be such tliat It describes a circle of 

radius Y, in the time that a point whose speed is V takes 

to go round a circle of radius R It must, therefore, be 

V*/R. Alao the direction of this speed is perpendicular 

I to OP, and therefore aJon-j the radius of the first circle. 

Lnd its direction is toimrile the centre of that circle, 
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because both circles are described clockwise, < 
clockwise. 

Let, now, the figure repre- 
sent tlie circle of radius R, 
and draw any diameter, ACA'. 
Then N moves round with 
speed V, and the acceleration, of 
its motion ia V^/R along XC. 
Bemembering that accelerations 
and velocities are resolved like 
''"'■■•■ lines, we see that if NM be 

drawn perpendicular to AA', the speed of the point M 
along MC will be 

MN 
NC 
and its acceleration along MC, imd loiearJs C, will be 




The motion of M, thus defined, ia called Simple Har- 
mcmie. It obviously consists in a vibration back and 
forward along the line AA', the speed being greatest at 
C, and vanishing at A and A'. The special characteristic 
ia that the acceleration is always directed towards C, and 
is propoiiioTial to the displacement of M from that point 

T2. If we use Newton'e Flujciojud Notation, in which 
the rate at which a quantity increases per unit of time 
is expressed by putting a dot over the symbol for that 
quantity, a second dot placed over it will signify the rate 
at which that rate increases, and eo on. 

Thus, if CM above be denoted by x, the speed of M is 
£, and its acceleration is x. And wc see at once from the 
result of last section that 
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^ negntive sign being prefixed because wLUe .c is directed 

to the right in the figure, the acceleratiou is directed to 

the left, and conversely. Whenever, in future chapters, 

we meet with a relation of this kind, we will, therefore, 

interpret it as expressing simple harmonic motion. The 

maltiplier of the right-hand side depends only on the raliu 

L of V to E : — what is called (§ 65) the angular velocity of 

I' the radius-vector CX. If we denote this hy <•>, the cqua- 

fction may be written 



ud this belongs to all simple harmonic motions, whatever 
■-Ik their range of vibration, provided the angular velocity 
win the corresponding unform circular motion be a>, or the 
Tperiod of a complete revolution 2n-/ii), Any such motion 
I is fully described by 

' where a and a are absolutely arbitrary. 

73. The result above was obtained by projecting imi- 
form circular motion on a diameter of the circle, or, what 
comes to tbe same thing, on a plane perpendicular to the 
plane of the circle. 

I Bnt an -exceedingly interesting result is obtained by 

y projeeting the circular motion on any other plane. In 

ortbogonal projection equal areas are projected into equal 

areas, and a circle is projected into an ellipse whose centre 

ia the projection of the centre of the circle. 

Hence ^he projection gives motion in an ellipse, the 

nuiins-vector drawn from the rtntre of the ellipse tracing 

out equal areas in equal times, and the acceleration being 

still directed inwards along the radius-vector, and still 

L bearing the same proportion to it. 

74. Another extremely useful result may be obtained 
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by auppoaing llio unform augular velocity in the circle 
to be luaiiitained, but with a coDtinual ghrinking of the 
radius at a rate measured (per aecond) by k timea iU 
lengtli at each iDstant. 

The velocity of the moving point ia thus made up of 
two compoiienta, one along the circle, the other along tlie 
radius, each proportional to the radius. Hence the patli 
is a Bpiral vhich makes n constant angle with llie radius, 
what is called the Etpiiangalar, or LogarUhmk, Spiral. 
The radius-vector still revolves utiiformly.' 

Let PR bo the apiml, SP any rndius. Then, if PT be 



the velocity of P, and a the (constant) angle between its 
direction and that of PS, we see at once that 





If SQ be equal and parallel to PT, Q is a point in the 

hodograph. But as PT, and therefore SQ, ia i/rojiortional 

to SP, and the angle QSP 1% the supplement of a, the 

hodograph ia the same spiral rotated through a given 

I, and altered in its linear dimensions by the factor 

Thus the hodograph of the hodograph ia another 

' Fi-<K. Il.S.E., December 19, 1S67. 
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similar spiral, again turned tbrougii the same angle, and 
with its radii altered in the ratio (^-j^)^ H PIT be 
drawn, making an angle a with TP produced backwards, 
and meeting QS in U, it will therefore he the ilireetton of 
acceleration at P. 

Biit PU may he resolved into PS, SU, the first of 
which is along the radius- vector, the second parallel to 

III the tangent at P. The parts of the acceleration in these 

I^Kdiiections are, respectively, 

F" 

Hence the motion of F is due to an acceleration along, 
and pn)portiona! to the lengtli of, PS, and another along, 
and pro|)OTtioual to the length of, TP. 

And of course the resolved part of the motion along 
any line in the plane possesses the same characteristics. 
f X represent the distance between the projections of 8 
hnd of P, on such a line, we see at once that we have 



(sh)''' 



t^J" 



i latter of these, by the first equation above, may be 
nitten as 






--2«cota.PT = 2«PT. 



', introducing the value of k above, 

i--2«- (.'+,')«. 

This differa from the equation for simple harmonic 

notion (§ 72) by the term involving k, whoso physical 

Interpretation (when it is multiplied by the mas^ of the 

oscillating particle) is a reeiitawe proportional to the 

speed of the motion. But the preceding investigation 
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shows ti3 that an equation of this form represents the 
resolved part (in some definite direction) of uniform 
circular motion with angiilar velocity lo, the radius of the 
circle shrinking in each second hy the fraction k of its 
amount. (This is the same thing as saying that its 
logarithm iliminishes by k in unit of time.) Or we may 
call it simple harmonic motion whose scale is constantly 
diminishing at a definite rate. 

This special case of motion is fiOIy described by the 
equation 

T-Hji'oaM + a). 

Compare the result of § 72. 

75, The step to three4iraensiond space is now easy, 
Wc will take it from a somewhat altered point of view. 
Our reference system is now three planes at right angles 
to one another ; say the floor, the north wall, and the 
west wall of a room, the corner in which these three meet 
being for the time our origin. 

And the position of a point is determined without 
ambiguity if we know its distances from these planes, 
with the proper sign of each. 

For, knowing only its distance from the floor, we limit 
it to the horizontal plane which is everywhere at that 
distance from the floor. Similarly the second condition 
limits it to a definite plane parallel to the north wall. 
These two conditions together limit it to a certain hori- 
zontal line lying east and west. The third condition 
limits it to a certain plane parallel to the west wall ; and 
this is intersected in one point, and one only, by the east 
and west line just mentioned. That one is the sole point 
which satisfies all three conditions. 
Thus, let represent the origin, i/Os the north wall, 



^^f (irnwn 
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«0j! the west wall, and jOy Ihe floor. The figure is 
(irnwn m seen by an eye equidistant from these three 
planes, and in fhfi room, i.e. on the positive Bide of each 
of them. And it will be noticed that tbo lettering, x., y, z 
of the ends of the edges, which meet in 0, is so applied 
that rotation from Or. to Oy, from Oij to Oz, and from 
Oz to Qx again, will all alike appear to be eounterdodc- 




The position of any point, P, is then found thus: — 
( Drew PN perpendicular to the floor, meeting it in N ; 
thence NM perpendicular to Ox. Then OM = j: is the 
I distance of P from the north wall ; MS = yia its distance 
I from the west wall ; and NP = ; ia its distance from the 
I floor. 

If P assume a new position which requires it to pass 
I through any one of these planes, the corresponding co- 
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^H ordinate cimnges sign ; if it pass through an edge (i.e. 

^P the intcrecctioii of two of these planes) two co-ordinates 
change sign; nnd if it pass through {where the three 
planea meet) nil three eo-ortlinat«a become negative. 
This is illustrated by the negative lettering at the (dotted) 
prolongation of each edge through 0. 

76. But, in analogy with the second method of § 69, 
we Bee that the position of P will be fully specified if 
we know the vertical plane through in which it lies 
(i.e. the plane rON), the angle XOP in that plane, and 
the length of OP, The first is determined if we know 
the angle J^OX. Hence we determine P by its distance 
from 0, and two anglas which (together) enable us to 
assign tiie direction of OP. The angle xOH is called the 
Azimuth of the plane ,-ON ; let us denote it by 6. The 
angle NOP is called the AUitude of P, as seen from ; 
let ns denote it by ^, Also let the length of OP be, as 
before, called r. 

Comparing, as before, tlio results of the two methods, 
we see that ON = i- cos ^, and therefore 

j: = OM = ON cos « - -• COS f COS 9. 

jZ-MN-ONsiti B - r- COS f sin 0, 

:-NP -rain p. 

The elements of spherical trigonouiotry show that the 
multipliers of r, in the values of j-, y, z respectively, are 
the eosinCB of the angles between the line OP and the 
lines 0.^, Oij, Oz. Hence the more symmetrical method, 
in which these cosines are represented by I, in, n respec- 
tively, gives 

with the condition 
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II is ensy to sec that the remark in § 69, aa to resolu- 
lioQ or a velocity in two dimcnzioiis, holils vitb respect 
to thrci?. 

Tlien Newton'a Seamd Law of Motion (Chap. VI,) at 
once eKt«n(b llicac conclusions to Forces. 

77. A remark of great importaiico miut be made here. 
We MW in g 68 tliat a point waa determined, in x, ij co- 
oroinatca (t.e. plane space of two dimensions), as the 
iuteraectioQ of two straight lines, to one of which it waa 
confined hy ita x beinj; given iu value, to the other by 
the value of its y. But any two independent conditions 
connecting x and 'j will, also, determine their values. A 
■ingle condition connecting a: and ij is known aa the 
Sipiaiion of a Curve, and, when given, limits tho position 
of P to that curve. Two euch conditions, tlierefore, give 
P by the intersection of two curves, on eacli of which it 
must lie. t^uch a condition applied to a physical particle 
is called a Deffre^ of Corwiraini. In two-dimensional 
space a free particle has but two Deffrees of Freedom, one 
of which is removed by each degree of constraint to which 
it is subjected. 

78. Similarly we saw that, in three dimensions, tho 
point given hy x,y, z is determined as the intersection of 
tittao planes, on each of which it muat lie. But any one 
condition connecting the values of x, y, and z is tho 
E(iuation of a Surface, and, when it is given, a particle 

^^ at the point is subjected to one degree of constraint. 

^K "When free, it has but three degrees of freedom ; and thus 

^H throe degrees of constraint, by completely determining its 

^H X, y, and :, tix ita position. 

^H We should arrive at the same result by considering 

^B relations among the r, $, <ft co-ordinatea. But it suificea 

^B to consider merely what species of constraint each of 
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tlicse imjiosea when its value k given. All points for 
which r hna a given value lie on a Kphere whose centre ia 
at 0. "When ia given, the point must lie somewhere 
in the vertical plane rON. When ^ ia given, it muat lie 
somewhere on a right cone of which is tlie vertex and 
02 the axis. 

[The two lutter statements are easily illustrated by 
means of a telescope, mountod (in the common way) on 
a stand which allows it to rotate cither about a horizontal, 
or about a vertical, axis. Flace it in any azimuth, and 
vary its altitude, it turns in a vertical plane about the 
horizontal axis. Place it at any altitude, and vary its 
azimuth, it rotates conically about the vertical axis. 
Hence, by means of these co-ordinates, or conditions, 
each definite point in its axis is constrained to lie on a 
sphere, a plane, and a cone, simultaneously.] 

79. Two devices are in common use for enabling us to 
represent, on a piano (or other space of two dimensions) 
the third dimension. 

Thus, in an Admiralty chart, we find the sea-area 
marked over with figures denoting Sou?t(Hn(/» : — t'.e. the 
average rf*p/A of the water at certain places ia written in 
in fathoms. These soundings are of course more numerous 
in regions where there ate shoals or intricate clmnnols. 
But it is obvioua that, it they were numerous enough, 
they would enable us to construct a model of the sea- 
bottom. The soundings, therefore, supply, as it were, 
the necessary third dimension. But tliis process, though 
usually sufiicient for purposes of navigation, is at best a 
rude and incomplete one. 

The other method, however, rises to a very high order 
of scientific importance, not merely from tbe point of view 
for which it was originally devised, but on account of the 
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extent to which its essential principles are now applieil 
througtiout the whole range of physica. We therefore 
devote some space to its full explanation, 

80, This 13 called the method of Contour Linen, and is 
employed with great effect in the best maps, sucli as thosi? 
of the Ordnance Survey. 

A conimtr line pae»e» through all jilaceg ithieh are at the 
Mtinf heiglU above the sea-level. 

Thus the sea-margin ia itself the contour line of 710 
elevation. Suppose the water to rise one foot (vertically). 
There would be a new sea-margin, in general encroachinf; 
more on the land than the former ; encroaching moat at 
places where the beach has the gentlest slope, not encroach- 
ing at alionaperpendicularcliff, and throat out (seawards) 
from an overhanging clift This is the contour line of one 
foot elevation. It is clear that by supposing a gradual 
rise of the sea, or suhsidenco of the land, foot by foot, 
we could obtain a series of curves (each in its turn a 
§ea-margin) gradually circumscribing the uncovered portion 
of the land, and finally closing in over its highest peak. 
Wb require no such natural convulsion as that just im- 
aged. Cloud strata, or fog-banJcs, with definite horizontal 
surfaces, constantly show us these appearances in liilly 
countries. But it is a simple matter of LevelHi>{i to trace 
out contour lines, and to draw them on a map of the 
district. For practical purijoses it is usually sufficient to 
draw them for every 50 or 100 feet of additional elevation 
above the sea-Icvel. 

The celebrated Parallel Roads of Glen Roy are merely 
contour lines, etched on the sides of the valley by long- 
continued hut slight agitation of the margin of the water 
which filled the glen to various depths in succession, as the 
barrierswhichJammeditupwere, at intervals, broken down. 
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axis is vertical, of a hemisphere, nnil of a fusiform or 
spindle-shaped body. 

The fusiform boily, whose contour lines are drawn, is 
formed by the rotation of a qundrant of a circle about a 
Tertical tangent, the point of contact being the apex. 
And the contour lines are drawn, in each case, at suc- 
CBssivo heights increasing by one-fifth of the whole height 
of tlie figure. Thus the distances between successive 
contours, in the two last figures, form the same series of 
values, but in opposite order. 

The equality of distance between the successive contour 
lines of the cone indicates uniform steepness throughout. 
In the hemiaplierc the Unes are closer together near the 
boundary of the figure, in the spindle they close in on one 
(mother towards the centre ; the hemisphere being steepest 
at ite edges, and the spindle surface steeper towards the 
point. 

82, In fact, the Gradient of n surface in any direction 
(i.e. the amount of rise per horizontal foot) is obviously, 
at any point, invenehj as tlie distance in that direction 
between successive contour lines, for they are traced at 

MVe equal differences of level ; and thus the dia- 

^ between them, along any line drawn on the map, 

Eil tlifl space hy which we must advance horizontally 

along that Hue while ascending or descending vertically 

through 100 feet. 

83. The Una of gteepeM tloi^ at any point of a surface 
is, of course, perpendicular to each contour lino where it 
meets it. For the contour line is horizontal, i.e. has no 
elope. And in the projection on a horizontal plane this 
perpendicularity remains. Thus the line of greatc8t slope 
at any point ia represented on the map by the shortest 
line which can be drawn from that point to the nearest 





contour line. It ia the path along which a dro]) of water 
would trickle down. It is therefore called a SU-eam-Uw. 
84. If the surface be like that of a saddle (concave tip- 
wards along the horse's back, convex upwards across it), 
we have at the middle of the saddle what ia called, in 
geography, a Cul or mountain- pass : — the lowest point 
of the ridge between two neighbouring summits. The 
characteristic of the col is that, at such a point, a contour 
line inferwctt itself. The following sketch shows the 
general form of the contours near such a point. 
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III the shaded regions depicted to the right and left of 
the col the ground rises, in the unshaded regions depicted 
above and below it falls. [The figures on the contour 
lines show their order of altitude above the sea-!evel.] 

Other very special peculiarities might bo mentioned, 
but they are not necessary for the beginner; and the 
more mathematical reader can easily work them out for 
himsL'lf.' 

:wei), 
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85. If we draw, by the help of tiie contour lines, the 
stream-lines (which, g 83, cut them nt right auglcs), wo 
Hud tliat they have the following property. In ref^jona 
<Aore the level of a col, they fall away on both sides from 
that particular one of their number which passes from a 
mountain Summit down to the col, nod thence up to the 
neighbouring summit. This paiticular hne, then, is the 
Waierghed, separating two valleys or drainage areas. If 
we follow the course of the atream-linea into regions hehnii 
the col, we find that they usually approach to the special 
stream-lines drawn downwards from the col on opposite 
sides. These will therefore be fed hy all the little rilla 
in succession, and thus they become Ihc Watercourseg. 
A watercourse is tlms the stream-line drawn from a col so 
as to pass through an Imif, or lowest ]x>int of the surface. 

If we were to talce n cast from a model of a surface 
(with its contour Ihies) and treat it as a model of another 
eiirfaco, contour lines would remain contour lines, and 
streara-lines stream-lines ; but summits would become 
imits, and imits summits, while watercourses would 
become watersheds, and conversely. 

86. So far, we have been dealing witli contour lines in 
the ordinary sense of the word. But essentially the some 
«otf of thing is presented by the meteorological curves 
called I$oliai-g, and by hothermaU, Lines of Equal Magnetic 
Variatiun, of Eijwil Dij>, etc. etc. In each case the lines 
are drawn, on a two-dimension ronp, so as to jmss through 
all places where ihc barometer, or the thermometer, stands 
at n given reading or level, where the compass deviates a 
given amount from true north, etc. etc. Thus they have 
a characteristic similar to that of contour lines, viz. that 
all points on any one line possess some definite property 
to exactly the some amount. These applications of the 
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principle are of great importance, Liil they do not belong 
GO immcdLitelj to our eubject as do otUera, of wliich ve 

will now gire an e.taiDpIe or two, 

87. Just as water trickles from places &l Iiiglier, to 
others nt lower, teid, and os lieut flows, in a conducting 
body, from places of higher, to others of lower, trmpera~ 
iure, 80 eleulricity is snid to flow from places of higher, to 
pkces of lower, potential. Hence, to study the flow of 
electricity in a sheet of metal, we re<]uire to know the 
lines of equal potential. 

The first iuvestigatiou of this snhject, l>y Kirchhofr,t 
supplies an exceedingly simple and beautiful example. 

Patting the wires attached to Hie emls of a gnlvanic 
battery into contact with a very large sheet of iinifonn 
tinfoil, at t.>oints A and B, (Fig. 9) we eatahlish and main* 
tain a definite diflcreiice of jMtential between those poiiita 
of tlio slieet. Hence there is a steady flow of electricity 
from the one to the other; and it must take plact^ at 
every point, in a direction perpendicular to the equi- 
potential line passing through that point Thus, to liud 
the lines of flow of electricity, we must have a means of, 
as it were, contouring the plate eleclricallj', and finding 
its lines of equal potential. Tliis is furnished by a 
galvanometer, for that instrtimcnt indicates at once any 
curreut passing through its coil of wire. ISut, if the 
ends of its coil be kept at equal potentials, no current 
will pass. Hence, if we put one end of the galvanometer 
coil in contact with the tinfoil at any point, P, and move 
the other end about on the foil until no current passes, 
the point, Q, with which it is then in contact, is at the 
same potential as P. By fishing about, therefore, we 
can, point by point, trace out the cqui[}utentiBl lino PQ 
' rogg. Ann., ]8i5, Ixiv. 
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pasaiDg through P. And the some may be done for 
other points, till n-e have covered the tinfoil with as many 
lines of this kind as we desire. 

In the special cobo whicli we have taken, it waa found 
that when the pkte of tinfoil is very large in comparison 
witli the length AD, these lines are circles, whose centres 
lie in the line AE, and in each of which the ratio 
BQ/AQ is the same throughout (see g Ul); though of 
course its values are diUerent for diflerent circles of the 
serica. A few of these circles are given (in full lines) 
ill the figure. [To ensure proper contact with the battery, 
little drettlar discs of copper (indicated in white) are 
attached to the tinfoil at A and B. The edges of these 
(on ttccouut of the superior conductivity of the copper) 
are equipotential lines. Tha points A and B are not 
exactly at the centres of these discs.] 

Now geometry tells us that the lines, wliich cut at 
right angles all circles drawn according to the above 
law, belong to another scries of circles : — viz. those 
which are determined by the condition that ea<.'h [iesscb 
through the two points A and B. These circles (sorne 
of which are represented by the dotted lines in the 
iigiire) are therefore the current lines along which the 
electricity passes in the tinfoil. 

The full circles are drawn for successive equal changes 
of potential; and the dotted circles which are drawn 
are so selected that the amount of electricity -which 
flows in a given time through the apace bounded by 
portions of each contiguous pair is the same. If the 
full lines bo reganled as contour lines of a surface, and if 
A be connected with the positive pole of the battery, the 
left hand side of the figure represents a hiU, and the right 
hand an exactly equal and similar hollow; so that tlie 
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lialvea, as separated Ly tbe dngle straight contour line, 
irould exactly^/ I'n/o one another if the whole could be 
folded along that line. [This illustrates the last paragraph 
of I 85.] 

If both A and B be connected with the positive pole 
of the battery, and its negative polo be connected with 
a massive ring of copper, or other good conductor, which 
borders the eheet of tinfoU oil round at a very great 
distance from A and B, the equipotential lines are what 
mathematicians call CoMtm'g OcaU. One of them ia the 
Lemnitcate of Bernoulli, and its double point corresponds 
to a cgl. The figure resembles in general form that of 
S 64, and the current lines are a series of rectangular 
hyperbolas. 

88. As a final ex&mple, somewhat more pertinent to 
oar present work, take the relation between the pressure, 
volume, and aljsolute temperature, of a given mass of air. 

Experiment has proved that when any two of these 
three quantities are pven, the third is determined. 
Calling them p, v, and t respectively, the relation between 
them ia (nearly enough for our present purpose) found 
to be represented by the expression 



pv-M. 



(1) 



where R is a known constant quantity. [In a later 
chapter we will study the precise relation. What we seek 

^^ at present ia an illustration of method, not a specially 

^^L exact representation of /ar/.] 

^^1 Now we may treat p, r, and ( just as we treated x, y, s 

^^1 in § 80 above. In tins statement lies the essence of the 

^^1 value of the contour-line idea as applied to questions of 

^^H general physics. 

^^H Thus the experimental relation among ^, v,t, (1) above. 
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may 'be locked on as the equation of a surface. Let us 
draw ita contour lines on the plane in which p and v are 



Equation (1) bIiows that Lhcac lines (three of which aro 
marked in the figure with their temperatures (j, tj, i^) are 
all rectangular hyperbolas, of which the asymptotes are 
the axes of volume and pressure, Oi' and 0^. Any liue 
of equal preaaure AVfV^Vg is divided by them so that 




Avi, App Ar^, etc., arc proportional to the absolute 
temperatures. So with a Une of equal volume JipiP.2Py 
And one special advantage of this mode of represenUitiou 
is, that the aork required to compress the gas at any con- 
stant temperature, as („ from volume OB' to volume OB, 
is given by the area Ti'p\PiR, which in contained between 
the curve /j, the axla of volume, and the lines of equal 
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volume E'p',, Bp,. This followa at once from tbe fact 
thnt the work done during an elementary change of 
volume dv, under pressure p, is represented by jiJv ; a 
little clement of area bounded by the curve, the asis of 
(', and two contiguous ordinatea. 

Draw a tangent PT to one of these curves at a point 
P, and dmw PQ parallel to Ou. Tlie comjiretnihililj/ of 
a gas, at constant temperature, ia the fractional change 
of volume per unit incrense of pressure. It is therefore 
represented by 



5? -L < 

iJT ' 0.M' 
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or (by a property of the hyperbola) p^. 
i.e. it is inveracly as the pressure. 

The expmmhiUhj, nt constant pressure, is found simi- 
larly by producing QP to cut the proximat* curve i^ in 
R ; for it is expressed by the fractional change of volume 
per unit rise of temperature, that is 

PR 1 „ ('s-.'i) OM _1_ __I 



Tliis ia a mere portion of what is called, in Tliermo- 
^i/namke, Walt's Diaaram of Eneriry, the whole of whicli 
18 an application of the contour idea. 

89. We must now, as promised in § 59, say a few 
words as to a {passibli< 1) fourth dimension of space. 

Let us treat this from the point of view of what we 
may imagine would be the experience of beings, endowed 
with something corresponding to human reason and 
human aeuscs, but inhabiting space of one or of two 



In one-dimensional space the inhabitants can liavc 
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I-fmjni smtr. ued hare absoIntelT no hint from e3q)erience 
?£ wnaS anodfeer dime&aoa eoold be. Yet ire might 
TTiaajTTT^ l2i»DL if thej were not mere points, to experi- 
ence swzw pierleetiT norel, and to them onaccoiintable, 
^osasasa in pesing from p&rt to psirt of their space 
1/ i'n* 'rmjismt*nf rer? jtL>^ ffg r yg A o? the fame. Suppose, 
foe inscaode^^ tb<dr spa^e to be a line with knots on it 

^ailar^y an inhal:i(ant of two-dimensional space (a 
Kn/Jtrfrm^ ss Srbneiscer coce calkd him) might, even if 
his^ disiiettsfeoct? were bodi Eni(e, pass £rom place to place 
13. a p«AEbe oc a spherical s|uc« without feeling any new 
$v*c;;si:ktt. B^V if ^ po^ ^ ^ ^nce were creased or 
f .vdrMjL hi? Bi%h: K* iaij^:tced to feel some strange sensa- 
:i'.ci wbije he pi^ss^ed through such a part This is a 
v;^u?e:?c:'.^c oi «Kr^ii>'-*>.rruri;-»r, which would be totally 
K2i:xrelli;jrr:'I^ lo a Veir.^ whcxse experience (limited to 
:^»\^ vli::i-er^>?c.s^ bii no: ir\^::xired him for it, 

v it :a<r^ >hcuAi Iv a fou.rth dimension, our three- 
<i*:i?i«"j:^l s:xivV iuav ar:var to a four-dimensional 
o'L^^^rwr V Live soncihir.^ an:ilv>:ous to curvature or 
vrcdtjsir:^: : arsl i:\ iri tht* ccur^ of our solar system's rapid 
I'^vtxs!? :hT\^;*^h sr-d&cw we should come to a region of 
;^Jl: kxr.vl. ^>* tuj^y f^noy tiu: some absolutely novel form 
oi e\:vr»c::>v w-yv^lvi K^ the result. 

iv\ Siyv;;U::o:v> of this n.i:ure, however, though based 
:>^ A vvr:;;c:x «:x:c:x: on scion::do facts, necessarily involve 
;ho v^xu\<::.n\ oi •^fifc^i*iV'« or j r .'\>^i^u>n .- and, in so far as 
;hov do sv\ thoy jw?:;? fr\>:u the domain of physical science 
iu;o iho rvsA>.us of rUysIoIc^'. 
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CHAPTER V. 

IMPENETRABILITY, rOROSITY, DIVISIBILITY. 

91. Our working definition of matter (g 21) involves 
another property besides those discussed in last diapter — 
viz. Impendrahilify, The sense in ^vllich we are to 
understand this term depends upon the use of the word 
occupy as applied to space. 

On the theory of ultimate atoms, whether the old 
hard atom (§ 23) or the vortex atom (§ 27), the occupa- 
tion of space is complete so far as each atom is concewicd. 
Where one atom is, it fills space to the ahsolute exclusion 
of every other. But space is not coniiunoushi filled l)y 
the atoms of any portion of tangible matter (J^ 24); hence 
there may be mixtures of atoms of difrerent kinds, which 
will be the more perfect and intimate the smaller we 
suppose the individual atoms to be. But there is no use 
in discussing questions of this kind, at least until we 
prove the existence of atoms. Thus the strictly scientific 
use of the term impenetrability need not occupy us. 

92. There is, however, a semi-scientific use of the 
word which is of some importance. For, whether matter 
be impenetrable in the strict sense or not, we may use- 
fully discuss the consequences of its not heiurf penetrated. 
Tlius the hollow of a mould, and only the hollow, is 
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ticcGSsiblo to tbc liquid motal poured into it Otherwise 
"casting" would be impoKible, 

One of the luost importaut of these consequences was 
long ngo given by Archimedes, — viz. a mode of easily 
comparing the volumes of bodies of shapes bo irregular or 
complex ds to defy the powers of cakultttors working 
from moro linear measurements. AU that is required is 
to immerse them successively in a vessel partly filled with 
water, and to note the amount by which the level of the 
_ water is disturbed, i.e. (in tlio usual phrase) this iimount 
of water displaced. Bodies wliich, when thus tried, 
displace equal amounts of water have equal volumes, 
however different may be their figures. 

93. Hence, to measure the volume of an irregularly- 
shaped body ; — a lump of atone or coal, for iustanco ; — 
grease it or varnish it all over, to prevent uuler /row 
entering xln pore», i.e. to secure uon-penetration ; and 
immerse it completely in a vessel partly filled with water. 
Mark the height to which the water-level rises. Witli- 
draw the stone, and pour in mercury until the same 
disturbance of water-level is again produced. Tlie volume 
of the mercury is the same as that of the stone. The 
mercury has the advantage of taking at once the form of 
any vessel in which it may be placed, so that ita volume 
may be promptly determined by pouring it into a properly 
graduated beaker. 

Tliis simple consideration forms one of the bases of 
the common method of measuring specific gravity (g 36) 
by weighing a body, first in air, and then when it is 
suspended in water. 

94. IJut it is not solida (sueh as the stone above) or 
other liquids (such as mercury) alone which can thus 
displace their own bulk of water. Air will do equally 
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well. Thus a diving bell b merely an open-mouthed 
vessel, inverted and let down iuto water, 'i'lie air it 
contains is not penetrated by the water, nnd thua dis- 
places (just as a solid or a liquid would have done) ita 
own volume of water. Its volume, no doubt, becomes 
less OS the bell descends ludcr the water, but thia is 
due to Iho increase of hydrostatic pressure to which it 
ia subjected. Still, however it bo compressed, as it is 
□ot penetrated it displaces at every instant its bulk of 
water. 

95. When one liquid mixes with, or when it combines 
with another, it does not usually displace its own bulk of - 
the other. In such coses tliere is inter penetration. 

Thus, when twenty-seven parts (by weight) of water 
are mixed with twenty-three of alcoliol, the volume of 
the mixture is leas by 3'6 per cent, than the aum of the 
volumes of the constituents. 

When an alloy of tin and copper, such as used to be 
employed for the specula of largo reflecting telescopes, ia 
formed, the joint bulic may be as much ns 7 or 8 per cent. 
leas than the sum of the bulks of the constituents. 

And Faraday showed that, when potassium is oxidised, 
the resulting potash has a less volume than eillier of the 
ctmstituentB. 

96. But, as a rule, in these cases of contraction, other 
physical phenomena present themselves. Tlius tho mixture 
of alcohol and water above described bcconiea more than 
8' C. warmer than the components, if both were taken 
at the same (ordinary) temperature. A rod of tin dipped 
into melted copper (at a very dull red beat) ]>roducos vivid 
incandescence as it melts nnd is alloyed. And the com- 
bination of oxygen and potassium develops kinetic energy 
at an almost explosive rate. 
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Tiiere are other wises, wliich we need not treat of hero 
(especially as they Leloog properly to Hcai and to 
Chemhfry), in wtieh the volume of a mixture is greater 
than the sum of the volumes of its constituentB. 

97. These examples show that Archimedes' notable 
process might altogctlicr have failed in ita application. 
For he is said to have been asked to find whether the 
votive crown nmde fnr Hioro of Syracuse really consisted 
of the amount of gold furnished for its manufacture, or 
whether a part of the ^'old had been abstracted, and its 
place supplied by au equal weight of silver. 

He procured lumps of silver and of gold, each equal in 
weight to the crown. These lie immersed successively in 
a vessel filled to the brim with water, measuring in each 
case the amount of overflow, which he found to be greater 
for silver tlian for gold. The vessel being once more filled, 
the crown itself was immersed, and was found to displace 
more water than did the gold. Hence, by calculation, 
Archimedes found how much silver had been substituted 
for on equal weight of gold.^ This calculation, of course, 
must have proceeded on the supposition that the bulk of 
the alloy was equal to the sum of the hulks of the com- 
ponent metals. 

Sut interpenetration, of which he had no knowledge, 
might have completely baBlcd the great mathematician. 

If a similar quosLion were raised noie, it would of course 
be decided at once hy the processes of the chemist, not by 
those of the physicist. 

98. We have seen (% 21) tliat, on the hypothesis of 
liard atoms, there must necessarily be interstices between 
them, else bodies could not be compressible. 

But it is an experimental fact, independent of all 
' The oriKiiinl pnasnge is giveu as Appcitdix III. 
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liypotliescs, that bodies in general are Parous. By the 
term porea we do not refer bo visible cliannelB, such as 
those whiuh run in all directions through a piece of sponge, 
but to microscopic channels, wliicli pervade oven the most 
seemingly liomogenoua and continuous eubstances, such as 
solid lead, silver, gold, etc. 

Tlie proof that such channels exist was given experi- 
mentally by Bacon, who tried to compress water by 
squeezing or hammering n leaden shell tilled with water 
and closed- The water exiidcd like i>erspiration through 
the pores of the lead. The Florentine Academicians tritd 
the same e^ipcriment with a silver shell, but obtained the 
eame result. They then tried to prevent the escape of 
the water by thickly gilding tlie shell, but again in vain. 

99. When a corner of a piece of blotting-paper, or of 
a lump of loaf-sugar, is dipped ia water, we see (cspeeinllj 
if the water be coloured) the raj id entrance it etfecta 
inlo the pores. Why it enters, uudcr these conditions, is 
another question. (Chap. XII.) 

The porosity of wood, necessary for the circulation 
of the sap, is beautifully shown hy the fact that, from 
microscopic examination of a thin "lice of u fossil tree, a 
botanist can tell at once the species to which it belonged 
The greater part of the material of the wood has dis 
appeared for it may be millions of years, but its nui-ro 
Bcopic etrwlure hns been preserved by the mhltration of 
silicious or calcareous materials nhtcb, hardening in the 
pores, have thus preserved a perfect copj of the original 
The rapid passage of gases through unglazi d potttry, 
iron and (hot) steel, etc., shows the porosity of these 
bodies in a very remarkable manner. So does the strange 
absorption of hydrogen by a mass of palladium. (See 
Chapter XIII.) The porosity of steel has recently been 
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aliown in a most rem ark able iiiDDncr by Ainngnt, who 
forced mercui'y tlirongb n tbickntsa of more tlian 3 inches 
under it pressuro of at least 4000 atmospheres, (g 190.) 
The metal was quite imporvious to glycerine under the 



Another beautiful instance is aflbrded by the alicious 
concretion, Tahadieer, found lii the joinU of su^r-cancs. 
It is opaque when dry, but when immersed in water for 
n short time becomes transpareut. Certain agates, called 
Hydrophaw', exhibit the same property. 

100. No decisive proof of tlio porosity of vitreous 
bodies, such as glass, seems yet to hare b«en obtained. 
That they form almost a eobtary class of esceplions to an 
otherwise general rule seems highly improbable. And 
instances, such oa those given below, seem to indicate that 
these vitreous bodies have not yet been proved to be 
porous solely because we have not discovered the proper 
mode of testing them. 

When polished marble is wetted with water, very little 
enters the pores; while oil, on the contrary, iB rapidly 
absorbed. 

A bog of cambric or gauze, the holes in whicli are 
visible to the eye, holds mercury securely, until sufficient 
[jressure is applied to forc« out the liquid. (§ 288.) 

Okuied pottery-ware, which is jiracticully impervious to 
hydrogen and to pru'e water, is rapidly i>cnetmtcd by a 
strong aqueous solution of bichromate of potash. This 
solution, cryatallising in the pores, disintegrates the whole, 
just ns water, freezing in the pores of a rock, gradually 
breaks its surface-layers into small fragments, to be after- 
wards washed down to tlie plain as alluvial soil. 

The qiiestion of tlio porosity of colloidal bodies, auch as 
• Complii Emdiu, Msrcti 2, 1686, 
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golatiue, alliuiaeD, and, from some points of view, india- 

roliber, is somewhat puMling. We will refer to it in 
Chapter XUL 

101. The DiviaihiUtij of matter, in the strict acieutific 
spEBe. at once raises the question of the existence of finite 
atome. For, 'if there be such atoms, division has them 
for its limit, whatever processeB may be employed.^ We 
ore not prepared to face this aspect of the question, and 
must, therefore, confine ourselves to examples of extremely 
iuinut« Division, 

An " impalpable " powder is one whieli gives no gritty 
Eensation when we tub it between the thumb and fingers. 
The process of Lem'yalio7t, depending on fluid friction 
(S 38), ifl employed for the assortment of solid particles into 
]Kickets of different degrees of fineness. Thus, if ground 
emery be thrown into a tall vessel full of water, we may 
remove from the bottom of the vessel successive crops, as 
!re, of gradually increasing flueness. Yet even the 
finest of these powders can be used for grinding metallic 
or glass surfaces, showing that its particles still possess 
the same properties as do those of the coarser powders. 

Silica may bo thrown down, by chemical processes, 
iu such an extreme state of division that when it is dried 
&nd poured into a trough it behaves almost like a liquid. 
Especially when it is heated, we observe that, like a 
liquid, it is capable of propagating gravitation- waves. 
Calcined magnesia and other very fine powders show 
similar properties. 

102. Even the rough process of scratching the polished 
surface of glass with a diamond pobt can be carried out 
by machinery to such an extent of delicacy that groups 
of equidistant parallel lines may bo traced, some of which 

* See agu'n Apptjidix It. 
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can only be " resolved " into their components by tlie very 
best microacopea ; others, which we have every reason to 
believe capable of resolution, have not yet been resolved. 
These pioeea of ruled gliiss ato knoiru to microacopists as 
Nobert's Test. 

Ordinary gold-leaf, though prepared by a very rough 
process, has a thickness of about l/300,OOOth of au inch 
only. But, as Faraday showed, it can be rendered very 
rauch thinner by immersion in a solvent such as cyanide 
of potassium. And, by a species of inversion of Wollaston's 
process (§ 49), i.e. drawing into very fine wire a silver rod 
thickly gilt, we obttun a continuous film of gold, whose thick- 
ness is estimated at less than l/4,000,000th of an inch. 

103, The average size of tlie pattiules of water in a 
light cloud is easily estimated from the diameter of the 
coloured rings, or Covma, which it produces when it 
covers the sun or moon.' If the radius of the innermost 
ring be 15°, the diameter of the particles must be about 
l/13,000th of an inch. Such must have been the average 
size of the dust particles from the Krokatao eruption of 
1883, which produced the remarkable sunsets, as well as 
the corona seen about the sun when no cloud was visible. 
The length of time these particles remained in suspension 
is accounted for in § 40 above. 

101. Leslie, in Lis Kaiural Philosoplnj (1823), says: 
"A single grain of musk has been known to perfume a 
large room for the space of twenty years. Consider how 
often, during that time, the air of the apartment must 
have been renewed and have become charged with fresh 
odour ! . At the lowest computation the muak had been 
subdivided into 320 quadrillions of particles, each of them 
of affecting the olfactory organs." Leslie does not 
' Tflifa Li^U, 2n'i ed., %% 180, 2*8. 
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l#!l 03 liow tlio computation was made, nor even what we 
are to understand by quadrilHona. 

[The UBiml British reckoning gives a quadrillion as a 
billion billions, cacli billion being a niiilion million.^ 
while the French reckoning makes it only a thousand 
million millious. This confusion is entirely removed 
by the modern mode of writing large numbers, which 
we know only in rougli approximation. We write the 
Bnt two or three significant Ggures, and indicate the 
Qomber of the remaining ones by the corresponding 
power of 10] 

Thus Leslie may have meant either 320x10'^, or 
320 X 10'*. If, as is most probable, ho meant the former 
of these numbers, the result of hia computation has 
been singularly verified by recent discoveries, some of 
them apparently altogether unconnected with the question 
before us. 

105. One of the most striking instances of division is 
that furnished by holding, in an otherwise slightly 
luminous flame, a particle of common salt or of some 
other metallic chloride. Fox Talbot, in 1826, wrote: 
" A particle of muriate of lime on the wick of a spirit- 
lamp will produce a quantity of red and green rays for a 
whole evening without being itself sensibly diminished." 
Swan traced the source of the peculiar orange ray which 
appears in the light of almost every flame to the wide 
diffusion of exceedingly small quautilies of common salt. 
The^e phenomena arc nownilnys known to all in connec- 
tion with Spedrum Analysis. The quantity of common 
sail which, for a considerable time, will continue to give 
the orange tinge to the flame of a large Bunsen lamp is 
rainute in the eitreme. Tho efl'ect is now proved to be 
due to vapour of sodium. 
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106. A conviction of the practically iufiiiito divisibility 
of matter must be felt by all who would hold a warranted 
belief in the "dilutions" which are at least populatly 
supposed to be ono of the main cbaractcriatica of homoeo- 
patliic mcdicinea. When a single grain of atropine is 
dissolved in a gallon of wat«r, and one drop of this is added 
to another gallon of water, we have what ia called the 
jtrel dilntifin. Add a drop of this to a third gallon of 
water, and we have the second dilution. And so on. 
Tenth dilutions are said to he Gometimea administered. 
If wo take the diameter of a drop as about I/8th of an 
inch, we find, by an easy calculation, that (as there are 
277 cubic inches in a gallon) the tenth dilution should 
contain about 2/10"° of a grain of atropine per drop ! If 
that drop were magnified to the size of the whole earth, 
the atropine in it (magnified, of course, in proportion,) 
would correspond to a particle of somewhere about ono 
ihrec-billiouth of an inch in diameter ! ! So that, unless 
atropine can be separated into particles of this excessive 
smallness, one drop of the so-called dilution will he totally 
different from another:— one being a potent medicine, the 
other pure water. 

lOT. The kinetic theory of gases informs us that, in 
a cubic inch of any gaa at atmospheric pressure, and at 
ordinary temperatures, there are somewhere about 3 x 10'" 
detached particles absolutely similar and equal to one 
another. These cannot bo Lucretian atoms, for they 
have each many different modes of vibration, even when 
Ihcy belong to a simple and not to a compound gas. 
Here we reach the limit of our present knowledge as to 
division of matter, WhsA ia the structure of these 
gaseous paiticka on which their vibrations depend (§ 29), 
and how far further divisible each particle must be 




)uppose<I in consequente, nre malters bG3-ond our know^ 
ledge. [These lesulU of the kinetiu gas tlicory are coii- 
firraed hy altogether independent lines of [ihyetcal leaaon- 
ing with which we are not concerned here.] 

"We may lake, as a rough opproximntion, that the 

I groined structure (g 26) of the most nearly hompgeneons 
solid or liquid bodies is of the order of 5x10* to the 
inch linear. To give a notion of the amount of Uivbion 
which this indicates, suppose we magnify a cubic inch of 
such a substance to a cube whose side is the diamet«r of 

' the earth. The earth's polar diameter is 5 x 10^ inches, 
very approximately. Thus, in the enormously magnified 

I cube, there is one particle in every cubic inch or so. We 
eay nothing, it is to bo noticed, as to tlie size of the 
particle or granulation itself. [The cstimatoa hitherto 
made of this quantity can hardly be called even rougli 
approxirontiona : — so widely do they differ from one 
another, according to the particular physical phenomenon 
on which each is based. But probably tho particle c 
not occupy so much as 6 per cent, of its share of the 
whole content.] 

All that can be said of the above estimates (of numbef 
of particles per cubic inch) is that they are, at least 
nearly, of the proper ordet- of magnitude, And it is 
curious to lind that tho result of Leslie's old " computa- 
tion" {g 104) agrees fairly enough with out present know- 
ledge. 



CHAPTER VI. 

ISEllTIA, MOBILITY, CEKTIUrfGiL FORCE. 



First Law op Motiok. 

Eetnj hoiiy jjerseveres in ifs slate, of rest or of uniform 
t:niotionm a straight Une, except in so far aa it is rompelted 
I 'iy forces to change that state. 

The property, thus enunciated as belonging to all 

f bodies, is usually called Inertia. And it is clear from the 

' stBtement abova that it may be described as passivitf, ot 

perse verauce, but in no sense whatever as 

revolutionary activity. This consideration will be found 

pTesently to be of great importance. 

Matter is, in Newton's eyateni, regarded as tie play- 
thing of force ; submitting to any change of state that 
may be imposed on it, but rigorously persevering in tlio 
itate in which it is left, until force again acta upon it. 
109. The stale referred to ia one of rest, or of umfonn 
Vination in a slniiijhi line (of which rest is a mere particular 
Be). Here we meet with a serious difficulty. 
All. tronslatory motion (including rest, or null motion) 
l-is, from the very nature of space, essentially relaliiv. 
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Eelaliveiy to te/iat-, then, are we to any that a boily uot 
acted on by force moves uniformly in a straight Hue! 
The answer, bo far as we can give it^ is — 

Seiativelff to any scl of lines dravm in a rigid hodi/, of 
finite dimeneion* ; kIi ieh it 7wt acted on by force, and irk ieii 
luu no rotation. 

Aa will be seen Iat«r, {§ 131) Newton has pointed out a 
physical test, by which it can be ascertained whether a 
body has rotation or not. 

But questions of this kind can only be alluded to, 
certainly not fully discussed, in an elementary work. 

110. The grand proof of the truth of the first as well as 
of the otlier Laicg of Motion is furniabcd by the celeetial 
motions. So irregular is the motion of the moon, when 
considered carefully, fonnd to bo, that no amount of the 
most exact observation alone (t',e. unaided by pliysical 
investigations) could enable us to predict its j>lace, even 
twenty-four hours beforehand, with anything like the 
accuracy with which it is predicted four years before- 
hand in the Nautical Ahnanae. So convinced have 
astronomers become of the truth of the laws of motion, 
which nru necessarily involved in all their lunar and 
planetary colcidations, that when a discrepancy between 
prediction and observation is found to occur no one now 
questions the bases of tlie calculation. Tiie discrepancy 
is used to correct our previous estimates of the eUmnnh 
of the lunar or planetary orbit; or, as in the notable 
case of Uranus, it is employed as an indication of where 
to seek for some undiscovered body whoso influence has 
not been taken into account. 

in. Familiar instances of Inertia present themselves 
in all directions. "V^Hjen a railway carriage is running 
uniformly on a straight piece of road, we become uncon- 
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flcioua of the iiiotior uolesa we look out at estomal 
boilies ; but we detect at once any sudden, or even rapid, 
change of speed. If the motion of the train ho checked 
by a sudden apphcation of the brake, their inertia (which 
really maintains their motion) opjieara to urge the passen- 
gera fonmrd^. A sudden starting of the train produces 
the opposite effect. While the steady motion continues, 
a conjuror can keep a number of balls in the air just as 
easily as if the carriage were at rest. But these things 
need not surprise us. Our rooms are always like perfect 
railway carriages in respect of their absolutely smooth, 
but very rapid, motion round the earth's axis, Tlie 
whole earth itself is flying in its orbit at the rate of a 
million and a half of miles ^(ec day ; yet we should have 
known nothing of this motion had our globe been jier- 
l>etually clouded over like that of Jupiter. The whole 
solar syatem is travelling with great speed among the 
fixed stars, but we know of the fact only from the 
minutely accurate observations of astronomers, aided by 
all tho resources.of the Theori/ of ProbahiUties. 

112. When a bullet is dropped from a definite point in 
a uniformly running carriage, it strikes the same point of 
the Boor whatever be the speed of tho motion ; for, by its 
inertia, it preserves while falling the forward motion of 
the carriage which it obviously had while it was held in 
the hand. But, if the bullet be dropped from the yard 
of a vessel to the deck, it will not fall always on the 
same spot, however uniform be the ship's progress, if 
there be any ptlchin^. For, when the vessel pitches, the 
yard moves forward alternately faster and slower than 
docs the dock. 

Now the top of a tower {unless it he at one of the 
tioles) is farther from the earth's axis than la the foot, or 
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the ground on whicli the tower is built ; and, therefore, 
as hoth complete theJr revolution in twenty-four hours, 
the top of the tower moves permanently faster than does 
the base. Hence even a truly Bpherical bullet, dropped 
from the top, does not fall vertically. It deviates to the 
east of the vertical, because it preserves while foiling its 
saperior eastward speed. In this way we obtain one 
physical proof of the earth's rotation, 

113. The upsetting of buildings by an earthquake 
(amishes a striking instance of inertia. So does the 
almost perfect immunity we experience from the millions 
of meteoric stones which arc constantly encountering the 
earth with plane/arj/ velocities. This is due to the 
inertia of the air, which, in its turn, is one indispensable 
cause of the destructive action of a tornado ; just as, on 
a smaller scale, a cannon-ball would be harmless without 
inertia, wliile an earthwork, without inertia, would afford 
no defence against it But we need give no more in- 
stonces — the reader will easily supply others from tiia own 
experience. 

Hi. 60 far, wo have been speaking of inertia as mani- 
fested by the tendency of a body to persevere in its 
motion with unaltered ejiced. But we must carefully note 
that this is only one port of Newton's Low. The state 
in which he tells us that bodies persevere by inertia is 
not one of uniform motion merely, but of motion in a 
ttraiykt line. The preservation of the rectilinear path is 
quite as easential a part of the functions of inertia as is 
the preservation of tlie uniform speed. Hence, just as 
(following Kewton'a syatera) we attribute any change in 
the speed of a body to the action of force, so, if its line of 
motion be not straight, (whether the speed be unaltere d oj 
no) its curvature also must be due to the action a^4lffi|BWlny I.| 
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115. How the force must be applied which causes a 
body, in spite of its inertia, to move in a curve ia easOy 
understood from some common instances, though it is 
pretty obvious that it must be in a direction peri>endicu}ar 
to that of the motion ; and, of course, in the plane in 
which the curvature takes place. For any force in the 
direction of motion must tend only to increase or to 
diminish the speed. 

It is foimd that, at a curve on a railway line, it is the 
outer of the two raib which is most worn {i.e. that one 
which forma the convex side of the track). And, when 
a shari) curve has to bo taken rajudly, the outer rail has 
generally to be laid a little higher than the other. But 
(except when the brake \s on) the pressure is mainly 
perpendicidar to the rails. Hence the force which causes 
the carriages to move in a curved path must be directed 
iniearde to the centre of curvature. 

When we whirl a sling with a stone in it, we feel the 
tension of the cord (which is constantly _pii/iiwf/ the atone 
from its natural straight path in towards the hand) 
iucrcased as we cause the sting to rotate faster. 

A bullet, Buspended by a string, forms what wo call 
a simple }iendidum. It can, by proper initial projection, 
bo made to revolve uniformly in a honionlal circle. It 
ie then what is called a Conical Pendulum. Here the 
tension of the string may be resolved into two parts ; 
one vertical, which supports tlie weight of the bullet, the 
other horizontal, which continually deflects the bullet 
from its natural rectilinear path. If the string could be 
made long enough, the time of revolution might be made 
twenty-four hours ; and if the pcnduhim were then set up 
at tho north pole, and made to describe its circle in the 
positive direction (§ 65), it would appear to remain sus- 
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pended at rest in the air, the enpporUng etiing not being 
rertical ! If it were made to rerolvo in the negative 
direction, it would appear to complete a rerolution in 
twelve hours. 

The moon is caused to move in an (approximately) 
circular path about the earth by the some attraction 
which causes atones to fall vertically downwards, 

116. One of Newton's remarks on the First Law of 
Motion runs thus : — 

" A hoop, whose parts by their cohesion pgjpetually 
draw one another aside from rcctilitiear motions, docs 
not cease to rotate, except in so far as it is retarded by 
the air." 

Thus the uniformity of the earth's rotation about ita 
axis, which is the basis of our measurement of time, is 
merely on example of the First Law of Motion. 

But when a fly-wheel, or a grindstone, is made to 
rotate so fast that the cohesion of its parts is no longer 
capable of supplying the forces requisite to keep them 
moving in their circular paths, it burets (this is the tech- 
nical word), and the fragments fly off in paths which are 
tangential and rectilinear, except in so far as gravity 
modifies them. 

If the rotating body be plastic, as must have been 
the case long mo with the earth as a whole, its form 
will be modifiea by the tendency of every particle to 
preserve its rectilinear path, Thits it swells out in all 
directions perpendicular to the axis of rotation. Jupiter 
and Saturn, being much larger than the earth, and also 
rotating more rapidly, show this effect in a much greater 
degree. 

A beautiful example is furnished by suspending an 
endless chain by a cord, and (by very rapidly twisting 
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the cord by means of multiplying gear) throwing it into 
rotation. When the rotation of the whole is sufficiently 
rapid it assumes almost exactly the form of a horhontal 
circle, all its links being equidistant from the (vertical) 
asia of rotation. 

117. Tho old notion, probably BuggeBted by such 
instances as the pull which the stone in a sling seems to 
exert on the hand, was that bodies have a tendency to 
fiy ouUeards from the centre about which they are revolv- 
ing. Hence they were said to exert Cenfi-ifugal Force, 
and a Centripetal Force was of course requited to balance 
this. The term Centrifugal Force has become rooted 
in our scientific language. It is a convenient enough 
expression, provided wo do not split it up, thus taking 
it to imply force, and flying from a centre ; but interpret 
it merely as indicating that, to keeji a body moving in 
a curve instead of in its natural straight line, a force 
directed iowards the centre of i:urvature is always 
required. But, as the third law of motion (§ 128) tells 
us, a force is only one-half of a stress, so tliat when force 
is exerted to pull the body inwards from the tangent, an 
equal force must be exerted at tlie centre tending outwards 
from it. 

We might quite as justly speak of the Onmard Force 
of a cannou-bttll, which requires a resistance to check it ; 
as of tho centrifugal force (understood not as a single 
term but as two words, each with its ordinary meaning) 
which must exist because it requires centripetal force 
to balance it. 

118. Calcidating (as in § 71) from the earth's mean 
equatorial radius, 39C2 miles, and the number of seconds 
in a sidereal day, 86164, we find that the acceleration of 
a point on the equator is about O'lllS foot per second, 
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per second: — while the acceleration due to gravis is 
about 33, in tenna of t^e same unita. Thus about ^^th 
of its weight is required merely to heep a body oa the 
earth's surface at the equator. By this amount its weight 
(as indicated by a Sprittg-bcditnce, § 1G5) would bo 
diminished. 

If the earth had been revolving seventeen times faster 
than it does, this ajiparent diminution of weight would 
iiave been 17' (or 289) times greater than it is, i.e. bodies 
tX the equator would have ehown no apparent weight, 
provided they moved along with the same velocity aa 
the ground below them, 

}. As b pointed out in the preceding extract from 
Hewton (g 116), a. wheel or otlier body, rotating about 
is and not acted on by forces, perseveres by inertia 
in its uniform rate of rotation. But it docs more ; it 
preserves (even when acted on by small forces) the diree- 
Hon of ita asia of rotation, provided at least that it be 
totating about its oxia of greatest or of least moment 
of inertia (§ 133), It is for this reason that rifling of 
the bore of a gun has been introduced \ and also that a 
skilled player, when throwing a quoit, givea it rotatioi 
in ita own plane. 

The rotation of the earth about ita axis is a mon^ 
complex phenomenon, because it takes place under the 
action of coiiaiderable forces which tend to make the 
earth revolve about axes lying in the plane of its equator. 
Yet, because the moments of inertia (§ 132) about all 
mcb axea are approximately equa!, the period of the daily 
lotation is not altered, though the ilirection (in apace) of 
the polar axis ia aifected l>y Precession and by Nutation. 
"We cannot, however, do more than allude to matters of 
this order of difficulty. They are all beautifully illus- 
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trated by means of Gyroscopes, GyroBtats, etc., but the 
full study of the phenomena requires higher raathemntica 
than we can introduce here. These are properly queationa 
of Abstract Dynamics. 

120. Newton's Second Law of Motion is as follows: — 
Change of momenlum is projiortiorud to force, and takes 

fiaee in the direction in ithich the. force arts. 

Thus, according to N^ewton, a force alteaya produces 
change of momentum. Ilence tliere ia no balancing of 
forces, though there may be balancing of the efTect^ of 

Every force (however small) produces its proper change 
of momentum. This used to bo stated, under the name 
of Mobility, aa a characteristic property of matter. 

Thin change ia always gradual, never abrupt. An 
infinite force would be required to produce a finite change 
of momentum abruptly. 

As chart'je of momentum alone is mentioned, it is clear 
that N^ewton means that the effect of a force is inde])ondetit 
of the atate of motion of the body to which it ia applied. 
Hence if a force bo uniform, as for instance is practically 
the case with the action of gravity upon a falling body, 
the additional momentum produced by it in each and 
every second will measure its amount. But if it bo 
variable, we must measure it by the rate at wliieh 
momentum is produced by it instead of the momentum 
produced by it in one second. Thus the true mi^asure of 
a force is the rate of change of momentum ; or, to use the 
fcinematical term, the product of the mass of a body into 
the aceeleratitm of its velocity. 

121. Two special cases, of great importance, must now 
ho treated :^un!form acceleration in the direction of 
motion, and uniform circular motiou. 
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It is fotmd that, in vactio, all bodies acquire, 
Becoud, an additional vertical velocity of about 32'2 : 
pet second. This quantity (which varies with the lati- 
tude, height above sea-lovel, etc. g 165) ia uaunlly denoted 
by the letter g. Hence, if M ho the masa of a body, its 

light (t'.c. the force which accelerates its fall) is measored 
by the product ilg. 

Einematica (aa we saw iu g 71) ahows ub that when a 
point moves uniformly in a circle, the acceleration is 
directed inwards to the centre, and its magnitude is the 
square of the spec-d multiplied into the curvature of the 
path. Hence to keep a body, of masa M, moving with 
uniform speed V in a circle of radius R, a force whose 
magoitude ia MV*/'R, directed towards the centre of the 
circle, must constantly act upon it. As Mg is the weight 
(W) of the body, we may express this force as 

If IU be the Angular Vdoeiiij in the circular path, i.e. 
'file angle described in unit of time by the radius drawn 
ito the moving body, we have obviously 

V-K«, 
and the expression for the requisite force takes the form I 



122. Newton shows that, as an immediate eonaequence 
of the Second Law, we have the Law of Composition of 
Forve* acting at one point ; the ao-called Paralldogram, 
or Triangle, of Forces. This follows from the facts that 
(a) the changes of velocity produced in the same time, by 
different forces acting on the same body, are proportional 
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to and in the directions of the several forces, and that {h) 
the effect of each force is independent of the simultaneous 
action of the others. Thus the problem is reduced to the 
obvious kinematical composition of velocities (§ 69). 

133. "We are now prepared to measure both Masaes and 
Fonree. Eat, for this purpose, it is necessary to have units 
in terms of which to measure. 

The British unit of mass ia the Standard Pound, whose 
amount was probably adopted iu old times for reasons of 
convenience, but is now fixed by law. 

The French, or Metrical, unit of mass b the Eilo- 
jframme, originally intended to be the mass of a cubic 
decimetre, or Hire, of water at its maximum density 
point; but, practically, defined by a platinum standard. 
The Kilogramme is about 2*30462 Founds. 

124. The British Unit of Fores is such that, when it 
acts for one second on a mass of one pound, it produces 
iu it a speed of one foot per second. 

The C. G. S. Unit of Force (or Dijn^), which ia coming 
into use for scientific measurements, is such that, when it 
acts for one second on a mass of one gramme, it produces 
in it a speed of one centimetre per second. 

The British Unit of Force is about 13,835 Dynes. 
Since the speed acquired by a body falling for one second 
(in vacuo) is (§ 120) about 32-2 feet per second, the 
Weight of a Pound is about 445,165 Dynes. 

125. Generally, if a definite force act upon any mass 
for one second, it will generate in it a speed whose magni- 
tude is inversely as the mass. 

Thus the comparison of masses, i.e. their measvtrement 
in terms of some standard unit, becomes a perfectly definite 
scientific process. 

It may not be easy to carry out, nnd in fact it is not ; 
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at least by any very direct application of the principles 
just explained. That, however, is another matter. No 
one in his senses would question the perfectneaa of Euclid's 
process for dividing a straight line into a given number of 
equal parte, on the ground that it ie practically inappli- 
cable when wo try to carry it out. 

What we have sought is an accurate, and an easily 
intelligible, method of comparing masses. If it be not 
easily workable in practice, we must find something more 
workable : — just as wo now use a screw dividing-engine 
instead of Euclid's unrealisable straight lines, and still 
more unrealisable jiaratlel straight lines. 

126. When we have measured the mass of a body, and 
also ita volume (g 92), its average, or mean, demity follows 
at once. If the body bo homogeneous, this is its actual 
density throughout : — and whether it be homogeneous or 
not, ita mean density is simply the average amount of 
mass per unit of volume. 

On account, chiefly, of the remarkable result of New- 
ton's (I 34), we postpone all considerations regarding the 
densities of various kinds of matter until wo are dealing 
with their wpeeijie gravities also. 

127. The process of weighing is, as Newton showed 
(g 34), essentially a comparison of masBes. So that our 
measurement of moss is practically carried on by means 
of the Balance, which is one of the most delicate and 
accurate instruments of precision yet invented. 

The processes for measuring force are not yet nearly 
80 accurate. Numerous instruments have been devised 
for the meaaurement of special classes of forces, the great 
majority depending upon elasticity of matter. Some of 
the more important of these will be mentioned when wo 
require them ; but the reader must be reminded that on 
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Newton's Bystcm the true measure of S force ia the 
momentum it produceB in one second. 

128. The first two laws of motion (applied with suf- 
ficient mathematical resources) enable us to solve any 
problem whatever regnnling the motion of a body, treated 
as a mere particle, under ihe action of any given forces. 
Conversely, they enable ue, from the given motion of a 
pajticle, to find the forces under which the motion has 
taken place. But they do not sufiico for the calculation 
of the motion of two or more particles which mutually 
influence one another, whether by gravitation, or cohesion, 
or by any physical mode of attachment. Hence the 
necessity for the 

TaiHD Law of Motion. 

To every action there w dtwaye an equal and conlrary 
reaetion; or, the mutual actions of any two bodies are 
always equal ami oppositely directed. 

In modern speech Newton's Jirsl explanation of the 
sense in which this statement is to be understood may 
be simply expressed thus : — 

Every aetion between tieo bodies is a Stress. 

In this sense it is very closely connected with the 
first law. For a system of two bodies, considered as one, 
cannot set itself in motion. Even wlien the masses arc 
not connected in any way, the equality of action and 
reaction involves tranBference of momentum between 
them which leaves the motion of their Centre of Inertia 
unaffected. It was by floating on wat«r a magnet and a 
piece of iron, both attached to the same light board, that 
Newton proved the equality of action and reaction for 
magnetic force. He also proved it by showing that, if 
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the gravitation action of one part of tlie eoith on the rest 
were not eiactlj reciprocated, the earth (aa a whole) 
would alter ita existing state of motion. 

139. The term centre of inertia, employed above, re- 
quires a few words of explanation. We assume the 
following proposition, which can be eatablisliCLl by very 
elementary uiathemntice. 

In every group of masaive particles there is one 
definite pomt, such that, whatever plane be dran'n in 
space, tlie distance of the point from that plane, multi- 
plied by the sum of the masses, ia equal to the sum of 
the separate products formed by multiplying each mass 
into ita distance from the plane. It can, therefore, be 
found by executing the requisite calculations foi' any 

I three planes whatever, provided no two of them are 
parallel. This is the centre of inertia of the particles. 
When the particles are severally acted on by forces, 
it follows from K'ewton'a Third Law that the centre of 
inertia of tlie group moves aa it the whole piaas were 
there concentrated, and acted on by all the forces simiil- 
laneoualj. This consideration greatly siraplilies kinetical 
problems connected with a rigid system or a group of 
particles ; for it enables us to commence by determining 
the motion of the centre of inertia as if it were a mere 
particle, and afterwards to study the motion relaticely to 
that centre. 
130. But Newton proceeds to point out tliat there is a 
second sense in which the terms acHon ajid reaction in the 
Third Law may be interpreted, the law itaelf atill remain- 
ing true. In modern phrase it may be expressed as 
The adivity of an agent (or the rate at ichkh it doen 
Work), is equal la the counter-activity of the regislanee. 
Newton's statement of Ihia second mode of interpret- 
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ing the Third Law has been ahown to require compara- 
tively little addition to make it a complete enunciation 
of the Consei'vaiion of Energy (§ 7). 

131. If two masaea be connected by a spiral spring, 
but be otherwise free, and if the spring remains stretched 
to a constant amount, this con only be becauae the bodies 
are revolving about one another. For, otherwise, the 
stresa in the spring would have cauaed tliem to approach 
one another. This is Kewton'a teat of the existence of 
Absolute Rotafion, g 109. For, by the first law, the atreaa 
which certainly acta on the masses must interfere with 
their etatea, and by the third law it must do bo in opposite 
directions. Each, therefore, muat be describing a curved 
path relatively to the other, and thia must of course be 

Nothing is known, nor is anything conceivable even by 
the most transcendental of metaphysicians, which could 
give us an indication of Ahaolute TranslaUoji. 

132, We conclude the chapter with a few additional 
illustrations and ex])1anations connected with inertia. 

In g 119 above we introduced, without explanation, 
the important term Moment of Inertia. This quantity ia 
defined, for any body, with reference to any assigned 
axis. It is the sum of the products obtained by multi- 
plying the mass of each small portion of the body into 
the square of its distance from the axis. Its use is two- 
fold. 

(a) If (u he the angular velocity of a rigid body about 
on axis, r the distance of the particle whose mass is m 
from that axis, the speed of vi is rio, and the kinetic energy 
of rotation (half the product of each part of the mass into 
the square of its speed) is 
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. half the product of the moment of inertia into the squnra 
of tlie angular velocity. 

(;3) Again, the Moment of the momentum of a particle 
about an axis is defined aa the product of its momentum by 
the shortest distance between the axis and the line of 
motion of the particle. Hence the moment of momentum 
of m about the axis is nirm.r, and the whole moment of 
momentum of the body ia 

the product of the moment of inertia into the angular 
velocity. 

133. It is shown in treatises on Dynamics that the 
effect of ft pair of equal and opposite forces, whose lines 
of action are different (called by Poinaot a Couple) is to 
produce moment of momentum in proportion to the time 
it acts and to the moment of the couple. Henco, if Q 
be the (constant) moment of the couple, w the angular 
velocity it produces in time /, when its plane is perpen- 
dicular to the axis above spoken of, 



whence 



I» = 2(rnH')»=Q(, 



4I«,=.lilw'j«'-Q.^-Q<.. 



(1) 



(2) 



where a is the angle through which the hody has turned. 
For w grows uniformly, and therefore its average value 
during the time t was w/2, so that the whole atii/la 
described is iot/2. 

But if a (constant) force P act on a particle, of mass M, 
and produce in time t a speed v, we have 

Mc-Pi (3) 

The speed increases uniformly, so that its average value 
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is ti/2, and therefore the space described ia t = vt/2. 
Hence, by multiplying both aides by v/2, we get 

iSIiJ-Ps [*) 

It is obvious that in the former paii of equations, (1 ) and 
(2), the quantities I and Q, on and a, play exactly the same 
parte 09 do M and P, v and g, respectively, in the latter 
pEur, (3) and (4). 

This anal<^ shows, at least in part, the great con- 
venience of the idea of the moment of inertia. 

For special purposes we oft«n write I in the form Mi", 
k being then the common distance from the axis at which 
every one of the particles muBt be placed, so that the 
whole may have the some moment of inertia as before. 
It is called the Radius of Gyration. 

134. As an illustration of the application of the two 
interpretations of the third law, suppose a fly-wheel whose 
axle (horizontal) is car«fnlly mounted on friction rollers, 
to be set in rotation by the descent of a weight attached 
to a string wound round the axle. 

Let w be the angular velocity produced in the Jy- 
wheol when a length x of the cord has been unwound, a 
the radius of the axle, M the mass of the appended 
weight, I tbe moment of inertia of the wheel, and T the 
stress in the cord. 

Then the rate of increase of momentum of the mass 
M is M:c (with Newton's notation, g 72). This must be 
the measure of the force producing it, so that 

SU-Hs-T .... (I.) 

The rate of increase of moment of momentum of the 
fly'wheel is Iio, which must measure the couple produc- 
ing it Hence 




I»-T<i , 
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Bat fio) is the tuuount of cord unwound per secon<I, 
I.e. Uie rate of descent of the weight. Thus 



(1) and (2) are dynamical equations, (3) is kincmaticftL 
X, (u, and T ore to Ijo found from the three, They give 

Ma=+I Mit'-' + '"t' 
where m is the mass of the wheel, and i its rftdiua of 
gyration. (§ 133.) 

If the wheel had no moment of inertia this would 



the ordinary equation of acceieration of a free falling 
body. 

Hence, the only efiect of the fly-wheel ia to diminish 
the effect of gravity on the weight in the proportion 
Ma' : Ma^ + mk-. The measure of the streBs on the 
cord ia 

and it therefore remains the same throughout the motion. 
It increases with increase of the radius of gyration of the 
wheel, but not indefinitely. Its utmost value, as was to 
be expected, is (M^) the wci},'ht of the appended mass. 
' 135. But the solution of the same problem, by the 
help of Newton's second interpretation of the third law, 
is far more simple. 

The rate at which the agent (the weight of the falling 
body) is doing work is, at any instant, 

Mini:. 

The rate at which energy is being gained by tlie falling 
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body b MJtc. Tlie rate at ivhicli energy ia gained by tlie 
fly-wheel is Iwui. 

Hence 

MsJ-MiK + lB*. 

or by (3), OUT kinematical condition, 

Jljn' = Ma'* + l* (*.) 

which is the same equation as before. 

136. But, instead of reckoning rates of transference of 
enotgy, we may still more simply proceed by expressing 
the conservation of the whole amount of enei^y in the 
system (§ 7). 

The falling body has lost ilgx, and has gained ^Mi^. 
The fly-wheel has gained ^luj^. Hence 

M(73:-JMi?-Hil«», 
or by (3) 

which is the Huent, or integral, of (4) when multiplied 
by*. 

137. If we consider these three solutions of the same 
problem, we see Ihat^ while the stress l>etween the 
members of the system plays a prominent jiart in the 
first, it is altogether unnoticed in the two latter. 

This might, at first sight, tend to induce us to ignore 
stress altogether ; and, undoubtedly, we con do so in all 
cases, except when vie study the condition of Vie intervening 
medium, while eneryy is stored in any pari of it; or ichile 
energy is being transferred thrmtyh H from one part of the 
egstem to anotlier. The consideration of this view of the 
subject is deferred to oui chapters on Elasticity. See, 
especially, § 169. 
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CHAPTER Vir. 



ORAVITATIOX. 

r 138. Without preface we simply give a statement, C' 

Munded from various parts of the Pmietjna (espeeiftliy 

^H Third Book), wliich comprehends all the essentials of 

Bfewton's great generalisation, 

£very particle of nrntter in (he unieerme atlraels etv)-T/ 

r particle with a force whose direction is thai of the 

K joining the two, ami tchose Tnagnitiule it directly a» the 

•atuet if their tntuees, and inm-a^ij as the gguare of 

T didaneefrom each other. 

. This statement is made in terms of attraction : — i.e. 

Such a form is convenient for our present pur- 

Btit it will be shown later {§ 159) that all we 

mow on the subject can be expressed (and still more 

mply) in a form which ignores even the very name of 

It divides itseli, for proof, into a number of separate 
heads j as follows : — 

(a) The Universality of Gravitation, 
_ (h) The direction of the force between two particles. 

(c) The proportionality of the force to the product of 
^e masses. 

(d) The law of the inverse square of the distance. 
11 
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Besides tliose more immodiate assertions the statement 
I also raises the questions — 

(e) What do we menn by " attraction " ) 

(/) What is the cause of gravitation 1 

And other matters of great impoitauce naturaUy present 
I themselves, aach ns, "What is the mass of the Earth," 
' etcl 

These questions must he kept before us, ao that we may 
give to each of them (so far as our Imowledge yet extends, 
and so far as ia consistent with the scope of this work) a 
sufficient answer. (/) is still an open question, for the 
attempts at answering it have not yet been very successful. 
(a) of course can only be answered either in an approximate 
or in an indirect manner, because wo cannot (by our most 
delicate instcuuienta) even prove the existence of gravita- 
tion-attraction between two jtaHides of matter. Here, 
liowever, we tread (as wiU be seen) on comparatively safe 
ground. 

And the same may be said for {!>), {«), and (d), hecause 
the reasoning and experiment wliicli sufficiently answer 
(a) will be fomid here even mora complete, (e) will ho 
discussed along with I/). 

139. (n) One strong argiunent for the universality of 
gravitation b that the weight of a body is the sum- of the 
weiylda of its parts. This is, of course, a matter which 
can bo tcEteJ to a very great degi'ce of accuracy by means 
of the balance. ThiK each particle of the body contributes 
its share to the weight of the whole. 

And the weight of a given quantity of matter does not 
depend upon its form. A mass of gold retains exactly 
the same weight when it is beaten out into the finest leaf, 
or dissolved in any quantity, however great, of an acid. 
Thus terrestrial gravity acts as freely upon the particles 
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when tLej are sitrrDunded on all sides by the solid mass, as 
when tliey are directly exposed by the beating, or solution. 
In fact, it is quite easy to see that, were this not the 
case, were it, in tact, possible to find a screen through 
which gravitij fould not act, i.e. were it possible to inter- 
fere with the universality of gravitation, we should aho 
be ahle to produce 77ie Perpetual Motion.- — an iaexhaust- 
ilile source of new energy. This we know (g 7) cannot be. 
To show, however, that the above hypothesis woidd 
lead to this result, wo have only to think of a fly-wheel, 
one part of whieh shall be sureened from the earth's 
attraction, the rest unscreened. Every part loses weight 
as soon as it enters the shadow, as it were, of the screen, 
and gains it again when it emoi^ea. Thus the wheel, 
being constantly heavy on one side and weightless on tlii; 
other, constantly gains energy from notliing. 

The wheel would in fact become a ttead-niiU : — wovk- 
uig of itself, instead of by the hnrd labour of a gang of 
convicts climbing, without mounting, up one side. 

140. (a) ctmlinued. Newton attacked the question by 
assuming the law of gravitation for the separata particles 
I body, and thence finding what should be the law of 
attraction towards the body as a whole. Ho thus arrived 
at two exceedingly beautiful theorems. The Srst is as 
follows '^ 

A gj'herical liheU of itmfonn ijixirifatiny matter erertu no 

^^ attraction on a particle teithin it. 

^^L [For the proof of ttiis, and of the succeeding proposi- 

^^M lion, we assume the following results of pure matlie- 

^^M matics : — 

^^M The area of n transverse section of a cone of small 

^^B angle is proportional to tho square of its distance from 

^^B the vertex. 
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The measure of the e)>herical opening of such a cotie is 
the area it cuts off from the unit sphere whose centre is 
its vertex ; which is tlie same as the area of the tranaversc 
section at unit distance from the vertex. 

An ohhque seetion has greater area than the transverse 
section, at the same distance from the vertejt, in propor- 
tion to the secant of their incUnation to one another.] 

Take any point B, within the spherical shell, and let it 
he the vertex of & double cono of exceedingly email angle. 
This cutA out two niinutc areas on the spherical surface, 
obviously at equal inclinations to 
the axia of the cone. Hence their 
areas, ami therefore their masses, 
as the squares of BP, BQ. 
] But tiictr attractions on B are 
;eraely as the squares of BP, 
BQ. Thus tlieae attractions balanco 
e another. And the whole shell 
Pi^ ,, may thus be divided into pairs of 

paitM, whose attractions exactly 
Imlance one another on B. Hence the proposition, which 
is obviously true of any uniform shell, however tliick, if 
only bounded by concentric spheres. And it is true, if 
the shell be made up of concentric layers of different 
densities, provided the density of each layer be uniform. 

No other law than that of the inverse square of the 
distance is capable of giving this result. 

141. The second of Neivton'a theorems is r — 
A tpJiei'ictd thell of uni/urm graintaliiii/ matter atlrit'-U 
art external pailide aiifite tnhoU tnats teeiv eondetueii al 
iff centre. 

Let A be the external particle, C the centre of the 
shell. Cut off CB, a third proportional to CA, CD ; and 
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lUvido the shell by anuill double cones whose vertices 
are at B. Let PBQ be auch a cone. Thou if uj be itt 
spherical opi^iiing, the areas of the sections at P and Q ore 

BP"- Kc CPB, BQ'a sec CPB. 

and their attractions on unit moss at A are 

HI".. «o CPB. .„ , BQ°.« aec CPB. 



Af 






AQ' 



ivherc p is the mrfaee-<hmifij, i.e. the n 




But the geometry of the figure sliowa «a at once that 
< CPB = < PAD = < QAD, and BP : AP : : CP : AC : : 
BQ : AQ. Hence the elements at P and Q attract A 
equally, anil the resultant of their attractions is therefore 
along AC. Its value ia 



in which the multiplier of u is constant ; i.e. eneh portion 
of the Bhcl! produces a share, of the whole attraction 
along AC, proportional to the angular opening it subtends 
atB. 

The Slim of all possible values of lu is the area of the 
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euifoce of the unit hem 
attraction ia 



I 



Sow iffCP" ia the surface-area of Ihc shiill, so tliat the 
above expression ia merely 

Mum of ghell 

Sqaarc of diaUiiCB from cantns ' 
and the proposition ia proved. 

It can at onco be extended, as the former was, to a mass 
made up of concentric shells of different densities, pro- 
vided each have the same density tliroughont. 

No other law of force, except the law of the direct 
distance, gives this result. 

142. Hence a uniform spherical shell, or a mass made 
up of uniform concentric shells, has a true Cetitre of 
Gravity, so far as bodies externa! to it are concerned ; 
for it attracts, and therefore is attracted by, all external 
bodies, as if it were condensed in its centre. 

It is only a limited class of bodies which have a true 
centre of gravity in the sense just explained. When 
such a point exists, it always coincides with the centra of 
inertia, as we see at once by supposing the attracting 
body to be so distant that its action on different parts of 
the attracted body is ia parallel lines, and proportional 
simply to the relative masses :— and, for many purposes, 
it is sufficiently accurate to assume that tbe centre of 
inertia of a body may be treated as a centre of gravity. 

But we must beware of making too free a use of this 
hypothesis. If, for instance, the earth had a true centre 
of gravity, and were rotating about its axis of greatest 
moment of ioertia {tlirough that point), there could be 
neither Precession nor Nutation, 
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H3. (a) eontinuc'i. Armed with these reeults, Newton 
waa justified in dealing with masaea upprosimately 
spherical, such as thoso o[ the sun and planets, as if each 
had been a mere paiticle, condensed at its centre. And 
hero he had the benefit of the altogether extraordinary 
labours of Kepler ; who, by sheer guessing, often of the 
wildest kind but followed up by persevering calculation, 
had reduced to a tew gimplo Btntements the chief hinp^ 
mcUical results deducible from the observations of Tycho 
Brabe. These were given in Kepler's work, De Motibua 
Sfdlif MartU, Prague, IC09, and are now universally 
designated 

Ke2>le>''s Laits. 

I. Each planet describes an Ellipse (with comets this 
may be any Conic Section) of which the Sun occupies one 
focus. 

II. The radius-vector of each planet describes equal 
areas in equal times. 

III. The square of the periodic time (in an elliptic 
orbit) is proportional to the cube of the major axis. 

Hi. (Ii) Newton showed that, as an immediate conse- 
quence of Keplor'a Law II. above, the direction of the 
attraction of the sun for a planet must be that of the lino 
joining their centres. 

In fiict, double the area described by the rodiua-vector 
of a planet in one second is the momenf of ila velociti/ 
about the sun's centre. But the moment of the resultant 
of two velocities is the sum of their separate moments. 
Hence, as the moment of the planet's velocity remains the 
same, the moment of each successivo increment which it 
reoeivca must be nil, i.e. tliese increments (i.e. the 
accelerations) must be directed towards the sun's centre. 
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Wa moj prove this part also of Ihe law of gravitation 
by showing that, were it not true. The Perpetual Slotion 
would be attainable. But the reader may csBJly make out 
thia proof for himself. 

145. (c) Tliat the attraction varies directly as the 
product of the masses will be proved at once if it be 
shown to bo proportional to one of the masses while the 
other remains constant. For it must bo roinembored 
that, by the third law of motion (see g 128), gravitation- 
attraction ia -mvUicd ; each of the two attracting bodies has 
as much of a share in producing it as has the other. It is 
clear, then, that the proof of tliis part of the law will be 
obtained at once if we can show that the vxighia of bnrlUi 
ai-e, in any and every one locahty, propoHional to their 
maue» (§34). 

"Wo have seen that the measure of a force ia the 
momentum it produces in one second. Submit a number 
of bodies to the action of their own weights alone, each 
will acquire in one second a momentum proportional to 
its weight. But if the weight be proportional to the 
mass, the momentum must also be proportional to the 
mass, and thus the speed acquired must be the same for 
all. That is, if thoy be under the action, each of \ia own 
weight alone, they will fall side by aide through any space 
whatever. Kow this ia known to be very nearly the case 
when we let stones or bullets, or even lumps of wood, 
fall ; while it is obviously not bo with feathers, paper, or 
gold leaf. But these exceptions show at once why the 
trial is not a fair one. The falling bodies are all resisted 
by the air, some only slightly, others with forces not much 
less than their whole weights. Hence, to make the 
experiment as nearly as possible free from such interfering 
caoses, N'ewton made the fall extremely slow, hut in such 
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a way that it could be repeated over nnd over again under 
precisely Bimilar circumstances, and tberufore its period 
coiild be measured very exactly. He used, as the boh of 
a simple pendulum, a light hollow ahell which could be 
filled succesaively with different kinds of matter. 

In Book n. sec. vi. prop. xsiv. of the Frituripia, he 
proves that the maaa of the hob of n simple pendulum of 
given length is directly as its weight and as the square of 
iU time of oscillation in va^uo. And, in the 7th CoroUary 
to this proposition, we read : — 

" Hence appears a method both of comi>aring Iwdies one 
among another, as to the quantity of matter in each, and 
of contparing the weights of the same body in different 
places, to know the variation of its gravity. And, by 
experiments made with the greatest accuracy, I have 
always foimd the quantity of matter in bodies to be 
proportional to their weight." 
Thus gravity depends on the qtiantili/, but in no way 
n tlio quaUtij, of the matter in a body ; and it ia in all 
UBB attractive. In these respects it stands in marked 
contrast to magnetic forces. 

146. (rf) An immediate deduction, from the first two 
of Kepler's I^wb, is that the Hodograph (§ 70) of a 
planefs orbit is a circle. For (see Fig. 13) the moment 
of the velocity, V, of P, about the sun, 8, is constant 
(§ U4), And by Kepler's Law I., the orbit ABA' is an 
ellipse of which S is one focus. Let fall the perpendicular 
BQ on the titngent at P, then Q lies on the circle whose 
diameter ia the major axis AA' of the orbit. Thus V.SQ 
is constant. But if QS cut the circle again in R, SR.SQ 
1 conatant. Thus 8R is proportional to V. Hence SH 
is drawn from a fixed point S, in a direction perjiendicular 
to that of the motion of P, and its length is proportional 
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to the speed of P. The locus of R, the auxiliary clrcio, 
is therefore a ciirre Bimilar to the hodograph, but turned 
through a right angle. 

The tangent at E, which is the direction of the accelera- 
tion of the velocity SR, is therefore perpendicular to SP. 
[In fact CB is parallel to SP, by a property of the ellipse.] 
Tlie magnitude of the acceloratiou of P is proportional to 
the speed of E, i.e. proportional to the angular velocity of 
CR ; i.e. to tlie angular velocity of SP. But tlie moment 
of P'a velocity, about S, which ia constant, can also bo 
expressed aa the product of SP^ into the angular velocity 




of BP. Hence the angular velocity of SP, and therefore 
also the acceleration of P, must bo inversely proportional 
to SP*. Thus we Lave the law of change of attraction 
with distance. 

147. The detailed investigation is easily given: thus, 
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it SP=r, <A'8P = «, and if ft be twice the 
I described by SP in unit of time, 
r'd-h. 

fBai sQ.v-ft, 

Wlulo SQ-SE-AS-SA'-BC, 

vhere BC is the semi-axis minor of the ellipse. 

Thus SR.^-V. 

But, on the sumo scale, the aceeleration of P is mem 
by tho Telocity of It, which is CR,6, or CA.ft 
Hence the actual acceleration of P is 



Now twice the area of the ellipse is 2n-BC.CA ; and, i 
T be the periodic time, it must aleo bo /i, T. Hence 

Acceleration ofP-^T^/ L. 



Kepler's Third Law teUa us that CA3/T= ia the same 
for all the planets. Hence wo conclude that it is the 
tame gravitation, diminishing as the square of Uie distance 
increases, which acts on each one of tlie planets. 

1148. The result of g 146 might at once have been 
obtained from Kepler's third law. For U we suppose tho 
orbits of the placets to be circles (which they are approxi- 
mately), that law gives 
wht 
But 
bar 



where T is the periodic time, E the radius of the circle. 
But, if V bo the planet's speed in ita circular orbit, wo 
have the kinematical result 




From the two 



I.e. (see § 121) the accelerations i 
squareB of the distances. 

But it 13 better to derive, as Xewton did, the law of 
inverse square from the two first of Kepler's laws ; and 
then the third gives us the further information that every 
jilanet behaves exactly aa any other would do if substituted 
for it, i.e. that the sun's gravity pays no attention to the 
qualiiy of matter. 

149. Having found that, in these general matters at 
least, the assumed law of gravitation is in agreement with 
the planetary motions, Newton turned to particulars, and 
tlic special one which he took as a test was the moon's 
revolution about the earth. He says ; — 

" That the circura terrestrial force likewise decreases in 
the duplicate proportion of the distances, I infer thus. 

" Lot us then assume the mean distance of the moon 
CO semi-diameters of the earth, and its periodic time in 
respect of the fixed stars 27'' 7'' 43"" ns astronomers have 
determined it. And a body revolved in our air, near the 
surface of the earth supposed at rest, by means of a 
centripetal force which should lie to the same force at the 
distance of the moon in the reciprocal duplicate propor- 
tion of the distances from the centre of the earth, that is, 
as 3600:1, would (secluding the resiatanee of the air) 
complete a revolution in 1'' 24™ 27'. 

"Suppose the circumference of the earth to be 
123,249,600 Paris feet, as has been doteniiined by the 
late mensuration of the French, then the same body, 
deprived of its circular motion, and falling freely by the 
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impulee of the eame centripela! force as before, would, in 
one second of time, describe 15^ Paris feet. 

" Thia agrees with what we observe in all bodies about 
the earth. For by the eKperimeiit« of pendulums, and a 

mputation raised thereon, Mr Huyt/me has demonstrated 
that bodies falling by all that centripetiil force with which 
(of whatever nature it ia) they are iinpeUed near the 
surface of the eaith, do, in one second of time, describe 
15-^ Parti feet." 

The comparatively accurate measurement, of the length 
of a degree of latitude on the earth, by Picatd was un- 
doubtedly the cause which ultimately led to the publica- 
tion of the Priwijjia, of which the fundamental proposi- 
tions had been obtained nearly twenty yeara l>efore. 
For Newton, using the rough estimate of 60 milea to 
« degree, had found that the moon's tlftlection by gravity, 
in one second, from a rectilinear path, was not guVijtl' "f 
the space through which a stone falls in one second at 
the surface of the earth, and had ia consequence put hix 
investigations aaide, until he was led to resume them by 
hearing the result of Picard's measures. 

150. Having thus established the law of gravitation by 
calculations founded mainly on Keillor's laws, Newton 
proceeded to show that these laws could not themselves 
be accurate. For a single spherical planet, revolving 
about a spherical sun, the first two laws would still be 
true, but a second planet would at once interfere with 
this state of matters: — the orbits would no longer be 
ellipses, and equal areas would no longer be described 
in cfiual times. Again, the third law could never be 
exactly true, even if the jjlanets did not attract one 
another, unless they contained each the same fraction of 
mass. But the consideration of questions like 
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tliese belongs to PUynfcd Attronomy, with wliioli we have 
nothing to do liere. Suffice it to say tliat Newton's own 
magniflcentiy- extended deductiona, supplemented as they 
have been by those of aucoessive generations of illustrious 
mathematicians, have verified already to a very high 
degree of nicety the competence of the law of gravitation 
to account for the excessively complex motions and 
pertuibationa observed in the solar system. 

151. We have already {% 118) adverted to the apparent 
loss of weight by bodies at the equator. This lo.ss, due 
(in part, at least, for there ia another part {§ 165) due to 
the figure of the earth) to the so-called Centrifugal Force, 
is, of course, directly proportional to the mass of each 
body. But experiment with the must delicate balances 
has shown that bodies of any kind which equilibrate 
Iq one latitude equilibrate in all. Hence their weights 
remain equal when, from that of each, is subtracted an 
amount proportional to the mass. This can only be if 
the weights arc themselves proportioual to the masses. 
Thus we have an independent experimental proof of the 
truth of clause (&) of Newton's statement. 

152. We can scarcely yet be said to have proof thiit 
gravitation esiata, as we know it, in stellar systems. For 
the data, from which to calculate orbits of double stars, 
have to be obtained under circumstances which do not 
admit of more than rude attempts at approximation. We 
know that there are hundreds of systems in which two or 
more stars revoh'e about one another in a way which 
leaves no doubt that they are physieally eonw;ch<1. But 
the observations which have as yet been made have been 
applied, not to prove that the relative orbits are consistent 
with Kepler's laws but, to find the approximate dimcn- 
eione of the orbits, and thence the avvmnts of matter in 
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! mntuallij inftueneinQ boiiief, on the eupposUion tliat 
tepler'a laws hold even in tlieae remote Bystems. 

Tliua we cannot, at least (or the present, look for proof 
f the universality of gravitation in lliie direction. But 
Itb have ample direct proofs that ports of the earth, and 
lot merely the earth as a whole, exert gravitating force, 

me of these will be considered in the immeiliatelf I 
needing sections. 

153. The most direct of these (though not the earliest) I 
I what (though devised byMichell) goes by the name of f 



JTie Cavendith Experimail. 

D thiB, by means of the elasticity of a wire or fihre, th»'^ 
Attraction between two spheres of manageable sizi 
only demonstrated, but measured. Tlie following sketch 
shows a harismiial section through the main pnits of the 
^anangemcnt. 

Two small balls, A and B, an inch or two in diameter, 
J connected by a stiff, but very light, horizontal girder 
r tube, which is suspended at its middle point (£) by a 
e wire. The whole of this port of the apparatus 
S enclosed in a case, carefully coated with tinfoU or gold- 
heaf, to prevent (as far as possible) irregular heating and 
wnsequent ciurents of air ; perhaps, also, alight electrifi- 
Bation. To the girder is attached a amnll mirror, whose 
[ plane is vertical. A Kttle glazed window in the cose 
allows any motion of the mirror to be measured by the 
consequent deviations of a ray of light reflected by it. 

Outside tlie case are placed two equal, but much more 
massive, spheres, usually balls of lead a foot or more in 
diameter, so mounted that they can be made to move 
(without jerk of any kind) from the positions C„ Dj, to 
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the positJonB Cj, D^ and Cj,, D^, or back 
[In Comu's retently-conattucted apparatua 
spherical iron vessela, of equal size, placed 


i^ain, at will. 

there are four 
OQce for aU ut 
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Ci, Cg. D„ Dj, and so connected, two and two, that C^ 
OP Dj, and aimulUineoualy D, ot C3, may bo filled with 
mercury, the other of each pair being left empty. All 
four can be left empty when requited.] 
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Cavendish, and all who have since made the experi- 
ment, found that the apparatus was never at rest. In 
order to determine the equilihrium position it woa 
neceesaty, therefore, in all cases to measure the liim'ls of 
scillations, and to compare the mean of two 
3 deflections to one side, with the intervening^ 

[jftfalttiop to the other aide. The time of eaeh oscillation 

~'Ma also carefully measured. 

^hen the large masses were placed at C^ D^ in a line 
perpendicular to the girder (i.e. each half-way between 
its extreme positions), the oecillutions were due practicully 
to torsion alone, and the couple required to twist the 
suapeuding filament through a given angle could be 
determined from the jjeriod of free oscillation, taken 
along with the length of the girder and the musses of 
the two small balls, 

When the masses were placed at Cj, D,, within u 
couple of incites of the small bolls, the range of the 
oscillation was completely altered. From the observa- 
tions (made as before) the new jwisition of equilibrium 
could be calculated. A fresh set of obaervalions was 
then made nith the balls at C,, D^ and then they were 
shifted to C3, Dg. Thus is determined (he liefiecUon 
which teonld have i'W4 pruduced if the sensitive part of 
the apparatus could have been reduced to rest. 

But from this deflcetion, and tlie aecertnined coefHcient 
of torsion of the wire, the force acting on each of the 
small balls con be calculated. This is to be compared 
with the weight of one of the small balle, and then the 
question is, "What must bo the mass of the earth when 
it attracts a moss at its surface (i.e. 4000 miles from its 
centre) with a force greater in a known ratio than that 
with which the same mass is attracted by a given 
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spherical masa of lead, whose centre is placed at a given 
distance 1 " The law of gravitation at once enahles us to 
write the requisite condition. The masa of the earth, 
thus found, has only to be divided by its volume (§ 126) 
to give the mean density. 

The quantities compared in such a case, i.e. the attrac- 
tiona, may be taken as approximately in projiortion to 
the raditts and the mean density of the earth, and of the 
leaden sphere, respectively. They are, therefore (as the 
density of lead is double that of the earth), in the ratio 
4000 X 5280 ; 2 ; or IQT : 1 rouglJy :— taking 1 foot as the 
radius of the leaden sphere. Hence, to estimate correetly, 
to two signiticant figures oidy, the earth's mean density, 
we require to measure a force of the order of the hundred- 
millionth part of the weight of the small baU, This 
rough calculation gives some idea of the delicacy of the 
experiment. 

154. The details of the necessary precautions, as well 
8 of the results of various repetitiona of this experiment, 
do not suit a work like this, and must be sought in the 
original descriptions.^ 

Cavendish's result for the mean density of the earth was 
5-48 (the density of water being taken as unit); Reich 
obtained 6'49; Baily 5'67, since reduced (by the recal- 
culations of Cornu) to 5-55. Cornu's own result is 5'50. 

It ia very remarkable that Newton, in Book 111. of 
the Priiicipia, prop, x., nude the following guess : — 

" Since the common matter of our earth, on the surface 
thereof, is about twice as heavy as water, and a little 
lower, in mines, is found about three, four, or even five 

' Ctvendisli. Wi7. Tnua., 1798. Baily, Man. AM. Sot., 1S*3. 
Reiah, Abhand. d. K. SOclu. Oa., 1SG2. Coma, Ctm^iUa Sendnt, 
187&-7B. 
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times more heavy, it is probable that the quantity of the 
whole mntter of the earth may he live or 8ix times greater 
than if it consisted all of water," 

Every one of the experimental results, above given, 
lies almost ejcaclly half-way between the limits thus 
aasigned, and published, more than a century before even 
the earliest attempt at direct determination was made. 

155. Good results have been obtained by a moJifica- 
tion of this experiment, which enables the experimenter 
to employ an ordinary balance ; an attracting sphere of 
considerable mass being applied beneath a sphere attached 
to one arm of the halunce, and already counterpoised 
(at a different level) by weights in a scale-pan. Thus the 
uncertainties of torsion are avoided. Of late, however, 
fibres of quarta have been drawn, wliich seem to be 
singularly certain in their working, so that the form of 
the Cavendish apparatus may perhaps be retained, and 
its scale very considerably reduced.' 

156. Other methods, which have been employed for 
the determination of the mean density of the earth, 
depend upon the comparison of the attraction exercised 
by a mountain, or by some other part of the earth, with 
that of the whole earth, when these act simultaneously, 
but in diEFerent directions, on the same body. The first 
recorded trial of this method was mwde by De la Conda- 
mine and others, among the Andes. It was first carefully 
worked out by Maskelyne on -a prominent Perthshire 
mountain, and has consequently been called 

3'Ae SehehalHen Erperiment. 

By geodetic measures, altogether uninfluenced by 

gravitation, the actual distance between two stations, 

■ Boya, Natiirt, xixii., 6S, ISSB. 
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one north the other south of the mountain, can be found, 
and from it can be calculated the difference of their 
(f^eographical) ktitudes. But the true latitude of each 
station separately can be determined by the UBual astro- 
nomical methods, depending on the obsen-ed meridian 
altitude of a star. The difference between the geographi- 
cal and the true latitude of each station depends upon 
the attraction of the mountain for the plumb-line, or 
the trough of mercury, which is used to determine the 
vertical. The station south of the niouatain (in the 
northern hemiapbere) has its latitude made less than 
the geographical, that to the north made greater by thia 
action. Hence, if everything were symmetrical on the 
two sides of the mountain, the difference of Ibe astro- 
nomically determined true latitudes at the two stations 
would be greater than that of their geograpbical latitudes 
by double the deviation produced in the plumb-liue by 
the mountain. 

The mountain must now be contoured ; then studied 
by a geologist, so as to enable him to decide on the most 
probable distribution of matter in it; then the specific 
gravities of samples of these kinds of matter must be 
determined. Next a laborious calculation, of the species 
called Quadrature, must be gone through to find its action 
on the plummet, taking account of the form and density 
of the mass. Finally, the deSection of tbe plumb-line is 
calculated from thia result, in terms of the (unknown) 
mean density of the earth, and comi>ared with the 
meusured deflection. 

Maskelyue's • observations, developed successively by 
Hutton* and by Playfair,^ gave as result for the earth's 
mean density 4'48 and 4'86. The great objection to this 
1 FhU. IVoM., 1776. » Ibid., 1778. ' Ibid., 1811. 
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method is thn uncertaiDty iiuder which we must remain 
88 to the iotemal structure, not only of the mountain 
itself but of thu whole crust of the earth in its neighbour- 
hood. This cannot he got over completely, so that the 
result is liubte to coneiderable error. 

15T. The Harton Experiment was made by Airy in the 
Hartos pita. It consists in comparing the iiiteosity of 
gravity at the eartb'a surface with that at the bottom of 
a mine : — the same pendiilum being used successively at 
the two atatjona; or, still better, two pendulums being 
made to vibrate simultaneously, one at each station, but 
now and again interchanged. This method, with the 
help of modern electrical processes for comparing the 
behaviour of the pendulums, is probably (so far as exact- 
ness of measurement is concerned) a really good one, 
The intensity of gravity at the bottom of the mine differs 
from that at the surface on two accounts. Suppose a 
surface drawn inside the earth, but everywhere at a depth 
equal to that of the mine ; so as to divide the earth inU) a 
core, enclosed in a uniformly thick skiti, as it were. 
Gravity at the top of the pit depends on the combined 
attractions of these parts. At the bottom of the pit the 
akin (being, at least very approximately, spheriual)cease8 to 
attract (by Newton's proposition, g 1 40), but we have come 
nearpr to the core. Hence the observationsenable us to com- 
pare the attraction of the core with that of the akin. Now 
we know the volume of the skin, but it has to be assumed 
(and this is the fatal defect of the method) tli.'kt the skin is 
everywihere of the mean density determined from examina- 
tion of the various strata passed through in sinking the pit. 

It is not, therefore, surprising that the result of this 

csperiment,^ viz. 6"66, should differ very materially from 

> Phil. Trans., 1856. 
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the cM^nsistent results obtnined by the various workers at 
the Cnvendish experiment. 

168. It was suggested by RobisoD' that the alternate 
filling and emptying of an estuary or bay, at different 
states of the tide, might supply an excellent mode of 
measuring the earth's mean density by means of observa- 
tions of the consequent twelve-hourly periodic changes of 
latitude. The contouring required wouJd be very easy, 
in fact the two chief contours required are given at once 
by the sea-margins at high and low water ; the density of 
Bca-wotor is practically uniform, and there are p1ace.<i 
where the whole rise of the tide sometimes amounte to 
120 feet or so. But lliis promising method seems not to 
have got beyond the stage of suggestion. Still, it is the 
only one yet proposed, besides the Cavendish method and 
its mere modifications, which has not some inherent and 
fatal weakness. 

159. (e) and (/) of S 138 above. That two pieces of 
matter behave as if they attracted one another according 
to Newton's law, is certain. But it hy no means follows 
that they do so attract. All that we are entitled to say, 
from tlie facte given above, is as follows : — 

The part of the energy of a sygtem of tito parlides of 
matter, of masses m and m', mhiek depends upon their 
dintanee, r, from one another, is less than if they were in- 
finilely far apart hy 



anil this is not altered by the presence of other pariides. 

This, token along with the conservation of energj', 
enables us fully to investigate the motions of any system 

' Effme-ntg of Mfchaitiail PhUomphy, \%fii, p. 339. Sec also 
Forbes, Proe. R.S.E., II. p. 244. 
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of gravitating masses. It lepreseute, in fact, our whole 
knowledge on the eubject, And it is important to 
observe that the statement is altogether free from even 
the mention of the word attruclion or force. [See, ngdo, 
S 15, 137.] 

160. We may, however, briefly notice some hypotheses 
which have boea framed aa to tlie mechnnism on which 
gravitation depends. For Newton, in his celebrated 
Letters to Bejttley, expressly says ; — 

"You sometimes speak of gravity as essenLiol and 
inherent to matter. Pray do nob ascribe that notion to 
mo ; for the cause of gravity is what I do not pretend to 
know, and therefore wonld take more time to consider of 
it." 

" It is inconceivable that inanimate brute matter should, 
without the mediation of something else which is not 
material, ojjerate on and affect other matter without 
mutual contact, as it must do if gravitation in the sense 
of Epicurus bo essential and inherent in it. ... That 
gravity should be innate, inherent, and essential to matter, 
80 that one body may act upon another at a distance 
through a voi'tium, without the mediation of anything 
else, by and through which their action and force may be 
conveyed from one to another, is to me so great an 
absurdity, that I believe no mao who has in philosopbical 
matters a competent faculty of thinking, can ever fall into 
iL Gravity must be caused by nn agent acting constantly 
according to certain laws ; but whether this agent be 
material or immateriai, I have left to the coiieideralion of 
my readers." 

161. When we come to deal with molecular forces we 
shall find that email bodies, such as sticks, straws, air- 
bubbles, etc., flouting on water, are made to aggregate 
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tliemscWefl into groups by molecular tension in the water- 
surface (§ 288). Heuce the idea that stress, in a mediuni 
filling all space, might account for the apparent mutual 
attraction between boiUee entirely surrounded by this 
meiiium. 

Newton, in the Queries at the end of his O/itir^ spcaka 
of a possible explanation to be obtained by assuming that 
dense bodies rarefy tlie ether surrounding them, to an 
amount which is less as the distance is greater. 

Clerk- Max well says on this point : — ' 

" To account for such a force by means of stress in an 
intervening medium, on the plan adopted for ekutric and 
magnetic forces, ... we must supjiose that thure is a 
jiressuro in the direction of the lines of force, combined 
wilb a tension in ail directions at right angles to Ibe lines 
of force. Such a stress would, no doubt, account for the 
observed effects of gravitation. We liave not, however, 
been able hitlierto to imagine any physical cause for such 
a stattt of stress. It is easy to calculate the anioimt of 
this stress which would be re({uired to account for the 
actual eirocts of gravity nt the surface of the earth. It 
would require a pressure of 37,000 tons' weight on the 
siliiuro inch in a vertical direction, combined with a 
tension of the same nnmcrical value in all horizontal 
directions. The state of stress, therefore, which wo must 
suppose to exist in the invisible medium is 3000 times 
greater than that which the atrongest steel could support" 

162, Other attempts have been made, with the view 
of showing that waves, or pulsating motion, in a medium, 
would have the effect of drawing immersed bodies 
together. Again, Lord Kelvin has shown that if space 
bo filled with an incompressible flui<l, which oomea into 
' JEhcj. Bril., ninth ©d., Art. "Attraction." 
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esiatenco in fresh quaiititiea at the snrface of every 
particle of matter, at a rate proportioDol to its mass, and 
is swallowed up at aa infinite diatauce, or, if each 
particle of matter constantly Bwallowa up an amount 
proportional to its mass, a constant supply being kept 
up from an infinite distance,~in either case gravitation 
would ho accounted for. Thia is, however, virtually 
a suggestion of a dynamical mode of producing the 
diminution of pressure required in Kewton's attempt at 
explanation. 

163, Atj attempt at explanation, from a totally different 
point of view, was made hy Le Sage in 1818. The fol- 
lowing account of it is taken from Clerk-Maxwell's article, 
"Atom," already referred to ; — 

"The theory of Le Sage is that the gravitation of 
bodies towaids each other ia caused by the impact of 
streams of atoma flying in all directions through space. 
These atoms he calls ultramundane corpusculos, because 
he conceives them to come in all directions from regions 
far beyond that part of the system of the world which 
is in any way known to iis. He supposes each of them 
to be so small that a collision with another ultramimdane 
corpuscule is an event of very rare occurrence. It is by 
striking against the molecules of gross matter that they 
discharge their function of drawing bodies towards each 
other. A body placed by itself in tree space and 
to the impacts of these eorpiiscules would be bandied about 
by them in all directions, but because, on the whole, it 
receivea as many blows on one side as on another, it cannot 
thereby acquire any sensible velocity. But if there are 
two bodies in space, each of them will screen the othei 
from a certain proportion of the corpUHCuliir Iximbard- 
ment, so that a smaller number of corpusculcs will strike 
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cither body on that side which is next the other body, 
whUe the number of corpnscutca which strike it in other 
directions remains the same. 

"Each body will therefore be urged towaids the other 
by the effect of the excess of the impacts it receives on 
the aiJe farthest from the other. If we take account nf 
the impacts of those corpusculea only which come directly 
from inlinita space, and leave out of consideration those 
which have already struck inundane bodies, it is easy to 
calculate the result on the two bodies, supposing their 
tlimensions small compared with the distance between 

" The force of attraction would vary directly as the 
product of the areas of the sections of the bodies taken 
normal to the distance and inversely as the sijuare of tlie 
distance between them. 

" Now, the attraction of gravitation varies as the pro- 
duct of the mataieif of the bodies between which it acts, 
and inversely as the square of the distance between them. 
If, then, we can imagine a constitution of bodies such 
that the effective areas of the bodies are proportional to 
their masses, we shall make the two laws coincide. Here, 
then, seems to be a path leading towards an explanation 
of the law of gravitation, which, if it can be shown to be 
in other respects consistent with facts, may turn out to bo 
a royal road into the very arcana of science. 

" Le Sage himself shows that, in order to make the 
effective area of a body, in virtue of which it acts as a 
screen to the streams of nltramunJane corpuscules, propor- 
tional to the mass of the body, whether the body be large 
or small, we must admit that the size of the solid atoms 
of the body is exceedingly small compared with the 
distances between them, so that a very small proportion 




of the coqiuscules are stopped even by the densest and 
largest bodiee. "We may picture to ourselves the streaniB 
of eorpuaculea coming in every direction, like light from a 
uniformly illuminated slty. We may imagine a materinl 
body to consist of a congeries of atoms at considerable 
distances from each other, and we may represent this by 
n of insects flying In the air. To an observer at a 
distance this swarm will be visible as a slight darkening 
of the sky in a certain quarter. This darkening will 
represent the action of the material body in stopping the 
flight of the corpuscules. Now, if the proportion of light 
stopped by the swarm is very small, two such swarms will 
stop nearly the same amount of light, whether they are in 
a line with the eye or not, but if one of them stops an 
appreciable proportion of light, there will not be so much 
left to be stopped by the other, and the effect of two 
swarms in a line with the eye will be less than the sum 
of the two effects separately, 

"Now, we know that the efl'ect of the attraction of the 
1 and earth on the moon is not appreciably different 
when the moon is eclipsed than on other occasions when 
full moon occurs without an eclipse. This shows that 
the number of the corpuscules which are stopped by bodies 
of the size and mass of the earth, and even the sun, is 
very small comjiared with the numl>er which pass straight 
tlirough the earth or the sun without striking a single 
molecule. To the streams of corpuscules the earth and 
ire mere systems of atoms scattered in space, 
which present far more openings than obstacles to their 
rectilinear flight. 

" Such is the ingenious doctrine of Le Sage, by which 
he endeavours to explain universal gravitation. Let us 
try to form some estimate of this continual bombardment 
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of ultramuDilane corpusculea wliiuh is beiug kept up 
all sides of us. 

" We have seen that the aun atops but a very small 
fraction of the corpuacules which enter it. The earth, 
being a smaller body, stops a still emaller proportion of 
them. The proportion of those which arc stopped by a 
small body, say a 1 lb. ebot, must be smalier stiU in an 
enormous degree, because ita tbickneaa is exceedingly 
small compared with that of the earth. 

" Now, the weight of the ball, or its tendency towards 
the earth, is ]>roduced, according to this theory, by the 
excess of the impacts of the corpusculea which come 
from above over the impacta of those which come from 
below, and have passed through the earth. Either of 
these quantities is an exceedingly amall fraction of the 
momautum of the whole number of corpuscides which 
pan through the ball in a second, and their difference 
is a small fraction of either, and yet it is equivalent to 
the weight of a pound. The velocity of the corpuscules 
must be enormously greater than that of any of the 
heavenly bodies, otherwise, as may easily be shown, Uiey 
would act as a reaistiug medium opposing the motion of 
the planeta. Now, the energy of a moving system is half 
the product of its momentum into its velocity. Hence 
the energy of the corpusculea, which by their impacts on 
the ball Jnring one second urge it towards tlie earth, 
must be a number of foot-pounds equal to the number of 
feet over which a corpuscule travels in a second, that is to 
say, not leas than thousands of millions. But this is only 
a small fraction of the energy of all the imjHicta which 
the atoms of the ball receive from the innumerable 
streams of corpuscules which full upon it in all directions. 

" Hence the rate at which the energy of the corpuscules 
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is spent iu order to maintain the gravitating property of a 
single pound, is at least milliona of millions of foot-pounUs 
per Becond." 

1 64. One common defect of these attempts is, as Clerk- 
Maxwell points out, that they all demand some prime- 
mover, working bej-ond the limits of the visible universe 
01 inside each atom : creatLiig or annlhiluting mutter, 
giving additional speed to spent corpuscles, or in some 
other way supplying the exhaustion suffered in the pro- 
duction of gravitation. Another defect is that they all 
make gravitAtion a mere difiurence-effect as it were ; 
thereby implying the presence of etoree of energy abso- 
lutely gigantic in compari.'ion with anything hitherto 
observed or even suspected to exist, in the universe ; 

Iand therefore demanding the moat delicate adjustments, 
not merely to maintain the conservation of energy which 
we observe, but to prevent the whole solar and stellar 
systems from being instantaneously scattered in fragments 
through space. 
In fact, the cause of gravitation remains undiscovered. 
165. The ordinary balance, as we have already seen, 
merely teats equality of masses. To find the teeight of a 
body we must measure directly the earth's attraction for 
it. This can he done, perfectly in principle but only 
with a rude approsiniation to accuracy in practice, by 
means of a Sprimj- Balance, or by some other contrivance 
which depends on the elastic resilience of a special kind 
of matter. 
By far the most accurate instrument for measuring the ■ 
intensity of gravity, from which, of course, the weight of 
any body (whose mass is known) may be immediately 
calculated, is the pendulum. 
A simple pendulum (§ llf)} exists, of course, only in 
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theory ; but by means of a theorem of abstract dynamics 
we can calculate the length of the simple pendulum 
'wLich will vibrate in the same period as does a mass, 
of any form and dimensions, freely supported in any 
assigned way on a horizontal axis. This the reader must 
take for granted.^ Ilence we can reduce observations 
made with any pendulum to tliose with the corresponding 
simple pendulum. 

The following expression, whose form is su^eated by 
the theory of the Fiijure uf the Earthy and whose constants 
hive been determined and verified by pendulum observa- 
tions made all over the world, gives approximately the 
value of g (§ 120) at sea-level in any latitude X. 
82 088(1 + 0-OO518 ain'.\). 
166. We conclude the chapter with a small table of 
(approximate) Specific- Gravities, or what is the same thing 
{% 36), Densities, and a few remarks suggested by it. 
None of the numbers for solids can be given with any 
groat accuracy (except perha]>s those for natural crystals) : 
for, eveu if the substance be pure, its density niny be 
altered to a considerable amount by the processes through 
which it has passed in assuming the state in which it is 
tested. Such a table as the present must be looked on as 
afibrding materials for rough calciilations only. When 
better results are required, speciul determinations must be 
made for each substitnce dealt with. 

HyJrogen 0'000089 

StMia O'OOOe 

Nitrogeu 0-0012B 

Air 0'00129 

Oxygen 000143 

{Tlio Hbove are et 1 atmospU!.rB ; sleim (of course) at 100" C, 

the others at 0°C.) 
' Tboiusoa and Tail's Elemtjtia q/' AW, Phil., Appaviix, g g. 
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The chief adtiitional remark BUggeal^d by the table is | 


that, not only are ther 


B bodies which, though liquid at 1 


ordinary temperatiires. 


ire denser than the great majority 1 


of solids, but that a 


-omjiaratively moderate pressure, | 


euch as a few hundred 


atmospheres 


would (without pro- 1 


dueing liquefaction) make the density of air or oxygen | 


greater than that of some solids ; so 


that, for instance, if 1 


chemical action could be prevented, 


we might easily have 1 


^H solid lithium floating upwards in con 


pressed oxygen, oa a 1 


^B cork rises in water. 




1 


^M Tlie ratio of the densities of iridium and of hydrogen, ■ 


L 




J 




PHOPERTIES OF MATTER. 

118 ^ven in the table, is about 250,000:1. But, by means 

of a Sprengcl pump, Uie density of the hydrogen miglil 
easily be reduced to a four-thousandth of its former value. 
Thus we can place beside one another specimens of 
matter, one of which has one thousnud million-fold the 
density of the other. Such a comparison may help ne to 
understand the possibility of the existence of the iumini- 
ferous medium i which is certaiidy matter, yet of a density 
perhaps smaller in comparison with that of attenuated 
liydrogen, than ia the latter iu comparison with the 
density of iridium. In the presi>nt work the ether does 
not come in for treatmeut. We know it only in so far 
as it is the vehicle of radiation and electrical energy : — 
so that it is to works on Light and Electricity the student 
must be referred. 

167. By considering the earth, for a moment, as a 

liquid mass, it is easy (on hydrostatical principles) to 

calculaU; the whole pressure across any plaue section of 

it,' Tliis is, of course, the resultant gravitation attraction 

between the parts eeparuted by the plane of section. 

Assuming the result of § 154 for the mean density, we 

find that the average attraction, per square foot, across a 

diametral plane is about 18 x 10" lbs, weight The tenacity 

of sandstone is about 72 x 10° lbs. weight per square foot. 

Thus gravitation is 25,000 times as effectual in keeping 

the earth together, as would be its cohesion if it were solid 

sandstone. Even if the earth were as tenacious as steel, 

its cohesion across n diametral plane would be only about 

^L 1 per cenL of the attraction across it. 

^H Since the cohesion between two halves of a globe ia, 

^M eeleris paribiui, as the area of a diametral plane, i.e. as the 

^1 square of the radius, while the gravitation attraction is 

H ' Tail, Ptk. K.S.B., 1875. 
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Bfl the sixth power of the radius diiectlj, and as the 
square of the radius inversely, a sphere of the earth's 
mean density and of the tenacity of soodstone would 
require to be of about 25 miles radius only, in order that 
cohesion may be as effective as gravity in keeping two 
hemispheres together. If the tenacity were that of steel, 
the radius would be about 400 miles. 

Hence the earth's strength depends almost wholly on 
gravitation, while that of a stone, less than a mile or so 
in diameter, depends almost wholly on cohesion, and the 
more completely the smaller it is. 
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PRELUIHAKT TO DEFORHABIUTY AND BLASTICnT. 



168. A SUBSTANCE is said to be etaette when, on being 
left free, it recovers wholly or partially from a defotma- 
tion (§ 41). 

This definition is sometimes given in another form : — 
a substance is said to be elastic when it requires the 
continued application of stress to keep it deformed. But 
this is by no means an equivalent of the former state- 
ment; and, besides, it usually introduces, complications; 
for in many substances the force requisite to maintain a 
distortion becomes leisa and leas with the lapse of time ; 
and the continued application of a given distorting force 
often produces a constantly increasing distortion. To 
this, and to another curious property called the Fatigue 
of Elaxtieily, we will recur, but we will for the present 
adhere to the first definition given above. 

Hence, as an introduction to this part of the subject, 
we mnst inquire into the nature and mechanism of the 
simpler kinds of deformation. 

169. The term usually employed for deformation of 
any kind is Strain. The treatment of struins is an 
entirely geometrical, or (more properly) kinematical, 
question. But when we inquire how a strain is produced 
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m a given piece of matter, the question ! 
djrnamicAl one, and we nro led to the notion of a system 
of equilibrating forces, called a Sfrens. (See, a^iu, 
I 137.) And we figure to ourselves that every stress 
produces a corresponding strain, which will be of greater 
or less amount as the specimen of matter operated on is 
of more or lens yielding quality. 

It is sometimes convenient to speak of the property of 
yielding to a particular stress, as when we epeak of the 
Contpretdbiliti/ of a substance ; sometimes it is mora con- 
■enient to speak of the property of resistance to a stress, 
aa when we speak of a body's Hiyiility. But the resist- 
ance to a stress is measured by the reciprocal of the 
amount of yielding (juat as the electric resistance of a 
wire is the reciprocal of its conducting power), so that 
either of these numerical quantities is immediately 
deducible from the other. 

It will be seen shortly that if P be the measure of 
ly one kind of stress, and jp that of the corresponding 
strain (supposed small), experiment points to a general 
relation of the form 

P = Cji, 

where C is a constant depending on the special substance, 
and the special form of stress, C is obviously greater, 
the smaller is the strain for a given stress ; and it there- 
fore measures the registance of the substance to the 
particular kind of stress denoted by P. 

As stress is force per unit of surface, wliiSe strain has 
no dimensions, the dimensions of C in the above expres- 
sion are 

Hence the nnmericnl value of C changes, in passing 
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from aoD rj^Kja of niuta to anoLhej, directly as thft uait 
of l«iigth k&d Ui« square of the unit of time are increased, 
and ioTcnely as the Quit of mass b incKSsed. 

170. We shall not require for our elementary treat- 
ment of the question moie than the simplest portions of 
the subject of strains, and shall therefore be concerned 
with Homogeneout Strain only. 

By this term it is implied that all originally similar, 
equal, and similarly situated portions of a substance 
remain after the strain similar, equal, and similarly 
situated, however their forms and dimensions may be 
changed. Hence points originally in a straight line, or 
in a plane, remuo in a straight line, or in a plane. Also 
equal parallel lines remain equal parallel lines. There 
fore a parallelogram remains a parallelogram, as ellipse 
remains an ellipse, a parallelepiped remuns a parallel- 
epiped, and an ellipsoid remains an ellipeoid. 

A most important case is that of a sphere inscribed in 
a cube. The diameters which pa^ through the paints of 
contact form a cot^'ugaie system : — i.e. the tangent plane 
at the extremity of any one of them is parallel to the 
other two. This parallelism is not affected by the strain ; 
so that when the sphere becomes an ellipsoid, the cube 
becomes a parallelepiped whose faces are parallel to a set 
of conjugate planes. Converaely, every set of three con- 
jugate planes of the ellipsoid was originally a set of three 
mutually perpendicular diametral planes of the sphere. 
An immediate consequence of this is that the pritteipai 
axes of the ellipeoid, tehieh are al right angles to one 
another, toere originally at right angles to one another in 
the sphere. 

171. Now suppose small, equal, and similarly situated 
cubes to be traced in the unstrained body. This will be 
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effected by three imagined eeries of equidistant parallel 
planes, those of cuch aeriea being perpend i<:ular to those 
of the other two. After the strain the cubes become 
equal, similar, and similarly situated parallelepipeds. 
And it is clear that if one of the cubes, and the corre- 
sponding parallelepiped, be given, everything else can be 
doterminod. 

But there is one special set, of three series of rect- 
angular planes, with which it is best to commence : viz. 
those which, as shown in last section, become the princi- 
[Kil planes of the ellipsoid which is formed from the 
sphere inscribed in the cube. This elementary consideration 
produces a marvellous simjilifi cation of our investigation, 

172, For we now see that every homogeneous strain 
may be looked on as having been produced by uniform 
eztensiona, or compressions, parallel to three mutually 
perpendicular lines (the amounts parallel to these being 
generally different), and a subsequent rotation of the 
whole as if it wore rigid. We shall not require to 
consider the rotation, for we are concerned only with the 
deformation which each small part sufTera. 

Thus, taking account of these permissible aimplifica- 
tiona, we need only inquire into the circumstances under 
which an originally cubical portion of the substance 
general brick-shaped, without change of the 
directions of its edges. The investigation presents no 
grave difficulties when the strains are of finite magni- 
tude, but we will, for simplicity as well as convenience 
(^ 174, 177), consider them as small. 

173. We will first consider the particular cases which 
are of greatest importance. 

Nothing need be said of the case where a cube remains 
a. cube, though with altered edges, except that it involves 
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imifnnu diktation, oi a condensation such as is due to 
hfdroatntic pressure. Tliis is the only strain which does 
not alter the figure of a body. 

But, of the BtraiiiB which alter the figtire of a body, 
without altering its volume, the most important is that 
which converta a cube into a brick shape by lenuthening 
in a given ratio one set of parallel edges, sftarienituj a 
second set in the same ratio, and leaving the third set 
unaltered. Here it ia obvious that the volume also 
s unaltered. Let the mtio of eitension be 1 + f : 1, 
that of contraction will be 1-/:1, on account of the 
smallness of the fraction Z in all the cases which we hava 
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to consider. Let the figtire represent (in its successive 
states) one of those fnces of the cube, of which all the 
edges have been altered. The square inscribed in that 
face is obviously distorted into a rhombus, of which two 
of the angles are greater, and two less, than right angles, 
by the same amount, suppose. 

Then it is clear that the ratio of the diagonals of the 
rhombus may be expressed in either of ibe following 
forms :— 
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and thus, as 
written iu plac 



is very email, s 
of its tangent, 

B-21. 



I that tlie arc may bo 



This shows tho relation between the difference of the 
angles of the rhombus from right angles, and the fractional 
alteration of the edges of the original cube. 

174, So far for the strain, let ua now consider its 
caose. Every equilibrating system of forces {i.e. every 
stress) can be reduced to simple stresses, each consisting 
of equal and opposite forces in the same line, that is, 
thruits, or tenswnn. Thus we have now to inquire what 
thrusts or tensions will convert a cube of deformable 
matter into an assigned brick shape : in which, of course, 
is included the simple case of its remaining a cube, though 
with altered edges. These must evidently be spread 
Miifarmly over each of its surfaces, for every one of any 
number of smaller equal cube«, into which it may be 
supposed to be divided, suffers precisely the same propor- 
tionate du formation. 

And as (g 172) we confine ourselves to very small 
deformations, any number of them may be superposed, 
without interfering with one anotlier — i.e. they may be 
successively inflicted in any order, with the same final 
result. It is mainly for this reason that we restrict 
ourselves to small strains. 

175. The problem is too difficult for an elementary 
work, unless the portion of matter dealt with bo not only 
homogeneous, but inotropie, i.e. unless it possess exactly 
the same properties at all parts and in all directions, so 
that the effect of a given stress on a unit cube of it is 
exactly the same however and wherever the cube be cut 
out of the original materiaL 
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Hence we see that, far eul/e* whieh become bri'ekskaped, 
mflioul change of direction of the edges, the thrusts or 
tensions muat each be perpendicular lo ttie /ace on ichich 
it ade. And (g 169} we measure each b; ita amount per 

[It is most particularly to be remarked that, in all that 
follows on thia subject, it is understood that the body 
operated on is kept at a definite temperature, ahke through- 
out its substance and throughout the whole period of the 
oijeration. 

The study of the heat developed by sudden applica- 
tions of stress belongs entirely to Tlurrmodynamicis, upon 
which we do not enter in this work. In fact, we here 
confine ourselves to Jgotlwrmaig, and have nothing to do 
with Adiaiiotict.] 

176. The simplest case of all, and that which alone 
we require when we deal with fluids, is when the stress is 
pressure or tansion, the same on each face of the cube. 
Here the cube obviously remains a cube, but its edges 
are diminished or iucreased in length. Let unit of edge 
become 1 -/ (where / is very small) under pressure P 
per square unit of each face ; what is called hydrottatie 
presmre, pressure the same in all directions, and always 
normal to the surface. Then the volume of unit cube 
becomes 1 - 3/. 

The emnpressiliility of an isoiropie body w T/ieasiired by 
the ratio iif the eompretsion per unit volume to tlie hydro- 
ttatie pressure applied. 

Hence the compressibility is 3//P, and the Resistance 
to compression (g 169), usually colled k, is P/3/, so that 

f-ViZk. 

177. '^'heu we deal with solids, in which the stress is 
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not necessarily of the nature of hydrostatic pressure, some 
further consi'lerations must be attended to. 

We now assume, consistently with experiment {as will 
afterwards be ehown), that, if the Btrain produced by any 
stress be small, the reversed atress will produce exactly 
the reversed strain. This ia another reason (§ 172) for 
confining our work to small strains. 

Suppose the pairs of opposite faces of a cube he called A, 
B, and C ; the edges joining the cornera of each pair a, b, 
c, respectively. Then a tension P, per unit of area, on the 
A faces will increase a in some definite ratio 1 +p: 1, and 
diminish b and c in some common ratio 1-^:1. Now 
superpose a preetare F, per unit area, on the B faces. 
Since the body is isotropic this will compress b in the 
ratio I - p : 1, and extend a and c in the ratio 1 + 5 ; I . 
Hence the result of tension P on the A faces and pres- 
Bure P on the B faces is that a is extended in the ratio 
l+p + 3:l, h is compressed in the ratio \-p-q:\, 
vhile the length of c is unaltered. 

The effect is, therefore, (aa in g 173) to change the 
form of each section of the cube parallel to the C faces, 
but to leave the area of tliut section and the volume of 
the cube unaltered. This atrain is called a Simple 
Shear, and the corresponding stress is called Shearing 
Streag. 

There is, however, another mode of looking &i this 
matter, to which we must devote a little sjiace. It is 
usual, in defining Rigidity, to consider the deformation 
produced in the unit cube by equal ian'jenlial forces, 
applied to two pairs of its sides, in directions parallel 
to the third pair of sides, as indicated in the diagram 
below. These forces, aa shown in the figure, obviously 
constitute a balancing system, or Stress. But it may be 
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Dnalysed into a much eimpler one. For, if wo draw 
eitlier diagonal in the figure, the resultant of the forces 
applied to either pair of faces on 
one side of it is easily seen to 
be Py3, in a direction perpen- 
dicular to the diaj^onaL But the 
j'' length of the diagonal is ^2. 
Hence the stress perpendicular to 
either diagonal plane is P pet 
square unit. And it is clearly a 
pressure perpendicular to one dia- 
gonal plane, and a tension perpen- 
dicular to the other. It is therefore the sj-atem already 
studied in § 177, and the effect on the cube above is that 
studied in g 173. 

178. We now define as follows ; — 

ITie rigidily of an isotropic toUd {i.e. the resistance to 
change of form under a stress such as that in the above 
SgUTe) is directly propoHitmdl to the tangential furee per 
unit area, and inversely as the change of ons of tite angles 
of the figure. 

Hence, using the common designation, ti, and calling 6 
(aa before) the change of each of the angles of the figure, 
we have 

Rigiility-n-P/tf, 
oi-, by g§ 173, 177, 

-.-£■ ■ • • 

179. But, by § 177, the effect of pressure P, applied 
simultaneously to ull the sides of the cube, would be to 
reduce the lengths of the edges in the common ratio 



or (approximately) 
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Hence by g 176, where it is 
what we now call p-2q ; 



that / stands for 



180. From (1) and (2) we have at once 

'-'•{r.-u} 

These represent respectively the extension of one set of 
edges of the unit cube, and the common contraction of 
the other two, when it is subjected to tension P parallel 
to the former set. 

[These results might have been obtained, perhaps even 
more simply, by iifisuming the existence of compressibility 
with absolute rigidity, then assuming pliability with 
absolute incompresaibility, and superposing the effects. 
fiat the logic of this process is more likely to puzzle the 
beginner.] 

181. Henco the extension, per unit of length, of a rod 
or bar, under longitudinal tension P per square inch of its 
cros».Bection, is 

U-n ' 

The applications of this formula are very numerous 
and important, as will be seen in § 224, Ac, below. 

The corresponding diminution, per unit area, of cross- 
section is 

p8i-2n 

Skn ' 

And thus the increase per unit volume ia P/3^, a result 
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which we might have obtained directly in many other 

ThuB, in pulling out an india-rubber band with a given 
tension, we inereaee its volume by one-third of the amount 
by which it would be diminished by hydrostatic pressure 
of the same value. 

Also by pulling out a truly cylindrical and uniform 
tube, filled to a definite mark with a liquid, we may 
measure directly the value of k for the matter of the 
tube. 

183. From the foregoing formuln the result of the 
application of any (moderate) stress to an isotropic body 
can be calculated. 

As an example, suppose we desire to find what BtreM 
will produce extension of an isotropic bar or cylinder 
mpanied by lateral change of any kind. 
76 have tensions, P along, and P in all directions 
idicular to, the axis of the bar, we have for the 
longitudinal extension (§ 177) 

and for the extension in any radial direction 



The latter must vanish, hy oi 



' assumed condition, so that 
pSt-2n. 



which gives the required relation between P' and P ; and 
thus the extension b 



163. In the chapters which immediately follow, it 
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will be seen that to determioe the compressibility of a 
fluid we require (at least in all the ordinary modes of 
experimenting) to know the distortion produced in the 
vessel which contains it. 

When the same hydrostatic pressure is applied siniul- 
taneously to the outside of the vessel and to its contents, 
the correction for diminution of the interior volume is of 
coaree, ^ 176, 212, PV/i:— where P is the pressvire per 
unit surface, V the interior volume, and k the reciprocal 
of the compressibility of the material of the vessel. This 
-is to be added to the apparent compression of the fluid. 

But when the pressure on the vessel is mainly internal 
(as in Andrews' experiments on carbonic acid, § 205), 
or wholly external (as in glass manometers, § 233), the 
correction is not so simple. It can, in every case, be 
determined by means of the equations of § 180 ; but the 
investigation even of symmetrical cases is beyond the 
limits here imposed on us. We therefore merely slate 
the results for the forms of vessel most commonly used, 
viz. tubes and bulbs. For simplicity we assume the 
tubea to bo cylindrical, and the bulbs to be spherical, 
each being of uniform material and of uniform thickness 
throughout. The internal and external radii are, in 
both cases, denoted by Oj, and a^ respectively ; and the 
cylinders are supposed free to alter in length as well as 
in cross-section. 

Then the diminution per unit of content, by external 
hydrostatic pressure P, is — 



lo cy linden 
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The i&cT«ase per unit of coateat, by internal hydro- 
I.Rtatic pressure P', U — 

lucylindere P -^^(]+^l\ 

Wlien there are simultaneous hydrostatic pressures out- 
side and inside, the corresponding results, calculated 
from these expressions, are to be simply superposed 
(§ 171). 

TIlua, if F and P' be simultaneous and equal, wb have, 
alike in cylinders and siiheres, for the diminution of 
unit internal content, P/A as above. 

"When an exceedingly thick vessel (at least a vessel in 
which oj is very small in comparison with Oj') is exposed 
to internal pressure only, the effect on unit of its content 
practically depends on its rigidity alone, and is F'jn for 
a cylinder, and 3P/4b for a sphere. Thin is a veiy 
striking result. 

When such a vessel ia exposed to external pressure 
the result is — 



For oylindar 



For Bpliei 






This shows the fallacy of the too common notion that, 
by making the bulb of a thermometer thick enough, we 
enable it to " defy pressure" ; as, for instance, when it ia 
to be employed to measure tompeiatures in a sounding 
of 3000 or 4000 fathoms. 

184. It is very interesting to study tlie cases of 
heterogeneous strain presented by the walls of cylinders 
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and bulbs when the uit«mal and external hydrostatic 
pressures are different. The following data will show 
the student the form and volume of the strain-ellipsoid. 
I.e. the ellipsoid into which a very small part of the wall, 
originally spherical, is distorted. We give the formulie 
for a cylinder under external pressure. Let the original 
position of the centre of the little sphere be at a distance, 
r (intermediate, of course, between a^ and o,), from the 
axis. Then it Is deformed into an ellipsoid, whose axes 
are — (a) radial, (^) parallel to tlio axis of the cylinder, 
(y) at right angles to these two. If we denote by 1 the 
origiDBl radius of the little sphere, the semi-axes of the 
ellipsoid are — 



'•' '-■■iA(^-^'r,> 



These are, in order of increasing magnitude, (/3), (y), (a). 
The axes {0) and (y) are always reduced in length, but 
the radial axis (a) will be inereased in length by the 

strain provided 7^<^a^. 

In ordinary flint glass this condition becomes, approxi- 
mately — 

So that the interior layers of a glass tube, exposed to 
external pressure only, are always extended in the radial 
direction. This extension ia greatest at the interior 
surface, and vanishes in the layer whose radius is about 
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1 '6a^ If the external radius be greater than thi^ the 
outer layers are radially compressed, and the more the 
farther they lie beyond the limit of no eit^nsion. 

185. The theory of the propagation of Waret, whether 
of compreesion or of distortion, in an elastic body, is 
beyond our limits ; but we may make the statement 
that, if ve could set aside the eSecta of sudden stress 
in producing changes of temperature, and thus altering 
the coefficients of compressibility and ri^dity (for this 
question belongs properly to Thermodynamics), the rates 
of propagation of waves of different kinds depend only 
upon one or both of the elastic constants (k and n), and 
upon the density of the body. When the coefficients 
are measured in terms of the weight of unit bulk of 
the body, they are called Moduli. Hitherto we have 
measured them in terms of pressure or tension, i.e. force 
per unit area. But, if we measure the force by the 
length of the column of tho substaace, of unit section, 
whose weight it con just support, we obviously take 
account of the weight of unit bulk. Ifow the theoretical 
result (under the conditions above specified) is that the 
speed of a wave is that which would be acquired by 
a free body falling, under uniform gravity, through a 
height equal to half the length of the modulus corre- 
Bponding to the particular kind of distortion which is 
propagated. Thus the speed of sound in air or water 
depends upon the value of k alone ; that of a shearing 
wave, such as light and some forms of earthquake, on n 
alone, When a wave of extension is sent along a wire, 
as (for instance) to set a distant railway signal. Young's 
modulus (g 224) comes in; and, when we deal with 
plane sound-waves in a solid, we must take the corre- 
sponding modulus as given in g 182. 
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f;enoral proof of comprossibility and of 
elasticity of bulk is afforded at onco by tlie fact that the 
great majority of bodies aro caimble of transmitting 
eound-waves. For the propagation of sound consists 
essentially in the banding on by resilience, from layer to 
layer of the medium, of a state of compression or dilata- 
tion ; the (small) disturbance of each particle taking 
place to and fro ia the direction in which the sound is 
travellitig. All ordinary sounds are propagated in air. 
But the rate of passage of sound has been measured in 
the water of the I^ke of Geneva and elsewhere; and 
miners are in the habit of signalling to one another by 
the sounds (of taps vitb a pick) conveyed through solid 
rock. 

187. Compressibility, elasticity, and inertia of air 
are all demonstrated by the action of an air-gun. Its 
reservoir is charged, by means of a pump, with some 
forty or sixty times the quantity of air which it would 
contain at the normal pressure and temperature ; the 
moment the valve is thrust down, by the fall of the 
hammer, a portion of the air is forced out by its elas- 
ticity ; and this rapid stream, by its inertia. 
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cates motion to the bullet. The same thing is shown, 
in a very beautiful form, by allowing tlio eompreased ait 
to escape in a fiiio jet; for a bal! of cotk can be sus- 
pended in the jet, as a metal shell ia suspended ia a 
fountain-jet of water, but in this case without any visible 
support. 

188. lu 1663 Robert Boyle published his Defence of 
Vie Doctrine tt/ueliing the Spring and Weight of the Air. 
The following extract, especially, is still of great interest. 
It occurs in Part II. chap. v. 

" We took tiien a long Glass - Tube, which by a 
dexterous hand and the help of Lamp was in such a 
manner crooked at the bottom, that the part turned up 
was almost parallel to the rest of the Tube, and the 
Orifice of this shorter leg of the Siphon {if I may so call 
the whole Instrument) being Hermetically eeal'd, the 
length of it was divided into Inches {each of which was 
subdivided into eight parts) by a straight list of paper, 
which containing those Divisions was carefully pasted all 
along it : then putting in as much Quicksilver as served 
to fill the Arch or bended part of the Siphon, that the 
Mercuri/ standing in a level might reach in the one leg 
to the bottom of the divided paper, and just to the same 
height or Horiaontal line in the other ; we took care, by 
frei^uently inclining the Tube, so that the Air might 
freely pass from one leg into the other by the sides of 
the Mereary, (we took (I say) care) that the Air at last 
included in the shorter Cylinder should be of the same 
laxity with the rest of the Air about it. This done, we 
began to pour Quicksilver into the longer leg of the 
Siphon, whiiih by its weight pressing up that in the 
shorter leg, did by degrees streighten the included Air : 
and continuing this pouring in of Quicksilver till the Air 
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ia the sliortet leg was by condenaatlnn reduced to take 
up but half the space it poaseas'd (I aay, posmee'd not 
JUl'd) before ; we cast our eyes upon the longer leg of the 
Glass, on which was likewise pasted a list of Paper care- 
fully divideil into Inches and parts, and we observed, not 
without delight and aatiafaction, that the quicksiU'er in 
that longer part of the Tulw was 29. Inches higher than 
the other. Now that this Observation does both very 
well agree with and confirm our Hypiilhi'm, will he easily 
discerned by him that takes notice that we teach, and 
Monsieur I'agrliaU and our Eh'jIUIi frienda Experiments 
prove, that the greater the weight is that leans upon the 
Air, the more forcible is ite endeavour of Dilatation, and 
eonsequentiy its power of resistance, (as other Springs 
are stronger when bent by greater weights.) For this 
being considered it wil appear to agree rarely-well with 
the HifpoHiesit, that as according to it the Air in that 
degree of density and correspondent measure of resistance 
to which the weight of the incumbent Atmosphere had 
brought it, was able to counterbalance and resist the 
pressure of a Mercurial Cylinder of about 29. Inches, as 
we are taught by the TornrfUian Exi«riment ; so hero 
the same Air being brought to a degree of density about 
twice as great as that it had before, obtains a Spring 
twice as strong as formerly. As may appear by its being 
able to sustain or resist a Cylinder of 29. Inches in the 
longer Tube, together with the weight of tlie Atmo- 
spherical Cylinder, that lean'd upon those 29. Inches of 
Mercury ; and, as we just now inferr'd from the J'orri- 
cellian Experiment, was equivalent to them. 

" We were liindered from prosecuting the tryal at that 
time by the casual breuking of the Tube. But because 
an accurate Experiment of this nature would he of great 
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importance to the Doctrine of the Spring of the Air, 
and has not yet been made (that I know) by any man ; 
and because also it is mora iineasie to be made 
then one would think, in regard of the ilifli- 
cwlty as well of procuring crooked Tuhea fit for 
the purpose, as of making a just estimate of 
the true place of the Protuberant Mervury's 
surface; I suppose it will not !« unwelcome 
to the Reader, to bo informed that after Bome 
other tryala, one of which we madu in a Tube 
whose longer leg was periwndicular, and the 
other, that contained the Air, parallel to the 
Horizon, we at last procured a Tubo of the 
Figure exprest in the Scheme ; which Tube, 
though of a pretty bigness, was so long, that 
the Cylinder whereof the shorter leg of it 
consisted admitted a list of Paper, which Iiad 
before been divided into 13, Inches and their 
quarters, and the longer leg admitted another 
Hat of Paper of divers foot in length, and 
divided after the same manner : then Quick- 
silver being poured in to fill up the bended 
]>art of the Gloss, that the surface of it in 
either leg might rest in the same Horizontal 
line, as we lately taught, there was more and 
more Quicksilver poured into the longer Tube ; 
and notice being watchfully taken how fur 
the Mercury was risen in that longer Tube, 
when it appeared to have ascended to any *■'=■ "■ 
of the divisions in the shorter Tube, the several 
Observations that were thus successively made, and as 
they were made set down, afibrded us the ensuing 
Table. 
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169. The form of apparatus employed by Boyle ia etill 
reeogoiaed aa by far the I>eat for the purpose. With a 
few necessary modifications, to adapt it to difference of 
circmnatanoea, it was employed hj Amngat' iu the moat 
important recent experimental determinatioiiB of tbe 
effects of great pressures on the volume of a gna. 

Ito action depeuda on llie two hydrostatical principlea 
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Btntedbelow, the tmtli of wliicli we 



J content to 
assume.' 

In a maas offinid, of jvst, the j/feeawv (per a^uare inch)- 
i» the aame at all points in any horisonlal plane. 

Tiie I'han'je of pressure from otie horizontal plane to 
anotlier is equal to the vmi/lit o/a column ofthejluiii, one 
square ineh in eertion, extendint/ veiiicaili/ between these 
planes. 

From these it follows that the pressure of the gas 
openited on, t.e. the pre^ure on the mercury aurfaco at 
A (Fig, 17) is the same as thnt at the aame level, B, in 
the otiici bmnch of the tube : — and this, again, exceeds 
the presauro at C (the atmospheric pressure), hy the 
weight of a column of mercury of aquare inch section and 
of height EC. 

1 90. lu his commcnta on this experiment Boyle 
Buys: — 

"For the better underatanding of this Experiment it 
may not be amiss to take notice of the following particu- 
lars : — 



" 3. That we were two to make the observation to- 
gether, the one to take notice at the bottom how the 
Quicksilver rose in the shorter cylinder, and the other 
to pour it in at the top of the longer, it being veiy hard 
and troublesome for one man alone to do both accurately. 



"fi. That when the Air was so compress'd, as to be 
crouded into less than a quarter of the space it poseesa'd 
before, we tryed whether the cold of a Linen Cloth dipp'd 
in water would then condonae it. And it sometimes 



' See, Tor iiistsncr', Thomsau and Tnit 
Pkihsuphij. S3 692. en*. 
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seemed a little to ehriuk, but not eo maiiiiestly as that 
we dare build anytlimg upon it. We then tryed likewieo 
wbetlier heut would notwithstrtudiug so forcible a com- 
preseure dilute it, aud ftiiproacliing the flonie of a Can-Uc 
to that part where the Air waa pent up, the heat had a 
more Benaihle operation than the cold had before ; bo 
that we scarce doubted hut that the expansion of the Air 
would notwithstanding the weight that opprest it have 
been made conspicuous, if the fear of unaeasonably 
breaking the Glass had not kept us from increasing the 
heat 

" And there is no cauae to doubt, that if we had been 
here furnished with a greater quantity of Quicksilver and 
a veiy strong Tube, we might by a further compression of 
the included Air have made it counterbalance the prea- 
Bure of a far taller and heavier Cylinder of Merewj/. 
For no man perhaps yet knows how near to an iurmite 
compression the Air may be capable of, if the compressing 
force be competently increaat. 

" And to let you see that we did not (a little above) 
inconsiderately mention the weight of the incumbent 
Atmospherical Cylinder as a part of the weight resisted 
by the imprisoned Air, we will here annex, that wc took 
care, when the Mercurial Cylinder in the longer leg of 
the Piiw was about an hundred Inches high, to cause 
one to suck at the open Orifice ; whereu]ion (aa we ex- 
pected) the Merrurij in the Tuba did notably ascend. . . . 
And therefore we shall render this reason of it. That 
the pressure of the Incumbent Air being in part token 
off by its expanding it self into the Sucker's dilated chest ; 
the imprison'd Air was thereby enabled to dilate it self 
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manifestly, and repel the Mercuiy that comprest it, till 
there was an equality of force betwixt the strong Spring 
of that comprest Air on the one part, and the tall Mer- 
curial Cylinder, together with the contiguous dilated Air, 
on the other part." 

It is scarcely neceesnry lo call attention to the truly 
Bcientilic caution with which Boyle thus gives hie con- 
clusions from this notahlc experiment. 

191. Botle's Law (ns it is called in Britain) is now 
stated in the extended form : — 

TIte volume of a giivti masn of ija^, ftept a! a given 
temperature, is inmreety as Ihv presmre} 

In symbols this is merely 

P^'-C (1.) 



where C is a quantity depending upon the mass of gas, 
and on its temperature. [This law ia only approximately 
true. In ^ 196-207 below the relation between pressiire 
and volume will be more exactly stated.] 

From the definition of density as the quantity of 
matter per unit of volume, we see at once that Boyle's 
Law may be stated in the form — 

The Jemify of a ija», at eowtant iempeeature, in propor- 
tional to the irreieure. 

192. The comjircasihility follows at once. For a 
small increase, .r, in the pressure, corresponds to a small 
diminution, ui, in the volume, such that we still have 

Neglecting the product of the two snmll quantities we 
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Here the change, per unit of vohmie, is qi/p, bo that 
ihe compressibility (§ 176) is 



The resistance to coniprcsaioQ is iherefore proportional to 
the pressure. This result waa obtained by a, graphic 
process in g 17G above. 

193. So closely does air follow Boyle'a Law through 
all ordinary ranges of pressure, that it is constantly used 
in Mojwinelere for the direct measurement of pressure. 
The mauomcter is, in its elements, merely a carefully 
calibrated tube containing dry air, from whose volume 
(when it is kept at constant temperatare) the pressure is 
at once calculated. 

The chief defect of such nianoraetera is that successive 
equal increments of pressure produce gradually diminish- 
ing effects on the volume of the gas ; and thus the 
inevitable errors of observation become more serious, in 
proportion to the quantity to he measured, as higher 
pressures are attained. Various ingenious devices, such 
as tubes of tapering hore, have been devised to remedy 
this defect. In all such modifications most careful 
calibration is essential 

194. All gases, at temperatures considerably above 
what is called their cnlual point (^ 55, 206), follow 
lloyle's Law fairly through a somewhat extensive range of 
pressures. But a gas, at a temperature under its critical 
jioint, is really a vapour, and can be reduced (ivithout 
change of temperature) to the liquid state hy the appli- 
cation of sufKcicnt pressure, at least if nuclei be present. 
The compression of vapours will be treated farther on. 

195. So far, we have been dealing with the effects of 
increased pressure. But Boyle carried his inquiry into 
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t!ie effects of diminuUon of pressure also. His apparatus 
vus of a very simple kind, though still useful, at lenst 
for class illustration. The following extract, while highly 
interesting, sufficiently Jcscribes his results and method : — 

"A Table ov the RAiutFAcrios of the Am. 



A. Tlie number of ciiurI s)uiCES 
It the toil of tlie Tube, that 
■oiiWiiicdlhaBamr imreel of 
iir. 

B. The height of theUcrcuriil 
CyliDder, that together with 
the spring of the includrd 
Air, connterbalanced tfaig 
preuure of the Atmiiii|>hcTe. 

C. The preamire of the AtmoB- 

D. Tlie Complement of B to C. 
exhibiting the pres<>nre eaa- 
tBiiued by the included Air. 

E. Whst lliat i.re»Huro shouid 
be according to the Hypo- 



" To make the EsjieriDient of the debilittited force of 
expanded Air the plainer, 'twill not be nmiss to note some 
particulars, especially touutiiug the manner of mnkiog tJie 
Tryal; which (for the reosoiia, lately mention'd) we made 
on B lightsome pair of stairs, and with a Box also lin'd 
with Paper to receive the Mermrij that might be spilt. 
And in regard it would require a vast and in few places 
procurable quantity of Quicksilver, to employ Vessels of 
such kind aa arc ordinary in the Torricellian Experiment, 
we made use of a Glass-Tuhc of about six foot long, for 
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that being Hermeticftlly Beot'd at one end, seiT'd our 
turn as well as if we could liave made the Experiment in 
a Tub or Pcwl of Seventy Inches deep. 

" Serotidli/, We also provided a slender Ghtss-Pipe of 
about the bigness of a Swan's Quill, and open at both 
ends ; all along which was pasted a narrow list of Paper 
divided into Inches and hnlf quarters. 

" Fmirthhj, There being, aa near as we could guess, 
little more than an Inch of the slender Pipe left above 
the surface of the restagnanb Mereunj, and consequently 
unfill'd therewith, the prominent orifice was carefully 
clos'd with sealing Wax melted j after which the Pipe 
WBB let alone for a while, that the Air dilated a little by 
the beat of the Wax, might upon refrigeration be rcduc'd 
to ita wonted density. . , . 

" Stxthh/, The Olwervations being ended, we presently 
made the Ton-iedKaii Experiment with tlie above iiiention'd 
great Tube of aix foot long, that we might know the 
height of the Mei-curiat Cylinder, for that particular day 
and hour ; which height we found to be 29f Inches. 

" SevenHil'!/, Our Observations made after this manner 
furnish'd us with the preceding Table, in which there 
would not i»robably have been found the difference here 
sot down betwixt the force of the Air when expanded to 
double its former dimensions, and what that force should 
have been precisely according to the Theory, but that the 
indnded Inch of Air receiv'd some little accession during 
the Tryal ; which this newly-mention'd difference making 
us suspect, we found by replunging the Pipe inlo the 
Quicksilver, that the included Air hud gain'd aliout half 
an eighth, which we guest to have come from some little 
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I aerial bubbles in the Qnicksilver, contained in the Pipe 
f {ao rasie is it in such nice Experiments to miss of 

. exactness), " 

196. We must now state bow far these itisults of 
^ Uo^la have been verified by modern experimeutcrs, and in 

Avhut direction tbey are found to deviate from tbe truth. 
But before we do so we must introduce a deGiiition. 

The unit usually adopted for the moaaurcment of 
pressure is called an Atinogjjhei-e, roughly 14'7 ll>s. weight 
per square inch. 

Its defiuition is, in this country, the wet}{bt of a column 

of mercury at 0° C., of a square inch in section, and 

9'905 inches high; the weighing to be reduced to the 

value of gravity at the sea-level in the latitude of London. 

(See S 1G5.) 

The value of an atmosphere, in C.G.S. units, is about 
1,014,000 dynes per square centimtoo. 

197. It is to Regnault that we owe the first really 
adequate treatment of tbe subject, but the range of 
pressures he employed was not very extensive, 

Kcgnault showed that air and nitrogen are, for at least 
the first twenty atmospheres, "iwe compressed than if 
Boyle's Law were true, but that hydrogen is let» 
compressed. 

Then Xatterer made an extensive but rough series of 
experiments at very high pressures (somfitinies nearly 
3000 atmospheres), whose result showed that air and 
nitrogen, as well as hydrogen, arc letn coropreasilile tluin 
Boyle's Law requires, and deviate the more from it the 
higher tbe pressure. 

198. Andrews,' in his classical researches which 
[ established the existence of the critical point (§ 55), first 

' Fhil. 7>oM».. 1880. 
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({ave the means of explaining this very singular fact. 
We will recur to it when we are dealing with vapours, 
but we give a few of Andrews' data here. The way in 
which the compressibility varies with pressure is obvious 
from the curves in the diagram (§ 205), when interpreted 
a § 176. But from Andrews' tables of correspondiog 
Tolumea of air at 13°'l, and carbonic acid at 35°'5, 
lubjected simultaneously to each of a series of increasing 
pressures, we ex tract the numbers in the two tirat 
columne : — 

Cabqokic Acid (Qas) at 35°'3 C. 



dp. of Vol. 


Reciti. of Vol. 
CartoDic Acid. 


or Air. 


81-28 


22a-0 


M-M 


3srs 


W69 


3737 


M-M 


887-9 


89-67 


411 '0 


107-6 


430-2 



Andrews points out that the deviation of air from 
Boyle's Ijiw is, even at the highest of these pressures, 
inconsiderable. Taking the reciprocals of the volumes 
lir, therefore, as measuring pressures with sufficient 
accuracy, we form the third column of the table. This 
shows that in carbonic acid, a few degrees nbove ita 
critical point, the deviation from Boyle's Low is like 
that in air and nitrogen for the first 90 atmospheres, 
, after that, resembles that in hydrogen. Unfor- 
tunately the bursting of the tubes prevented Andrews 
from carrying the pressure beyond 108 atmospheres. 

199. The remarkable researches of Amagat already 
alluded to (§ 189) were carried out in a gallery of a deep 
coal-pit, where the temperature remained steady for long 




vmx M M ias or aimB. 

r poMi. Ite ibortet Insdi of hia appuatsa, that vhich 
I aoBtai^Hi dke gw whcaa cMapteaaioB waa In be MaMnwiJ, 
■ *«i7 •tvaag ^asa tobe of VBall lxin,cae- 
f uUy calibcatciL Ttue loDger brameb was ■wde of stee], 
ani cztcndea to a height of 330 mitita (about 1000 fe«t) 
up tha thaft of the pit. A small but powerful pomp waa 
•mplojcd to (onx hkkwij into the lower part of tb^ 
appaiatiM imtil it begun to taa out at one of a set of atop- 
(Mclu which wm tiuerted st measured inteTvaU aloi^ the 
tall tuho. Thin a meoaurement of the Tolume of the 
umpRHad gaa waa made, the stopcock doaed, and that 
naxt ahoT* U opened in torn for a meaBuienient at a 
higbar pnaaura. 

300. Tlio following ifaort table gires an idea of Aina- 
ffH!t aarliiir tenulu^ for sir at ordinary tempentaTO : — 





1-DO 


1-0000 


81 ■« 


■9880 


4fi-B3 


■9832 


&0-S) 


-9815 


78-08 


-980* 


SMI 


'9800 


>t->l 


-98 1 4 


110-83 


■9880 


183-Sl 


-990S 


\1f\7 


1-0118 


388-68 


1-04U 


asa-w 


1'0837 


8S9-18 


l'n97 


tOO-05 


1-1897 



I Am AliiiiH'*l''< proMiT" dula were obtaiDt-d direct from a 
oullllim o( mewury, tliey Bupply Ly far the mo3t accumto 
WO i >iiii|ili>iii.-iitctJ from Coiaplcs JUndai, 
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means of finding the unit for pressure gauges. Hence it 
may be well to note that, at ordinary temperatures, for a 
pressure of 152'3 atmospheres, or one toii-weiglit per 
equsre inch, dry air almost exactly follows Boyle's Law, 
I.e. it is reduced to ]/152'3 of its volnme at one atmosphere. 
Hence, practically, when dry air is compressed to anything 
from 1/140 to 1/160 of its bulk under one atmosphere, 
Boyle's Low may Iw used to calculat* the pressure.] 

It is very dtflieult to assign with exactness the position 
of the minimum value of jw, as inevitable errors of 
•observation may rise to consiUerable importance when a 
quantity varies very alowly ; but it may be put down as 
corresponding to about 78 atmospheres. 

20L Amagat's direct measures with the mercury 
column were made on the volume of nitrogen. But 
when these had been carefully made, once for all, the 
nitrogen manometer was used in connection with a similar 
instmment filled with some other gas. Thus the relation 
«i pv to jj was determined with accuracy for hydrogen, 
oxygen, air (as above), carbonic oxide, carbonic acid, 
ethylene, etc. In later papers' Amagat has extendeil 
these results through a considerable range of temperatures. 
For the numerical data we must refer to the papers them- 
selves i but we reproduce three of the most important of 
his graphic representations of the earlier results. 

The diagram following consists of two iwrts. The 
upper part shows the relation of pr to jj, through a range 
of about 80° C, for nitrogen, whose behaviour is typical of 
that of a large number of giises. The minimum value of 
jjo is distinctly shown at every temperature. The lower 
diagram exhibits the exceptional case of hydrogen, where 
jdl the curves are, practically, straight lines. The 
' Jjimla dc Chimie, xxH. 1S81, xxix. ISSS. 
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jiresaure unit is a metre of menjury, (*'. 100/76 almos- 
phere§. 

The Jbgram mi tliu next page shows tliecorrcs|X)udin{j 
relations for carbonic acitl, at temperatures above its 
critical point ; as well as for liiitiid carbonic aciil at 18° -2 
C. In this Inat case the curve is given only for preasiiros 
bom 80 to 260 metres of mercury. This diagi-am gives 
rery valuable infomiatioo. Especiiilly it shows (ho 
marked influence of change of temperature on the pressure 
oorrespoailiu^ to the minimum value of jw, Kthylene 
gives a diagram somewhat resembling this, lint the 
changes in the value of pii ate so disjiroitortionately 
greater that its behaviour could not Iw satisfacttirily 
exhibited on a scale so restricted aa a page of this hook. 

The reader should be reniinJeit that, had the law of 
Boyle been accurate, all of these curves would have been 
oiraply hojiz'mial straight hnes. 

The more recant researches of Amagat,' above referred 
to, have extended this enquiry to the results of very much 
higher pressures, such as aOOO atmospheres, under which 
the density of gaseous oxygen becomes greater than that 
of water. The exact measurement of these great pressures 
was effected by means of an exceedingly ingenious instru- 
ment, the Manuiaitre d pi/itoiu lil-ren, which Amagat con- 
structed for the purpose. In this instntuient there ate 
two pistons, of very different sectional area, subjected to 
the tame htal lliiitgt-. Thus the pressure (per square inch) 

each is inversely as its section. The pressure on the 
smaller piston is that of the substance compressed, that 
a the larger is measured directly by means of a column 
of mercury. The unit for graduation (which of course 
depends on the ratio of the effective sections of the 
' CompteJt Rmdiu, Sept 1888. 
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pistons) was del^imined, once for all, by comjiarisou with 

the nitK^en gaiige. The special fcatiiro of thia inetni- 

meot, on which its precision depends, is that the pistons 

&t all but tiijhllij in theic cylinders ; a very thiu layer of 

TisconB fluid passing with extreme slowness hetwcen each 

I pieton and its cylinder. Esact adjustment is secured hy 

1 giving slight rotation to each piston in its bearings. For 

I the Itirget piston castor-oil ia used, for tlie smaller treacle. 

But each piston, before being inserted, is moat carefully 

I lubricated with neats-foot oil. We have been thus 

paiticular in describing the main characteristics of this 

[ inatrument, because it meets efficiently what has long 

I been felt as an extremely serious want in the physical 

laboratory. 

The pressure which reduced the gas to a gi\en volume 

ras determined by an electrical method which will 

presently be described (§ 211). In the table below,' the 

I volume of each gas at 0° C. and one atmosphere is taken 

as unit ; and the temperature throughout was about 15* C. 



TfiCK Volumes of VAmoca Case 


S ABOUT 15 


C. UNUElt 




VEBV 


ORE AT Pre. 


HUBES. 








Volumes. 




PrBaaoro in 


Air. 


Nitrogen. 


Oxygen. 


Hydrogei,. 




15- 7. 


16° -0. 


15^6. 


15-4 


1000 


■0020615 


■0021340 


■ooiaono 


-0017780 


1500 


17935 


18540 


15710 


14180 


3000 


18480 


16690 


14440 


12225 


SSOO 


IMSO 


15960 


13800 


11010 


3000 


HG60 


15225 


12960 


10125 


Amagat found the cot 


oprcsaibility 


Of the glass 


employed 



to be about 0'0000023 per atmosphere. As the prea- 
I were equal inside and outatdc his piezometer, thia 
was the only ekstic coefficient required. (§ 183.) 
' Ann. dc Chimif. iiix., 1893. 
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Thus, referring to § ]6fl, we see tbut oxygen at 15° lias 
almost Teachetl the density of water at a pressure of 2B00 
atnioepheres. Even at 1000 atmospheres it has about 
thrce-fonrths of the density of water. 

202. There is, unfortunately, a conaidetable variety of 
ebitemcnt as to the relation between pressure and volume 
in air and other gases, when they are considerably rare- 
fied. Tliis is not to be wondered at, for the experimental 
difficulties are extremely great. 

The experimenLa of Meiideleeff guve a gradual defxetit 
of vahie of ^u, in air, from 

1-0000 at OSS stm. 

to 

0-9855 It 0-01P«ttn. 



These would tend to show that, at pressures lower than 
an atmosphere, air behaves as hydrogen does for pressures 
above an atmosphere. 

The exjierimenta of Amagat do not show this result. 
They rather seem to indicate that pv remains practically 
comtant for air, from one atmosphere down to at least 
ejgth of an atmosphere. 

203, But the real difficulty in all such expetiments 
arises from the shortness of the column of mercury by 
which the pressure must be measured. lb is not easy to 
see how this difficulty can be obviated without introduc- 
ing a chance of graver cri'ors of another hind, due for in- 
stance to vapour-pressure or to capillary forces. 

"We shall find, later, that a fait presumption from 
Andrews' investigations would bo tliat, in nir and the 
majority of gases, pv should increase (of coutbc very 
slightly) with diminution of pressure from one atmos- 
phere downwards; while (possibly) hydrogen may give 
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values of pv diminisliiug to a mitiimiLin, find then in- 
creasing as the pressure is etiU further rcduucil. 

204. Passing uest to the conipreBsiMlity of vai>ours, it 
would appear natural that we should specially conaidei' 
aqueous vapour, ivliich is constantly present in the atmos- 
plierc Its auperhtiit'td, sometiinea even aa eaturaieif, ateam. 
And we have for it the splemlid collection of experimental 
results obtained by Rcgnault, But t!ie critical point of 
Wftter-Bubstance is conaiderably higher tlian the range of 
temperature in Kegnault's work ; so that we will deal 
chieHy with carbonic acid, for which we have Andrews' 
data both above and below its critical point, and which 
may bo taken as affording a fair example of tlie chief 
features of the subject. 

205. Without further preface we give Andrews' dia- 
gram, which will be easily intelligible after what has been 
said in g 88. It shows, in fact, how the figure in that 
section, which ia drawn from Boyle's Law, is modified in 
the case of a true gas, and of a true vapour, each within 
a few degrees of tlie critical temperature. 

[To save space, a portion of the lower part of the di.t- 
gram (containing the axis of volumes) is cut away, so that 
pressures, as shown, begin from about 47 atmospheres. 
The dotted air-curves are rectangular liyperbolos, as in § 
88, but tlie (unexhibited) axis of volumes is their liori- 
zontal asymptote.] 

The critical temperature of carbonic acid was given by 
Andrews as about SC'^ C, so that the isothcrinuls indi- 
cated by full lines in the figure, and marked \Tl and2I°'5 
respectively, belong to vapour, or liquid, or vajiour in pres- 
ence of liquid, the others to gas. [The true critical point is 
aUttleliigher{about3r'3). Tliere was a trace of air, some 
l/500th of the whole, in tlie gas operated on by Andrew?.] 



^^P Let as etad 

^" ntoduct pe for 
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Let 03 staOy, with Andrews' data, tlie values of tlie 
product fp for the isotliermal of 13*1 C. The following 
table is foniiml precisely on the «imc priiici[jle us thut of 
S 198 for thi> i*olhermal of 35*-5 C. 

Caiibijsh: Acid (Vapol-b asd Litjtlin) at 13*'1 C. 

pv. Tor Carb. Acid, 



ip. oC VoL 


Kecip. ofVol. of 
Catbooic AciJ. 


of Air. 


47-6 


78-16 


«-7a 


SO-43 


48-80 


80-90 


49-0 


105-9 


49-03 


H2-0 


M-ir. 


ii-i-g 


50-38 


471-5 


54-5e 


JSO-4 


76-« 


500-7 


EIO-13 


510-; 



306. \car to 49 atmospheres li>iucfuctiou i: 
the vapour being condensed to ^',st of lie volume at o 
otmospliore, and we sec that an exceedingly small i) 
of pressure produces n marked change of volumo. Hod 
it been possible to free the carbonic acid perfectly front 
air, no additional pressure would have been required till 
the wliolc was liquid, at about -f|^d of ite original volume. 
The numbers ;jti diminish, as in the case of air (hut muelt 
more rapidly), till the liquefaction begina : then they 
ought to dimiuirih exuetly as the volume diminishes (tho 
pressure Iteing constant) till complete liquefaction : after 
which, of course, they begin to rise rapidly, as it is now n 
liquui whicli is being compressed. 

"We need not pve tlie experimental numbers for the 
isothermal of OiV-H C \ hut the cut shows that the stages 
of the operation were much the same, only tliat the pres- 
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sure hod to be raised over 60 atmospheres before liquefac- 
tion bogan, and liquefaction was complet-o hrfore the 
volume had lieen reduced ho far as at the lower tempera- 
ture. Thus the range of volume in which the tube was 
vmbli/ occujiied partly by liquid, partly by satiiraled 
vapour, and therefore (hut for the trace of air) necessarily 
at constant pressure, was shortened at each end. The 
dotted line in the lower part of the figure, introduced by 
Clerk-Jfaxwell, bounds the region in which we can have 
the liquid in equilibrium with its vapour. This region 
terminates at the critical isothemial, for aliovc that there 
can be neither vapour nor liquid. 

But the properties of the gas, above the critical poinl, 
maintain at any particular volume a certain analogy to 
those of the vajwur or liquid below it. For volumes 
somewhat above the critical volume {0'0042} tlie gaa has 
properties analogous to the superheated vapour, i.e. pv 
diminiahea with increase of pressure. For volumes some- 
what under the critical volume its properties are analt^us 
rather to those of the liquid, and jih increases with increase 
of pressure. Thus there is in each isothermal of tlie gan 
a particular pressure, for which pv ia a. minimum. This 
feature of the isothernia! becomes less marked as the 
temperature is raised. [Tliis, however, hns been already 
exhibited more fully on Amagat'a diagram, p. 177.] We 
might introduce n coii tin nation, beyond the critical point, 
of the left-hand portion of the dotted eun'e, which should 
pass through the jxiints on each isothemial at which pv is 
a minimum. This line would divide the wholly gaseous 
region into two parts ; that to its right, in which the gas 
has properties somewhat resembling those of superheated 
vapour; to the left, that in which its properties rosemblo 
rather those of a liquid. 



I 
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An iBgenioas gogg^tioii of J. Thomson sulH'titutM (or 
the borieontal part (liquid in piesence of rajxiur) of 
ADdrewB* cnrres (p. 181) the continuous curve shoirn (by 
Oashee) on the isothenna! of 2r-5 C. The middle portion 
of this curve (where pressure and volume tncrense to- 
gether) ia phfsic&lly unstable, but tho other pnrt^ ciin be, 
to some extent, reaUaed. The subject properly belongs 
to Heat. It LB known that liquids may, in certain cnsea, 
be Rused considerably above their boiling |>oints without 
boiling ; and Aitken (g 291) has proved that a nucleus of 
acme kind is necessary for the condensation even of super- 
saturated vapour. The Qrst of tliese phenomenn may 
account for a portion of the new part of the cuno near 
the liquid region, the second for that near the vuponr 
re^on. The rest, belonging to an es.sentinlly unstahlo 
condition, cannot be realised experimentally. 

The apparently anomalous behaviour of hydrogen may 
perhaps be traced to the fact that, at ordinary tempor- 
atures and pressures, it is in that region of its goseoun 
slate which has more analogy with the liquid than with 
the vaporous state. Thus it is possible that if hydrogen 
be examined at sufhciently low pressure, and temperature 
not far above iU critical point, it also will show a mini- 
mum value of po (g 203). 

207. The reduction of various gaseous bodies to the 
liquid form was one of the earliest pieces of original work 
done by Faraday. Some of them ho liquefied by cooling 
alone, many others by pressure alone ; and he pointed out 
that, in all probability, every gas could be liquefied by 
the combined influences of cooling and pressure, provided 
these could be carried far enough, 

Thilorier prepared large quantities of liquid carbonic 
acid, and took advantage of the cooling produced by its 
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rapid evaporation, at o^lilt-l^3■ jiresstires, lo reduce it t<j 
the solid state. 

Cagniard de la Tour auccOL'ded in completely evaporat- 
ing various liquids (including ether, and even water) in 
cloeeJ tubes whieli they half-lillcJ while in tlii: liquid 
etJlte. 

It waa'Androws' ■work, however, whiuh firet cleared up 
the subject, and, as oa early consequence of it, aevend of 
those gases which had resisted all attempts to liquefy 
them were, at the cud of 1877, liquefied: — hydrogen, it 
is stated, was solidilied ; but this is extremely doubtful. 
These important results were obtained by Pictet ; and 
some of them, simnlUneously and independently, by 
Caillotct and v. Wroblewski. 

More recently, Dewar lifw made a careful study of tho 
remarkable properties of air, oxygen, and nitrogen ;^ 
obtained in large quantities in tht- liquid state. 

Van der Waals, Clausiiis, Sarmu, and others, workiu}; 
from various assumptions, have given formulx which 
accord somewhat closely with tlio obscrvcil phenomena, 
and witii J. Tltomson's suggested uiodilication of the 
diagram. One of the simplest expressions of the kind 
{which takes the place of (I) of § 191) is of the U-rw 



Here C is as before, and A, a, ^ are pnrametere depending 
on the properties of the substance as well as on its 
temperature. Tlie " critical point " is determined by the 
condition that the three values of v, given by this equation, 
shall be equal. These formulae are based upon what is 
called tlie FtVta? equation, a result of pure dynamics, 
given by C'lausius in 1870. This represents a relation of 
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tquftlity between the average vulues of the kinetic energy 
of B system, and of a certain function of the forces exerted 
between its parts ; which obtains wbeucvev the motion ie 
" stationary *'. The [lart of this function whicli depends 
on the retaining walla is proportionol to jiv. Hence, 
when mutual action between the particles is left out of 
account, we have at once the equation of gl91,Cheing 
proportional to the whole kinetic energy of the gas. 

But the full treatment of such matters belongs to 
Therm odynamica, and is not for a work like this. Nor 
have we anything here to do with the employment of 
these liquefied gases for the production of exceedingly low 
temperatures ; though, from the experimental point of 
s application promises to be (for the present at 
least) their moat valuable property. 



J 



CHAPTER X. 
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COMFBSSSIOS OF LIQUIDS. 

208. A GuupsE at the negative results of tbe eaily 
attempts to compress water was given in g 98. The 
problem iE> a complicated one, because (at least in tbe best 
methods hitherto employed) the quantity really mooaured 
is the ilifferoKe of compressibility of tlie liquid and the 
containing vessel. Hence it involves tbe com presai bill ty 
of solids also : — and this, as we shall And (§ 231) is a very 
difficult problem indeed. Difficult as it is, it has to be 
encountered, for the compressibility of glass is by no means 
small in comparison with that of the greater niuDter of 
liquids. The first to succeed in proving the compressibility 
of water was Canton,' the vsluo of whose work seems not 
to have been fully appreciated. His neconif paper, in fact, 
has dropped entirely out of notice. 

Noting tlie height at which mercury stood in the narrow 
tube of an apparatus like a largo thermometer, immersed 
in water at 50° F., the end of the tube being drawn out to 
a fine point and ojtea, he heated the bulb till the mercury 
filled the wliole, and then hermetically sealed the tip of 
the tube. When the mercury was cooled down to 50° F, 
it was found to haie risen in the capillary tube. This 
e partly to expansion of mercury, released from the 
' fftit Trans., ITSa. 
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pressure of the atmosphere, partly to the corupresi^ioa of 
the bulb, due to une Atmosphere of extemnl pressure. 
Then he filled the same apparatus with water, jjerformed 
exactly the Bame operations, and obtained n notably larger 
result. This, of course, proves that wator (if not also 
mercury) expands when the pressure of the atmosphere is 
removed from it. 

To get rid of the effect of unbalanced external pressure, 
and thus (as he thought) to measure the fvU amount of 
expansion, he placed his npparatiis (with its end open) in 
the receiver of an air-pump. Ho could also place it in a 
glass vessel, in which the air was compressed to two 
atmospheres. He observed that, on the relief of pressure, 
the water rose in the stem, while on increase of pressure 
it fell. He gives the fractional change of volume per 
atmosphere, at 50° R (10° C), na 1/21740 or 0000046. 
He applied no correction for the compressibility of glass, 
giving the completely fallacious (§ 212) reason that he had 
obtained exactly the same results from a thick bulb and 
from a thin one. [This, however, proves the accuracy of 
bis experiments.] His result, considering its date, is 
■wonderfully near the truth. 

209. In a second paper,' published a couple of years 
later. Canton made some specially notable additions to our 
knowledge. For he says, referring to his first paper : 
" By similar experiments made since, it appears that water 
has the remarkable property of being more compressible in 
winter than in summer, which is contrary to what I have 
observed both in spirits of wine and in oil of olives ; these 
fluids are (as one would expect water to be) more com- 
pressible when expanded by heat, and less so when con- 
tmcted by cold." 

I PkU. Tran»., 17S4, vol. liv. 2fll. 
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By repeated obaorvations, at " opposite " seasons of the 
year, he fouad that the effect of the "mean weight of the 
atmosphere " was, in millionths of the whole volume — 



Water ... 49 41 

Spirit of Wine . . 80 71 

He alflogiveaa table of tompreasibilities in milUonthsof 
the volume, per atmosphero of 295 inches, and of specific 
gravities ; for different liquids, at 50' F. j as follows : — 
Compreasibility. S}ik. Gr»Ttty, 



Spirit or Wine . 


66 


S4e 


Oil of Olivei. 


. 48 


eis 


B»in Water 


46 


IDOO 


Sm Water 


40 


1Q!H 


Merenry 


S 


isess 



and he observes that the compressions are not "in the 
inverse ratio of the densities, as might be supposed." 

He calculates from the result for aea water that two 
miles of such water are reduced in depth by 69 feet 2 
inches ; the actual compreasion at that depth being 13 in 
1000. This, of course, assumes that the compressibility 
is the same at all pressures, which, as we shall see 
immediately, is by no means the case. 

210. Perkins, in 1820, made a set of espovimentB on 
the apparent compressibiiity of water in glass, of a some- 
what rude kind; but in 1826' he gave some valuable 
determinations, unfortunately defective because of the 
inadequate measure of the pressure unit. Thus ho did 
not give accurate values of the compi'ession, but he intro- 
duced us to a higher problem : — how the com press ibiKty 
depends upon the amount of pressure. Perkins' results 

' " On the Progressirc Comprssiloii of Water by bigli Degree* of 
fotet."—fViil. Trans. 
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^B melko 

^H accun 

^f exceei 
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all for 50' F. (10° C), and are given in figures, aa well 
a carefnlly-executetl diagram plotted by the ffrapkie 
method. His meaatircment of pressures depended upon an 
accurate knowledge of the section of a plunger : — an 
exceedingly precarious method : — niid be estimated an 
at li lbs. weight only per square inch. It is 
not easy to make out hia real unit, especially aa we know 
nothing about the glass he used, but it seems to have been 
about 1 -5 times too great ; i.e. when ho speaks of the effect 
of 1000 atmospheres he was probably applying somewhere 
about 1500. Hence it is not easy to deduce from hia data 
anything of value as to the amount of compression. But 
the novel point, which he made out clearly, ia that (at 10' 
C.) the tompressibitity of water decreases, quickly atfirot, 
afterwards more slowly, as the pressure is raised. Wo 
obtain from Perkins' diagram the following roughly 
approximate results, in which wo have made no attempt 
to rectify his pressure unit : — 

Pressure Comprcaaiou of Water Avera^ Com- TraeCom- 
in in Mi!Iii>nths of preasibilitj jicr pressibility per 

AtiDOsplieres, Orig. Vol. Atmosphere, Atmosphere. 

160 10,000 60 61 

300 17.500 BS 48 

SOO 43,400 4S S9 

and from a further isolated statement we obtain 
3.000 83.300 42 

In this paper Perkins mentions a remarkable experi- 
mental result be bad obtained :— viz. the mlidijieation of 
acetic acid by pressure. Amagat has recently succeeded 
a solidifying tetrachloride of carbon by ptessure.' 

21 1 . Orsted's improvement in the experimental method 

(1822) consistetl chiefiy in applying pressure, ns in Canton's 

■ Comptfi Riiuiv), 1S87. 
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process, in sucli a wiiy that the effects of presaurea up to 
40 or 50 atmospheres can be read off at every Btage of tho 
experiment. 

The liquid opemtcd on fills the bulb and the greater 
part of the stem of the apparatus (called a Piexomettr), 
and ia sejiarated by mercury contained 
in a U tube from the water-contents of 
a strong jjlasa cylinder, ia which the 
pressure is produced by forcibly screw- 
ing iu a piston or plug. A^ in Canton's 
apparatus, the stem of the piezometer is 
L-arefuliy calibrated and divided into parts 
corresponding to equal volumes, and the 
cubic content of the bulb is determined. 
Hence the ratio of the content of one 
divlaion of the tube to the whole content 
of bulb and stem is found. 

When pressure is applied, the mercury 
is seen to ascend in the stem to an 
amount nearly in proportion to the 
[ircasiire. The pressure is roughly cal- 
culated (by lioylu'a law) from the ob- 
served change of volum" of air contained 
in a very uniform tube, closed at the 
tiip, and immersed along with the 
11 the water of the compression vessel. 
Tlie only serious defect of this apparatus, besides the 
inadequate measurement of pressure, is the limitation of 
the pressure to what the exterior vessel can resist, some 
50 or 60 atmospheres only. When higher pressures are 
to be applied, iron or steel must be used for the compres- 
sion vessel ; and then the piezometer muat bo made, in 
some way, to record the change of volume of its contents. 




piezometer. 
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The most common device is to have {as in a maximum 
thermometer) a little index restiug on the mercury and 
prevented, by attached hnira, from moving too freely. 
It contains a amall piece of iron, so that it may be adjusted 
from without by a magnet, This method is liable to the 
objection that, unless the pressure is relieved very 
cautiously, the index may be iliaplacod by the current of 
liquid ; — so that the results are sometimes a little too small. 
Cailletet gilt the inside of the stem, itnd the eating away 
of the film of gold showed the height to which the mercury 
had risen. An exceedingly thin film of silver, deposited 
by sugar of milk, has also been employed. But all such 
devices are very troublesome, for the compression veasol 
has to be opened after every experiment. Hence Tait ' 
suggested the sealing of a number of line platinum wires 
into the stem of the piezometer, aad by an obvious 
electrical method detecting the instant at ivhich the 
mercury reaches one of them. Thua, instead of measuring 
the compression produced by a given pressure, we measure 
the pressure necessary to produce an asKigned compression. 
This method was employed by Amagat in his later expert' 
ments (§§ 201, 217), and he says of it elle w Im'eK- reellt- 
tnetU pretqtte rien ci dSnrei: 

212, Orsted verified Canton's result that the compressi- 
bility of water diminishes with rise of temperature, and 
suspected that the rate of diminution becomes less as the 
temperature is further raised ; but he did not obtain 
Perkins' result. In fact he states that nt any one tempera- 
ture the compression is the same, per atmosphere, up to 
70 atmospheres. 

Orated, and too many who have followed him, held the 

opinion that, if the walls of the piezometer were very 

' Prix. R.S.E., 188*. 
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thin, its internal volume would sull'er no perceptible 
change under equal interior anil exterior pressures. That 
this (like the eouiewhat similar notion of Canton) is a 
fallacy, we see at once from the consideration of the effect 
of hydrostatic pressure on a solid (g 176). If we suppose 
the solid to be divided into an infinite number of equal 
rubes, tliese would be chan)^ into equal but smaller 
cubes, in consequence of contprossiou. The strained and 
the unstrained vessel may therefore bo compared to two 
vaulte of brickwork, similar in every respect as to number 
and position of bricks, but such that the bricks in the one 
are all less in the same ratio thiin those in the other. 
From this point of ^'iew it is clear that the interior content 
of tho bulb is diminished just as if it had, itself, been a 
solid sphere of gloss. 

Thus tlie numbers obtained from the piezometer must 
>ill bf corrected by adding the compression of glass under 
tho same pressure. 

Another fallacy much akin to this, and which is still 
to bo found in many books, is the notion that by filling 
the bulb of the piezometer partly with glass, partly with 
water, ond making a second set of experiments, we shall 
he able to obtain a second relation between the oompreasi- 
bilitios of gLiss and of water ; and that, therefore, vre 
■hall bo able to calculate the value of each by piezometer 
nxporiments alone. What we have said above shows 
thttt this process comes' merely to using a piezometer 
with ft smaller internal capacity ; and tlierefore gives no 
ittiw information. 

If we had a substance of known compressibility, say for 
|ii*Uiii:e it were ineotnpremble, and were partly to fill the 
mtvity of tho piezometer with this, we should be able to 
Mh Iht «Moad relation above spoken of. 
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In fact the piezometer gives difei-mces of compressibility 
only ; BO that, for absolute determinations with it, wo 
must have one substance whose compressibility is known 
by some other method. 

When very great preMurea are applied, the correction 
of the upparent compressibility is not quite bo simple. If 
e be the true compressibility of the liquid, -t that of the 
piezometer, the ordinary formula is 

c-. + Wp 
where m is the fractional diminution of volurap. It is 
easy to see, however, that the exact relation is 

213, Rcgnault'a' ajiparatus, though managed by a 
master-hand, was by no means faultliss in principle. For 
pressure was applied alternately to the outside and to the 
inside of his piezometer, and then simultaneously to both. 

There are great objections to the employment of 
external or iutcrnal pressure alone, at least in such deli- 
cate imiuiriea as these. For, unless a number of almost 
unrealtsabJe conditions are satisfied by the apparatus, the 
theoretical methods (which must be employed in deducing 
the results) are not strictly applicable. They are all 
necessarily founded on some such suppositions as that the 
bulbs are perfectly cylindrical, or spherical, and that the 
thickness of the walle and the elastic coefRcients of the 
material are exactly the same throughout. These require- 
ments can, at best, be only approximately fidfilled ; and 
their non-fulfilment may (in consequence of the largeness 
of the effects on the apparatus, compared witli that on its 
contents) entail errors of the same order as the whole com- 
pression to be measured. Jamin has tried to avoid tliis 
'Mem. d< VAcad. dcs SdtiKCS, 1847. 
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difficulty by measuring directly the increase o( (oxtemat) 
volume, when a bulb is subjected to internal pressure ; 
but, even with this addition to the appnratus, we have still 
U) trust too much to the accuracy of the asanrnptions on 
which the theoretical calculations are based 

Finding that ho could not obtain good results with glass 
vessels, Rcgnault used spherical bulbs of hrnss and of 
copper. With these he obtained, for the compressibility 
of wator, the value 

0-00004S, per fttnic»i<Uiro 
for pressures from one to ten atmospheres. Tlio temiicra- 
ture is, unfortunately, not specially stated. 

211. Grossi,' working with Rcgnault's apparatus, made 
a number of determinations of compressibility of different 
liquids, all for small ranges of pressure. 

He verified Canton's siwcially interesting result, vii. 
that water, instead of being (like the other substances, 
ether, alcohol, chloroform, etc., on which he experimented) 
moi'B compressible at higher temperatures, becomes le^ 
Hero are a few of his numbers. 



perkturc C. 


per Atmosphe 


0°'0 


D-OODDSOS 


1"6 


G15 


r-0 


199 


10'-8 


4S0 


ir-o 


m 


ac'-o 


m 


S*'-E 


153 



Tliese numbers, wjien exhibited graphically, show 
Irregularities too great to be represented by any simple 
formula. We now know them to be in many cases very 
'^1111. df Chimir. xix'u, ISei. 




for from the truth, but we give them, nol at all because 
they are (even yet) frequently referred to aa authoritativo, 
but because some imjiortant rciluctious of physical data 
have been based upon theiu ; so that it is well to fumiali 
the means of correcting audi reductiona, 

Grasai assigns, for sea-water at 17''5 C, OD'l of the 
compreaaibility of pure water, aud gives 0'00000295 per 
atmosphere as the compressibility of mercury. But ho 
asserts that alcohol, chloroform, and ether have their 
average compressibility, from one to eight or nine atmoa- 
phorea, at ordinary tcniperaturea, considerably gr&Uei' 
than the compressibility for one atmosphere. As this 
result was shown by Amagat to be erroneous, little con- 
fidence can be placed in any of Grasai's deterniijiutions. 

Amagat' gave, amoug otliers, the following numbers 
for ether : — 

T,n.po«t.ire C. A^™p"j"^ ■^'pt^Sl™'"" 

IB"': 11 

13'-7 Si 



Thus the diminutioii of compressibility with increase of 
pressure ia always considerable, and it ia more marked 
the higher the temperature. 

215. A very complete series of determinations of the 
compreaaibility of water (for a few atmoapherea of 
pressure only), through the whole range of temperature 
from 0° C. to 100° C, has recently been made by P^ 
liani and Vincentini.- Unfortunately, in their exMt- 
ments pressure was applied to the inside only o/?diq 

' Ann. de Chimin, W7. JS l 5 , 

' Sulla Comprtuibiliti dci Liquid!, Torino, IS81. 
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piezometer, ao that tlipir indicated cvBulta havo to be 
diminished by from 40 to 50 per cent. The effects of 
lieat on the elasticity of gloss are, however, carefully 
i1et<?miined, a matter of absolute necessity when so largo 
n range of tenipcmture is involvixl. But in these experi- 
ments one liatiim (the compressibility of water at 0° C) 
has been assumed from Rraasi. The results show that 
lh(! mnxiinum of com press! hi lity, indicated by Grasei as 
lying iK'twcen 0° C. and 4° C, does not exist The 
following arc a tew of the numbers, which show a tempera- 
ture effect much larger tlinnthnt obtained by Gmssi ; — 

('uDipmiitilKt) 



te*-S 380 

77*4 398 

Wi 409 

Titus, about 63' C. water api^nrs to have its minimum 
compressibility. The existence of a minimum does seem 
to Iw proved, but the remarks above show that its position 
on th(< t«m)H>raturo scale is somewhat uncertain. 

21(3. Tail' has given the following determinations of 
llic nvoraga compressibility of cistern water, for pressures 
Up to 450 atmospheres, and temperature from 0° to 15° C. 
Tho compressibility of the glass of the piezometer was 
found by direct experiment (g 232) to be 0000002G. 
The liairindex (S 211) was employed in the piezometer, 
»o that the results were given as probably somewhat too 
■mall, 

' nyi. Chtm. Chall. &/]>., voL iL jwrt iv., 1888. 



COMPRESSION OF LIQUIDS, 



COMPRfoiSInTLITV 


OF Cistern Water. 




Aver^^rompre-lbim,, 


1 to 3 


10-'(520-3-5.1f + 0'03O 


1 to 153 


e04 3-60 O-04 


1 lo 308 


490 3-05 0-OS 


lto*68 


i7S 370 0-08 


where 1 is temperature Centigrade. 



The esperimenta were con6i]ed to the three last raiigea, 
BO that tlie data in the firat line were obtained by extra- 
polation. They agree, however, fairly well with twc 
isolated results given by Buchanan,' vin. ; — 

O-OOO0518 at 2° '6, «nU 0-0000483 at 12"-6 C, 
and they would have agrecil shuost precisely with the 
results of Pagliani and Vincentini (g 215) had these ex- 
perimenters taken, as their sole datum from Grasai, the 
compressibility at 1°5 iiisl^ad of that at 0° C". 

The temperature of minimum compressibility for 1 
atmosphere appears to he about 60° C, and is lowered by 
increase of pressure. 

All the numbers in the nbove table nre fairly repre- 
sented by the approximate formula. 
0-CQI883/' 



D0I883/ 

i6 + J' \ 



400 10,01 



Here the unit for P is 152'3 atmospheres, or one ton- 
weight per square inch. 

[If we tako an atmospliere, inetond of a ton-weight per 
square inch, ns our unit ; this gives for the average com- 
pressibility of water at 0" C, for the first p atmofpbetes, 
the expression 

0-284 

6493 -Hp' 

' Trails. II.S.&:. 1880, 
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The constaulA lu this formula were given as probali 

too small. Aniagnt's recent results (§ 217) show thai 
they should each bo iiicrcasej by n little more than i \w 
cent only.] 

The eorrespondinj; formula for sca-H-nter is 

P'OOirs / ( f- \ 

38 + i'\ "150 lO.OOij/' 

The results have been put in the above fonu for the 
sake of eomparUon with the following expression for the 
comprpssibihty, at 0° C, of solutions of common salt, 



I'ly 1 

^al I 



In this formula s ropresenb the mass of suit dissolved 
in 100 of water. It apt^earn, from recent ex]>eriraent8, 
that a somewhat similar result is given by aqueous solu- 
tions of other salts, the addition to the denominator of 
the fraction being proporliwial (not equal) to the raasa of 
salt in 100 of water.' 

Tait gives the average compressibility of mercury for 
pressures up to 450 atmospheres as about O-000OO36. 
This is probably a little too small, as Aniagnt ■ makes it 
00000039 for the first 50 atmospheres. 

217. The final results of Araagat's splenilid researches 
on the compressibility of liqiiids at enormous pressures, 
which exceed in accuracy as welt as in extent all previous 
work, have recently been published. ' The extremely 
interesting figure opjwsite gives some idea of their nature 
and importance. It repre.ients the iaothermals of water 
■ Complei Rendu/i, 18Sa. 
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and of suIpLuric ether, ii|i lo pressures of 3000 atnios- 
Ijlieres, ami for tPni|n?mtnroR from 0' to TjO' C. 




can be derived. But we see clearly through how small 
a range of pressures nnil ten)i>erQtures the }ieculiarities 
connected nith the mnximiiin density jioinl of water re- 
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I sensible. Tbe qiiiisi-liypcrbolic form of iho iso- 
ihermals enables us to mnke ttpprDxiniute estimates of 
t!in utiuoat compression whicb these two liquids would 
suffer under unlimited pressure. More precise informa- 
tion is contained in the following numerical data. 



i 



UME3 


Of Wjteh a 


u OF SL'LPtiufti-: Ether undbr 







EUT Phessurks. 








itvr. 


nlphuri 


etiier. 


tocph. 


roi. 0° t. 


lO'-l 


0* 


20''2 


1 


1 -ooooo 


PMOIS 1 


0000 


1-0820 


600 


■97030 


■977S0 


9405 


■9074 


1000 


■8r.li00 


■95850 


9180 


■9205 


1500 


■B3890 


■B4183 


88SG 


'9020 


SOOO 


■92370 


■92710 


88S1 


'8S05 


asoo 


-91020 


■S1370 


8522 


■8681 


SOOO 


■89830 


'00185 


83S7 


'84SG 



■ A convenient and fairly close opproximalion, deduced 
from these numbers, gives the following expressionc for 
the average compressibility of water from 1 to ;; atmos' 
pheres : — 



10° C. 



5726+/- 
O'SIS 



This would indicate that water at 0° C. cannot be 
reduced to less than about 0'7 of its original volume by 
any pressure, however great. 

Aniagat'a data for ether give the coiresponding for- 
mula;. 



I 



cOMPREsaros OF uquiDS. 203 

It is obeervod thai forniulos like these, if they agree 
exactly with the datn for extreme and mid-rango of 
pressui'es, err slightly in defect for pressures lower than 
the average, and in excess for those higher (§ 2C0). 

The apjiaratua which gave the magnificent results tahu- 
lated alwve was, of course, sjiecirtlly odaiited to the effects 
of extreme pressures, and was therefore not qualified to 
give very pi'ecise values for moderate pressures. 

318, From the results of Andrews already given (§205) 
we find the following roughly approximate values of the 

CoMPREasiBiLiTV OK LiQuiP CARrniMC Acid at 13'-] C, 

Freunre iii True CudipreHibnilf 

AUnoflphem, jwr Atmonpbere- 

GO D'0D5B 

60 0-00174 

70 '00098 



showing very great, but very rapidly decreasing, com- 
pressibility. As already explained, Andrews has pointed 
out that part of this, especially for the lower pressures 
in the table, is due to the trace of air which, in spite of 
every precaution, was associated with the carbonic acid. 

319. It has long been known that, when the Torricellian 
experiment is performed, the mercury will sometimes not 
descend until the ttibc is sharply tapped, even if the 
cohimn be 4 or 5 feet in length, instead of being little 
more than the 30 inches which are supported by the 
atmospheric pressure, In such a case the portion of the 
column which stands above the barometric height must 
be in a state of hydrostatic lensioti. And, as in the case 
of solids, (g 177) we conclude that its volume is increased 



20* I'ROfEBTiES OK MATTSE. 

to the same extent as it would have been dimiiiishei] by 
an equal hydrostatic prfusure. 

A very iDt«i'«3ting experiment bearing on this subject 
was made by Berthelot' A strong 'glass tube, sealed at 
one end and drawn out very fine at the other, was filled 
to a definite mark ivith irnter. By immersing the whole 
in warm water the contents were made to expand nearly, 
to the point, which was then licrmetically sealed. A 
very slight additional heating, slowly and cautiously 
applied, I'nused the water in time to dissolve the small 
remaining bubble of air, so that the tube was absolutely 
full of liquid. When slowly cooled lo ita original temper- 
ature it remained full of water. I!j the help of the mark 
(chocked if necessary by calculatiou from the temperature 
of the warm water) the increase of volume could be 
estimated, and tlicnce the tension to which the water 
was exposed. In this way pure water was fo«nd capable 
of bearing some fifty atmospheres of tension, while eau 
tucrfe bore nearly one hundred. It ia clear that the 
adhesion of tlie water to the glasn is an indispensable 
circumstance in Uiis experiment. And as the equilibrium 
is essentially unstable, throughout the whole contents, it 
is remarkable that so largo an effect can be obtained : — 
though, of course, it is far below what might (theoretically 
at least) he supposed possible. 
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220. Is the two preceding cliapters wc had to deal with 
bodies practically homogeneous (except iii the spccinlcaao 
of vapour in presence of liquid) and perfectly isotropic ; 
bodies, moreover, which are devoid of einsticity of form, 
while possessing p:?rfect elasticity of volume. Hence the 
determination of (apparent) compressibility for any definite 
substance of these kinds depended for its accuracy solely 
on the care and skill of the experimenter, aud on the 
adequacy of the process and the apparatus employed. 

When we deal with solids the circumstances are very 
different. It is rarely the case that we meet with a solid 
which is more than approxinmtel;/ homt^neous. Some 
natural crystals, such as fluor spar, Iceland spar, etc., arc 
probably very nearly homogeneous ; so are metals such as 
gold, silver, lead, etc., when melted and allowed to cool 
very slowly. To produce homogeneous glass (especially 
in large discs, for the object-glasses of achromatic tele- 
scopes) is one of the most difficult of practical problems. 
On the other liaud, crystalline bodies are essentially non- 
iaotropic ; ao is every substance, crystalline or not, whicli 
shows "cleavage." 

And further, very small traces of admixture or impurity 
often produce large effects on the elostic, as well as on 
the thermal and electric, qualities of a solid body. Think, 
for instance, of the differences between various kinds of 
iron and steel, or of the purposely added impurities in 
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the gold and eilvcr used for coiaBge. Yery slight changes, 
in the manipulation by which wires or rods are drawn 
from the same luaterial, miiy nialte large differeuces in 
their final state : — diOcrences by no means entirely to be 
got rid of by heating and annealing, etc. The whole 
qnCBtion of " temper " la still in a purely empirical state. 
Besides, we miist remember that every solid hits its limit* 
of elasticity, to which attention niuat he carefully paid. 
Thus we can give only general or average statements as 
to tlie amount of compressibility or rigidity of any solid, 
in spite of the labour which ^Vertheim and many others 
have beatowed on the subject. 

221. In an elementary work we cannot deal, even 
partially, \vith the elastic properties of non -isotropic 
bodies. The necessary inatliematicat basis of the investi- 
gation, though it has been marvellously simplitied, is 
quite beyond any but advanced students. And the 
experimental study of the problem has been carried out 
for isolated cases only. Hence we limit ourselves, except 
in n few special instances, to the consideration of homo- 
geneous, isotropic, solids. 

On the other hand, the compression or distortion 
produced in a solid by any ordinary stress is usually very 
small. This consideration tends to simplify our work ; for, 
as a rule, small distortions may be regarded as strictly super- 
posable, Thus we may calculate, independently, the effects 
of each of the simple stresses to which a solid is subjected. 

Our warrant for this must of course be obtained 
esperiraentally. It was first given by Ilookc. 

In 1676' he published the following as one of "a 
decimate of the ceiitemie of the Inventions, etc" — 



Postscript, p. 31 



t of HcUoxopea, it-c., nuule hj Itobert floole. 
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" 3. TJie true Tlimrij nf ElaBtiuity or SitriuginesB, an-l a 
partieular ExfAieation llieri-af in eeveral Suljeet» in iBhieh 
it U to be/ouml; And the nay of roiii}iuling the velocity 
of Bodies moced by thrm. ceiiiDOSSBttau." 

The key to thU anagram was givcii by Hookc himself 
in 1678,' in the words : — 

" About two years since I printed this Theory iu an 
Anagram at the end of my Book of the descriptions of 
Helioscopes, via. ceiiinoagnftint, vi est, Ut tenmo sic vin,- 
That is. The Power of ajiy Spring is in the same propor- 
tion with the tenaion thereof ; 'JTiiit is, if one power 
stretch or bend it one ajmce, two will heml it two, and three 
will bend it three, and so forward. Now as the Theory 
ia very short, so the way of trying it is very casie." 

He then shows how to prove the law in varions ways : 
— with a spiral spring drawn out ; a watch spring made 
to coil or uncoil ; a long wire suspended vertically and 
stretched ; and a wooden beam fixed (at one end) in a 
horiKontal poajtion, and loaded. 

The above extracts sufliciently show in 'what sensu 
Hooke intended the words Teiitiio and Vi» to be under- 
stood ; — and his law is now usually stated in the (some- 
what amplified) form, called Hookb'b Law, 

DUtoiiion ia proportional to the distortin-/ Force, 
or, still more definitely, 

Strain ig proportiotial to Sli'otg. 
In the latter form we have made anticipatory use of it in 
Chap. VIII. and elsewhere. 

' LecltiTta lie Palenlia Jitslilulira, or uf Spring, p. [1). This ia 
a very cnrioiis pHtnplilct, contaioiiig some remarkably close antici- 
paUona of modern tlieories, especially Synthronimi and ils results, 
nd the Kinttic Ttuory of Oiaeg. The first is forei^u to our 
present sabject, the second will be considered later (| 322), 
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222. A VBtj' general ptoof of the nccnracy of this kw 
U easily to be obtained in tlio cose of bodies which can 
be nude to produce a miuicnl soond : — a luning-fork, for 
instance, i'ar, if tbo i>itr/i of the note (i.e. the number 
of vibrations per second) do not niter oa the sound grows 
fainter, the ribnitions must be isochronous, and the 
elastic resilience therefore proportional to the distortion- 
(8.eS72-) 

223. The ordinaiy experinii^utal illustrations of Hooke's 
Law are given, very much as he originally gave them, 

1. A rod or wire, fixed vertically and stretched by 
appended weights ; or a rod or column compressed by 
weights laid on itis upper end. 

2. A wire stretched horizontally and extended by 
weights BUBpendL'd at its middle point. 

3. A bar or plank fixed horizonfcilly at one end ami 
loaded with weights at the other. 

4. A plnnk with its ends resting on trestles and loaded 
at the middle. 

5. A spiral spring, forming a helix of gmalt step, 
compressed or exl«ndod by weight^. 

6. A wire or rod, 6xed nt one end and twisted at the 

The mere mention of these methovls is auffii:ient, with- 
out further illuatration, to suggest the means by which 
tlie requisite measurements can be carried out. They 

Lwill be considered in detail, but not in the above order. 
In nil these cases experiment shows that (within 
certain limits, which will be afterwards discussed) the 
distortion in proportional to the distorting force. 
1 and 2 are mere varieties of one experiment. The 
same may be said of 3 and 4, which are examples of a 
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Bomewliat more complex form. And 5 and 6, tiiough at 
first sight very unlike, are practically one problem. 
Besides, they ore of a, simpler ctiaractcr than cither of 
the other pairs, for they involve the coefficient of rigidity 
alone; the others involve both coefficients. But 1 and 
2, on the other hand, are simpler than the rest, on a 
different account, viz, that they involve homoQeneom strain, 
224. Young's Modidue, 09 it is cdled, is determined 
from the stretching of a rod or wire by appended weights. 
As defined by Young, its measure is the ratio, of the 
simple stress required to produce a small shortening or 
elongation of a rod of unit section, to the fractional 
change of length produced. Its value is exprcBsed, as 
we see hy § 181, in terms of the rigidity and the resist- 
ance to compression, by the formula 

For bodies like india-rubber, in which i is large in 
com]>arisou with n, its value is nearly 3n. Hence the 
pulling out of an india-rubber band is almost entirely 
due to change of form (see again, g 181) and therefore 
the area of a cross section is diminished in nearly the 
same proportion as that in which Lbe band is lengthened. 

A piece of good cork suggests, though it does not 
realise, the conception of a solid in which n shall be very 
large in comparison with k ; and for such a botly Young's 
modulus would be nearly 9/-. Since n is very large, 
^here is HttJe change of form ; so that traction or pressure, 
in any direction, would expand or contract a body of this 
kind nearly equally in all directions. In cork the eflfect 
is confined mainly to the dimension operated on. 

From such considerations we sea that Young's modulus, 
though comparatively easy of measurement, is not the 
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simple quantity which it at first appears to be ; and tiiat, 
in fact, it may have the same uumerical value in each of 
two bodies which difier widely from one another, alike 
in rigidity and in compressibility, 

235. The following table gives approximate values 
(§ 166) of Young's modulus for some common materials ; 
the unit being 10' grammes' weight per square cenli- 



YouBf!'a niodiiluH, ^ 

Oold . . Sf 

Silw . . 7f 

Copper (bud] . 121 

Copper (uinealed) 110 



Tenacity. 



Bteel 



180 
•2i0 



I 



To convert these numbers (as tbey stand in the table) 
into the common reckoning of pounds' weight per square 
inch, it suCEces to multiply them by about 142,000 instead 
of by 10'. To convert to C. G. S. units, s.e. dynes per 
square centimitre, multiply by 9-81 x 10". 

226. A second column (in terms of the same units) 
has been added to the above table, to give an indication 
of the Taiaeifij of each of the materials sjiccified. This 
means the utmost longitudinal stress which (when 
cautiously applied) a rod or wire can endure without 
rupture. It has no direct connection with Young's 
modulus, nor with either of the coefficients of elasticity, 
for a substance has usually to be strained far beyond ito 
limits of elasticity before nipture takes place, and the 
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dimensions of the cross sGctJon are also much reduced. 
The uncertainty of the amount of this quantity, even in 
different specimens token from the same piece of matter, 
leads to our giving it usually to one significant figure 

227, Young's treatment of the subject of elasticity is 
one of the few really imperfect portions of hia great 
work.' He gives the values of his modulus for water, 
mercury, air, etc. ! It is not easy to understand what 
he really meant by speaking of " iJie " modulus of 
elasticity : unless, as Lord Rayleigh suggests, he meant 
that which (whatever be, in each case, its real nature) 
is involved in ordinary sound waves, whether in air or 
along wires. Young's modulus is, no doubt, a quantity 
of great value in practical engineering ; — in innny cases 
the only elastic datum required. Yet he speaks of 
rigidity, etc., in a way which is scarcely compatible with 
the idea of one modulus only. But the subject was in a 
state of great confusion till long after his time, mainly 
in consequence of an unwarranted conclusion (deduced 
by Navier and Poisaon from a species of molecular 
theory) that there is a necessary numerical ratio between 
rigidity and resistance to compression. In fact, what 
was called Poiason's ratio, that of the lateral shrinking, 
to the longitudinal estension, of a bar or rod under 
tension, was supposed to be necessarily equal to 1/4. 
This gives (g 180) p - 4g, or 3i= 5n. 

The erroneousneas of this conclusion was first pointed 
out by Sir G. G. Stokes," and his paper has put the whole 
subject in a new and clear light. Wo have already given, 
in g 224 above, some of his illustrntiona, which show 

' Lea-ura on NatnTal Fkilo»o^ky, lS07i 
» Cainb. Fhit. Tmns., 184E. 
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that then is no nccessaiy ratio, or even relation, between 
n and k. 

De St Tenant' has given compute eolations of a 
number of interesting cases, such as the torsion of prisms 
of different forms of crose-section, many of which are 
very valuable in practical applications. Lord Kelvin,' 
besides giving the theory with ostrcme generality, has 
also specially developed the application of T/iermo- 
dynamifa* to the subject 

In spite of Stokes' exposure of the inaccuracy of the 
80-calIed VMConslant Theory, it has still determined 
partisans. These may profitably consult the following 
data, given by Amagat;* though we quote them for their 
intrinsic value, not for the purpose of further " slaying 
the slain." 

Elastic CoirarANTa (Meak Values) at 12° C. 



Glass D'245 

Steel 0-2eS 

Copper 0'827 

Brasa 0-327 

Lead 0-4'23 

The unit for Young's modulus, which was determined 
directly, is a kilogramme weight per square millimetre, 
BO that the numbers in the last column must be divided 
by 100, to reduce them to the unit employed in the 
table of § 225. 

The numbers in the first two columns are the means 
of closely accordant results derived, one set from the 

^ ilim. d»i Savaiit Straiujen, 1SS6. See also ThotnsoD sud 
Tail's A'n(. Fkil., Si 899, etc, 'Pkil. Trans., 1354. 

*QuarUrlj/i£iilh.Joumai,16b5, * ComjUet Jtendiu, 1SB9. 



Compresailiility 


YonoK's 


per Atmoflphere, 


Uadulua 


0-00000220 


6.776 


68 


20,396 


86 


12,145 


es 


10,851 


276 


1,556 
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cliange of contents of a cylinder undei longitudinal 
traction (g 181), the other from the similar change under 
external pres^sure alone (g 1S3). Along with each of 
these data the value of Young's modulus, as given in the 
last column, was employed. 

228. We will now consider the pure Torsion of a 
cylindrical rod or wire, as employed, for instance, in the 
Cavendish experiment (§ 153). 

This is a very eimple problem if the cylinder be truly 
circular, and of perfectly homogeneous isotropic material. 
For it is clear from what follows that equal and opposite 
twisting couples, applied at its ecila, will eiiuply make 
successive transverse slices, of equal thickneas, rotate 
about the axis each by the same amount loss than the one • 
before it, 

The length of the cylinder cannot increase under 
torsion, for a reversal of the couples (which is practically 
the same arrangement) would shorten it (§ 177), and 
vice versa. Neither can its radius change, for exactly 
the same reaaon. Not can a transverse section become 
curved at any part. TJms the volume remains unchanged, 
and therefore the coefficient of rigidity alone is involved. 

Consider a thin annular portion of the cylinder bounded 
by transverse Bections at a very small distance, t, from 
one another, and by concentric 
cylinders of radii r, and r + f. We 
may subdivide this into cubes^ of 
side t, by planes through the asis, 
making angles i/r with one another. 

Let 9 be the twist per utiit 
length of the cylinder, '!> is the 
angle by which one of the parallel 
sections Ime rotated relatively to the other, and r.f9/t, o 





» 



PKOFKBTIES OF MATTER. 



rf, is the chnuge of angle in each of the little cubes. 
Hence, if P be tlie tangential force per unit of area (§ 178} 

The moment, about the axis, of the tangential force on 
the cube is therefore 

[Note here, for an ulterior purpose (g 235), that r'fi is 
the moment of inertia (g 133) of the area of the face of 
the cube about the axis.] 

liut the number of cubes is Sn-r//, so that the whole 
moment is 2ir«c^(j. 

This is the couple required to twist a circular cylinder 
of radius r, and very amnll thickness t, through the angle 
* per unit of length. 

To find the result for a aohd cylinder of radius R, we 
must put dr for (, and integrate. The result is 



Hence the twist produL'ed, per unit of length in a 
cylinder, is directly as the twisting couple ; inversely as 
the rigidity and as the fourth power of the radius. 

229. This suggests an obyious and direct experimental 
process for determining the rigidity of homogeneous 
isotropic suhstances. There ate two difficulties, of a 
formidable character, in the way of its application : first, 
the obtaining a honiogencoua isotropic material, and 
secondly, the making it into a circular cylinder. It is 
clear that very small irregularities of form, or errors in 
the estimate of the radius, may give rise to laige errors 
in the calculation of the rigidity, since the fourth power 
of the radius is directly involved in the calculations. 
And it ia probable that the mode of manufacture of the 
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cylinder (eapecially if it be drawn, § 49) may render its 
otherwise isotropic material markedly non - isotropic. 
Hence the following numbers are given as mere approxi- 
mntiouB. The unit is, again, 10' grammes' weight per 
square centimetre (§ 226), 



Approximate Rigiditt (n). 



Olua 
Bnas 

Iron (vFTOught) 
Iron (csst) 
Steel 
Copper 



45 to 50 



These values are for ordinary temperatures. As the tem- 
perature is raised, the rigidity is found steadily to diminish. 

230. When a spiral spring is drawn out, it b pretty 
clear to every one that there ia unbending, for the curv- 
ature becomes less as the helix is lengthened. And 




"313" 



the following simple experiment shows that this flexure 
ia accompanied by torsion. Coil up a strip of sheet 
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india-nibber, as in the cut, and pull out tlie inner end. 
It assumes tho form sketohed. The portion pulled out 
Btraiglit IB twisted merely ; the coiled part is merely 
bent; the intermediate portion ia partly bent and partly 
twiated. Every coil pulled out gives one complete turn 
of twist. If we make tinAs on the strip, aa in fig. 35, 
then, on pulling out the first, we find liro complete turns 
of twist, but on pulling out the second Uiere is no twist, 
oito of the kinka giving a right-bauded, tbo other a left- 
haiidiid, complete turn of twist.' 

Whi'n tho spring is very flat, i.e. has a very enuJl 
step, the principal effect of a moderate extension is mere 
toraion ; and the investigation is of a character precisely 
tho same as that in the preceding section. The some- 
what moro complex comhiaition, of tordon and flexure 
Bioiultaneoualy, will be adverted to later. (§ 237.) 

231. Theoretically speaking, we can of course deduce 
the resistance to compression from the (known) values of 
the rigidity and of Young's modulus ; and it ia in this way 
that most of the data connected with the subject have 
boon obtained. But especially in cases where Young'a 
modulus is not very far from threefold the rigidity (as, 
for instance, in india-rubber), the inevitable errors in the 
determination of these might lead to enormously greater 
errors in the calculated value of k. 

Tho method which was incidentally employed by 
Uugiiuult, in his measurements of the compressibility 
of liciiiids, consisted in applying pressure externally, 
internally, and externally and internally, to a species 
of pienomcter containing water. The results of § 183 
show that (supposing it cylindrical, and unit pressure 
applied) its internal volume must have been altered, in 
' KDots. Trant. B.S.E., 1877. 
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these tliree cases resiiec lively, by the following fractioaa 
of its whole amount : — 






L 



The algebraic sum of the two first is of course equal 
to the third. But the quantities measured in the two 
latter cases were both less than those stated above by the 
fractional change of volume of the water. The relation, 
therefore, still hokia, and furnishes a test of the accuracy 
of the eiperiments, But it reduces the number of inde- 
pendent equations to two, from which there are three 
coeflBcients of elasticity to be determined. Hence 
Regnault also had to fall back on the employment of 
Young's modulus. 

An interesting illustration of the above statements is 
famished by an experiment of Forbes. He replaced, by 
an india-rubber bottle, the bulb of a piezometer. In such 
an infltmment the apparent coraprossibility of water was 
found to be barely aensiblo. 

232. Probably the best, certainly the moBt direct, 
ithod ia that adopted by Buchanan,' in which the 
igth of a rod is very carefully measured while it is 
under hydrostatic pressure, and also while free. The 
linear contraction so determined ia numerically (if the 
material be homogeneous and isotropic) one-thitd of the 
compression (§ 176). Unfortunately Buchanan's pub- 
lished measures are couHned to one particular kind of 
The special merit of his method is that, provided 
' Tmm. &3.S., 1880. 
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the rod be of isotropic materia], the regularity of its cross 
section is of no consequence. 

Thus we can give for this property also only a few 
roughly approximate numbetB. They are given in the 
same units as the preceding. 

Afpbosimate Reeistamcb to CoMPRBeaion (A). 

Glus 20 to 40 

Copper ...... 180 

Iron (wroDght) .... 160 

Stael lS£tfl£O0 

It is greatly to bo desired that more, and more accurate, 
data should be obtained in this matter :— though, as is 
evident from § 219, the problem is one of very great 
uncertainty as well as difficulty. Difficulty incites rather 
than repels a true experimenter, but uncertainty is 
paralysing. 

233. Though, as we have seen, we can give only 
general and somewhat vague numerical data, there is 
practical unauimity on the part of experimenters that, 
within tlie liviiU of elaetidhj, Hooke's law is very closely 
followed. Hence, although it is necessary to measure 
the elastic coefficients for each specimen of each snb- 
stance wc employ, once that measurement is cfiected we 
can trust to it as giving the special qualities of the 
material through a range of stress which, in glass, steel, 
etc., is often fairly wide. One excellent example ia to 
bo found in the substitution of glass or steel for air or 

I nitrogen in the construction of instruments for measuring 
hydrostatic pressure. 
The first to introduce this principle seems to have been 
Parrot,' whose £lalSromelre was merely an ordinary 
• " Eiipifiencoa de Tarte Cpmprossion aur Divers Corpa," Uim. 
de VAcadlmie Ivifiriate fits Scimca dt SI Fetersbourg, 1833. 
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thermometer, with a bulh thick eaough to stand great 
pressure. Keeping it immersed in water at a constant 
temperature, and applying great pressures, he found that 
the diminution of capacity of the bulb waa abnost exactly 
proportional to the prcisaaro. 

Instruments working on the same general principle have 
since been introduced, in ignorance of Parrot's work, by 
many investigators. Bourdon gauges, aneroid baro- 
meters, etc., ore merely special though rather complex 
instances. 

Sudden application of pressure produces temperature- 
changes which affect especially the volume of the liquid 
contents by means of which the distortion is usually 
measured. But these instruments (in Parrot's form at 
least) may be made practically insensible to sucb changes 
by the simple expedient of nearly filling the bulb (which, 
for this purpose, should be cylindrical) with a piece of 
glass tube closed at each end.* The mercury in the bulb 
19 thus greatly reduced in quantity, and therefore the 
temperature elFects iii the stem are very small, while the 
instrument is still as sensitive as ever in indicating 
changes of volume. 

The dimensions and thickness of such an instrument, 
for any special purpose, can be easily calculated from the 
formulte of § 183 } and the unit of pressure can be deter- 
mined for it, by a single comparative experiment, with 
the aid of Amagat's table of compression of air {i 200). 

There is great advantage iu using simultaneously two 
instruments of this kind, in one of which the thickness is 
considerably greater (in comparison with the diameter) 
than in the other. For, so long as their indications 
f the Ckailaiger Thtr- 
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agree, bolh majr be trusted aa following Hooke'a law 
Tory accurately, 

234. The limit of proaaure measurable by 
these instruments depends upon the resistance of a gla! 
or steel tube to crushing by external pressure. From a 
series of experiments, made for the purpose,^ Tnit boa 
calculated that ordinary lead glass (in the form of a tube 
closed at each end) gives way when the distortion of 
the interior layer amouDts to a shear of about 1 ± j4ii> 
coupled with a compression of about f^. Hence even 
a very thick tube of such glass cannot resist more than 
about 14 tons' weight per square inch (2130 atmospheres) 
of external pressure. No correspondiug experimenta 
seem yet to have been made for steel. 

235. Wo now come to the case of bendiug of a rod or 
bat. Hero we have no such simple problem as in the 
case of the torsion of a cylinder, and must consequently 
assume the solution as given by mathematical investiga- 
tion ; based, of course, on the principles already explained. 
This shows us that, so long as the radius of curvature is 
largo in comparison with the thickness of the bar in the 
plane of bending, the line passing through the centre of 
inertia of each transverse section, the elfude centrai line 
aa it is culled, is bent merely, and not extended nor 
shortened. 

HXwfiexural rigidity of the bar, in any piano through 
the central line, ia directly as the couple, iu that plane, 
which is required to produce a given amount of curvature 
in the central line. Its amount may easily be calculated 
by means of the followiug considerations. I^et the figure 
represent a transverse section of the cylinder, C its centre 
of inertia, CD a line in it perpendicular to the plane of 
I Proc. S.S.E., April 18, 1881. 
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id let the centre of curvature of the bending 
lie towards E. Then obvioualy all lines parallel to the 
axis of the bar on the 
E-ward side of CD are com- 
pressed, all towards the 
other side extended ; each 
in proportion to its distance 
from CD and to the curva- 
ture. If we contemplatA a 
transverse slice, of email 
thickness i, vb see that its 
thickness remains unchanged F"o, se. 

along CD, ia diminbhed on the E-ward side of that line, 
and increased on the other. The thickness at the small 




area A becomes t [ 



, where r ia the radius of 



bending. This requires a tension A —~m, where w 
Young's modulus. The moment of this about CD ia- 



the sum of all such, i.e. the moment of the 

couple, is — multiplied by the moment of inertia 

of the area of the section about CD. (The reversed 
strain, in the compressed parts, requires the reversed 
fltresa. g 177.) Now through C in the plane of the 
section, there are two principal axes of inertia of the 
area, in directions at right angles to one another. 
Hence, except in the cases of "Kinetic Symmetry" of 
the section (as when it is circular, square, equilateral- 
triangular, etc.), there are two principal flexural rigidities, 
a maximum and a minimum, in planes (through the axis) 




perpendicular to one another. If the rigidities in these 
planes be callyd Rj and Rj, the flexural rigidity in a 
plane (through the central line) iaclined at an angle 6 
to that of Ki is— 

RiC08»» + E,sm'.». 

[Compare § 228, in which the correaponding caae of 
torsion-rigidity waa shown to depend upon the moment 
of inertia of the area of the section about the ela^ic 
central line. This is the third principal axis of the trans- 
verse sectional area at its centre of inertia.] 

23(3. It appears from last section that flexure (within 
moderate limits) is, practically, as regards any very small 
portion of Ihe substance, the same thing as longitudinal 
extension or compression, and thus cannot give us any 
simple information as to the elastic coefficients of the 
substance. But it has very important practical appli- 
cations, and therefore we devote some sections to the more 
common cases. 

The principal moments of inertia of the area of a rect- 
angle, sides 2a and 26, about axes through its centre and 
parallel to pairs of sides, are 4a'A/3 and AaJfij^, JIultipIied 
hy m, they represent the flexural rigidities of a plank in 
planes parallel to its broader, and to its narrower faces 
respectively. These rigidities, multiplied by the bending 
curvature, give the couple required to produce and to 
maintain the flexure. 

L237. The Eltulie Curve of James Bernouli, celebrated 
in the early days of the differential calculus, ia a parti- 
cular case of the bending of a wire or plank, in which 
the flexural rigidity in the plane of bending is the same 
throughout, and a simple stress (§ 12S) alone is applied. 
The obvious condition is that the curvature at each 
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point ia directly proportional to the distance from the 
line in which the stress acta. For the investigation of 
the equation of the curve from this condition, and for 
drawings of its varioua forma, the reader innst be referred 




to works on Abstract Dynamics ; ' but we figure here the 
special case which correaponda to a stretched uniform 
wire, of infinite length, with a single kink upon it. Tbia 
will be referred to in g 389 below. 

The investigation of the bending of planka, variously 
supported, and under various loads, is a somewhat 
generalised form of the question of the elastic curve. 
The principles involved in its solution are simple, and 
almost obvious ; but the mathematieol treatment of it 
would lead us too much out of out course. So would 
that of the problem of the effect of a couple applied 
anyhow to one end of a cylindrical or prismatic wire, of 
any form of eectioo, the other end being fixed. The 
wire, in such a case, takes generally the form of a circular 
helix : — involving both flexure and twist. The extreme 
particular cases are — (1) when the wire is in the plane of 
the couple, and there is bending only; (2) when the 
is perpendicular to the plane of the couple, and there is 
twist only. 

' See, for instance, Thamsmi and Tait't Nat. Pkil., vol, 
iL p, H8. 
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238. The results hitherto gircn . ore nil ap|iroximAte 
only, and depend upon the radius of bonding being large 

nparod with the thickness of the wire or bar ia the 
plane of flexure. Thoae given in § 228, for torsion, may 
be applied, under a similar restriction, to cases in which 
the section of the wire or bar is not circular. The 
mathematical treatment of the exaet solution of such 
problems ia of too high an order of difficulty for the 
present work ; but some of its results, alike interesting 
and important, may be easily understood. A few of 
them will now be given, but the reader must bo referred 
to the works already cited (g 227) for a more complete 
account. 

239. Thus in the flexure of a uniform bar into a 
circular arc, we saw (§ 235) that each fibre is extended 
or compressed to an amount depending on its original 
distance from the plane which [Jaased through the centres 
of inertia of its transverse sections (while it was straight), 
and perpendicular to the plane of bending. But thja 
involves (§ 177) compression or extension of the trana- 
verse section of the fibre, uniform in all directions, and 
to an amount proportional to the extension or shortening 
of its length. Hence, if the section of the unbent bar 
be divided into equal indefinitely small squares, each of 
these will remain a square after bending. From this we 
can obtain aji approximate idea of the change of shape of 
the transverse section. 

Consider the annexed figure, which represents parts of 
of concentric circles, whose radii increase in a 
slow 'jeomelrical ratio, intersected by radii making with 
one another equal angles such that the arcs into which 
any one circle is divided are equal to the difference 
between its radius and that of the succeeding circle. 
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When the circles and mdii nre infinitely numerous, all 
the little intercept«il areas are sqiiarea. The sides of 
the squares along CD are obviously 
greater than those o( the squares 
along A3 by quantities proportional 
to AC. Those of the squares along 
EF are leas than those of the squares 
along AB by quantities proportional 
to AE. The figure CDFE must 
therefore represent the distorted form 
of the cross section of a beam, origin- 
ally rectangular, ami bent iu a place 
through OG, anil perpendicular to 
the plane of the figure. ITie side of 
the beam which is concave in the 
plane of flexure is convex in a 
direction perpendicular to the plane 
of flexure ; that which ia convex in y,a_ js. 

the former plane is concave in the 
latter. The cause is, of course, the transverse swelling 
of the fibres on the side towards G, the centre of bending, 
and the diminution of section of those on the other side 
of the bar. It is sufficiently accurate to assume that AB, 
which is unchanged in length, was originally midway 
between the faces of the bar. 

If OG be the radius of flexure, the ratio of the exten- 
sion of one of the fibres which |iass through a point of 
EF to its original length is AE/OG. Its lateral con- 
tnction in all directions must therefore he (§ 180) 

-m^> ^^^°°- 

But it is obviously AE/OH. Hence 

2;3A-i-n)OG-(3t-2»)OH. 
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Thus the point H is determiDed, and the approximate 
solution is complete. A square bar of vulcanised india- 
rubber sIiQwB very clearly the characteriatica of this 
-strain. 

240. lu the case of torsion of a cylinder whose section 
is not circular, plane transverso sections do not reruain 
plane. The followinj; figure gives de St Venant'a result 
for an elliptic cylinder. It represents the contour Hubs 
of the distorted section made by planes perpendicular 
to the axis. They are equilateral hyperbolas (as in § 88), 
the common asymptotes being the axes of the section. 




The torsion is applied in the positive direction to the end 
of the cylinder above the paper ; and the full lines 
represent distortion upwards ; the dotted, downwards. 

241. Coulomb, who first attacked the torsion problem, 
vos led (by an indirect and unsatisfactoi^ process) to the 
result above (5 228), viz. that the torsional rigidity is pro- 
portional to the moment of inertia of the area of the 
transverse section about the elastic central line- This ia 
true only in circular cylinders or wires. It gives too 
large a value for all otlier forma of section. From de St 
Venant'a paper we extract the following data. The first 
numbers express the ratio of the true torsional rigidity to 
the estimate by Coulomb's rule. The second numbers 
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show the ratio of the toraioniil rigidity to that of a 
cylinder, of the same Bectional area, hut circular. 



The torsional rigidity of an elliptic cylinder 
heing the semi-axes of tlie tniusverse section, is 



I 



242. From these and like results we are led to see that 
projecting flanges, which add greatly to the flesural 

ri^dity of a rail or girder, are practically of no use as 
regards resistance to torsion. 

Another of de St Venant's important results is that the 
places of greatest distortion in twisted prisms are the 
parta of the houndary nearest to the axis, 

Near a re-entrant angle in the boundary of the section 
the stress and strain are usually very much greater than 
at any other part, whether the streas he auch as lo pro- 
duce torsiori or bending. Hence the reason for the very 
importaut practical rule of always rounding off such angles, 
when they cannot be entirely dispensed with. 

243. StiU keeping to statical experiments, we have to 
consider briflly t!i« limite of elastieitij. 

'WTicn a solid is strained beyond a certain amount, 
which depends not merely on its material but upon its 
state and the mode of its preparation, one of two things 
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OccuTB. Either it breaks and is said to be brittle, ax it 
becomes permanently distorted, and ia said to be plaHie, 

Different kiada o( steel, or the same steel differently 
tempered, give excellent instaoces. Some have qualities 
superior to those of the best iron, others are more brittle 
than glass. Even in the case of one definite material, 
the results differ widely from one another according to 
the duration of the stress, and also according to the way 
in which it is applied : — i.e. by successive large or small 
instalments, and with longer or shorter intervals between 
the applications, 

244. When a body has been permanently distorlnd, 
B3, for instance, a copper wire which has received a few 
hundred twists per foot, it has new limits of elasticity 
(within which Ilooke'a law again holds, though with altered 
coefficients) ; but the elasticity, at all events for distortions 
of the same kind, is usually of a very curious character, 
inasmuch as the strain produced by a stress will, in gen- 
eral, no longer be exactly reversed by reversal of the 
stress. In fact the body has been rendered no n-isoCropic ; 
and, so far as this problem has yet been treated (though 
that does not amount t« much), it is of the order of 
questions which we cannot enter on in this volume. 

The limits of elasticity vary so much, oven in different 
specimens of the same material, that no numbers need 
here be given. Every one who has occasion to take 
account of these limits must determine tliem for himself 
on the materials be ia about to employ. 

245. A curious fact, showing that elasticity may re- 
main dormant, as it were, is exhibited by sheet india- 
nibber. When it has been wound in atrii>s, under great 
tension, on a stout copper wire, and has been left in that 
condition for years, it appears to harden in its state of 
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strain, and can bo peeled off like a piece of uustretclied 
gutta-percha. But, if it be placed in hot water, it almost 
instantly springs back to its original dimensions. The 
experiment may be made, but with less perfect results, 
in a few minutes, by merely putting the strained iudia- 
nibbei into a mixture of snow and salt. 

246. Excellent inetanceB, illustrative of the possibility 




of arrangements giving peculiar kinds of non-isotropy, are 
furnished by many manufactured articles, such as woollen 
or linen cloth, wire-gauze, eta, in which Young's modulus 
is large for strips cut parallel to the warp or woof, but 
small for strips cut diagonally. Still more curious is a 
special kind of wire-gauze in which the meshes are rhombic. 
Another suggestive instance is a strip formed of wire 
knotted as in Fig. 30, in which the flexure and torsion 
rigidities for any bending or twist, and its reverse, are in 
general markedly different. Similarly a shirt-of-mail 
made of rings, each three joined as in the first figure (31 
above), is perfectly flexible ; as in the second figure, 
nearly rigid. ^ 

' On KnoU. Trans. It.S.S., 1877. 
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217. Kinetic processes for dotermiiiing coefliciente of 
elasticity ure ofteu based u|M)U the ]iilch of the tiot« given 
out by a vibratiog body. We do not give any of these, 
fts they belong properly to the subject of Sotrsn. All 
requiro nn exact deteroiination of pitch, and (except in 
tliB very siniplcat cose, that of stretched wires, ns those 
of a pianoforte) require, for their comparison with the 
other esperimeutol data, higher mathemutice than we con 
introduce here. 

248. There is, however, one kinetic process of a very 
Einiple character (we have already adverted to it while 
desci^ibiuy the Cavendish experiment, § 153) by which the 
rigidity of a aubatonce is determined from torsional 
vibrations. 

The wire to be experimented on is firmly fixed at its 
upper end, and supports a mass whose weight is sufficient 
to render it straight, but not eo great as to produce any 
sensible effect on its rigidity. The moment of inertia of 
this mass may bo caused to have any desired value by 
making the whole into a transverse slice of a hollow 
circular cylinder of sufficient radius, which can be very 
accurately turned and centred on a lathe. The wire 
must be attached to the middle of a light cross bar, so as 
to lie in the axis of this cylindrical vibrator. 

If N represent the torsional rigidity of the wire, / ita 
length, and f the angle through which tlie vibrator has 
heen turned, the elastic couple is 

-"f 

I The rate at which work is done against the elastic forces 
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But tliis must be equal to tho rate at which the appiended 
mass tosea energy of rotation, i.e. (§ 135) 

_ipp 
if I bo its moment of inertia. Hence 

This ahows (g 72} that the oacillationa are of the eimplc 
harmonic character, and that tiie period is 



V K' 



/5? 



■, if the wire he of circular section (§ 228), 
/8irn 

In this expression all the factors are known, with the 
exception of n, which can therefore be determined. 

The chief difficulties in the application of this proceaa 
are the finding exactly the radius of the wire, and the 
ensuring that its substance is really isotropic.; 

249. The solution just given is accurate otily if all the 
circumstances hare been taken itito account. But a very 
few trials, with wires of different metals, show that the 
range of vibratioa diminishes at every oscillation, and 
with some metals much more rapidly than with others. 
Tliia cannot, therefore, be wholly due to the resistance of 
the air. Part of it, at least, is undoubtedly due to tlie 
dissipation of energy, by thermal effects of change of form, 
which occur even when the elasticity is perfect. This, 
however, is beyond our province, as defined in § 175. 
But a large part, with metals like zine much the greater 
part, is due to internal viscosity. 

250. So long as we deal with steel, iron, silver, etc., 
and kuL-p to torsions well within the limits of elasticity, 




the arc of oscilklion is found to diminish in ^mple 
geometries! pn^rcssion. This points to a resistance to 
tJie motion, partly due to air acting on the suspended 
mass, pirtlj to thermal eSectd and to riscositj in the wire 
itself, but, on the whole, proportion&l to tjie rate of 
motion, i.e.. the rate of distortion. 

Thus the equation of g 248 tikes the form 

The solution of the problem in this case is, therefore, 
of the uAture of that given in § H above ; and we see 
that, if the diminution of the arc of oscillation (per 
vibration) is lai^e, the iteriodic time will be perceptibly 
increased. Thus the direct deterniiniLtion of n, by the 
mode of calculation given in g 2i8, would necessarily lead 
to uuderestimation of its value. 

The logarithmic decrement of the arc of vibration gives 
us K, the time of vibration gives us u, and then we have 

— -S- 

whence N, and therefrom n, can be found. 

251. All this part of out subject is still very imperfectly 
worked out. We have already seen (§ 50) that even 
brittle bodies may be completely changed in form by 

Ismail but peniitml forces. And there is no doubt that 
all elastic recovery in solids is gradual, so ttiat, for 
instance, in the torsion vibrations which we have just 
considered, even when there is no sensible viscous 
resistance, the middle point of the range does not coin- 
cide with the original untwisted position of the wire. 
It is always shifted towards the side to which torsiou 
was first directed, and to a greater extent the longer the 
wire has been kc[it twisted before being allowed to 
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vibrate. WiUi every vibration, however, the middle 
point of the range creeps nlowly back towards tbe original 
undisturbed poaition, but the oacillation usually ceases 
before this ia reached. Still, even after the oscillation 
has ceased, the wire continaea to untwist, more and more 
slowly, sometimes not even approximately reaching its 
undisturbed position till hutirs or even days have passed. 

When viscous resistance is considerable these results 
are usually still more marked ; and Lord Kelvin ' has 
discovered the very curious additional fact that this 
molecular friction becomes greatly increnaed by keeping 
the wire oscillating for days together, He has pushed 
this process so far with one of two similar wires that, 
whereas, in that which had been made to vibrate only a 
few times, the arc of oscillation became reduced to half 
in 100 vibrations, the (equal) arc of that whose elasticity 
bad been " fatigued " fell to half after 44 or 45 vibrations 
only. 

252. Some of these phenomena are seen in a still more 
striking form when we dispense with oscillation. Thus, 
for example, suppose the wire to be kept twisted through 
90° to the right for six hours, then for half an hour 90' 
to the left, and be then so gradually released that there 
is no oscillation. ^Vllen it is left to itself it turns slowly 
towards the right, gradually undoing part of the effect of 
the more recent twist, then stops, and twists still more 
slowly to the left, thus undoing part of the quaai-permaneat 
effect of the earlier twist. Tims the behaviour of such 
a wire, strictly speaking, ia an excessively complex one, 
depending, as it were, upon its whole previous history ; 
though, of course, the trace left by each stage of its 
treatment is less marked as the date of that stage is more 
' Pne. R.S., 1886. 



I 



as* PROPERTIES OP MATTER. 

remote. This subject has of late attracted great 
attentiou in Genuaoj', and, under the name Eiiutisehe 
KaektcirlcnjiQ, has been the object of nuioeroiu researches 
by Wiedemann, Eohlrausch, Bottimaiu), etc 

253. Clerk-Maxwell ' has givea a sketch of a theory 
of this peculiar action, from which wo quote tha 
following ; — 

"We know that the molecules of all bodies are in 
motion. In gases and liquids the motion is such that 
there ia nothing to prevent any molecule from passing 
from any part of the mass to any other part ; but in solids 
we must suppose that some, at least, of the molecules 
merely oscillate about a certain mean position, so that, if 
we consider a certain group of molecules, its configuration 
is never very different from a certain stable configuration, 
about which it oscillates. 

"This will be the case even when the solid is in a 
slate of strain, provided the amplitude of the oscillations 
does not exceed a certain limit> but if it exceeds this limit 
the group does not tend to return to its former configura- 
tion, but begins to oscillate about a new configuration of 
stability, the strain in which is either zero, or at least less 
than in the original configuration. 

"The condition of this breaking up of a configuration 
must depend partly on the amplitude of the oscillations, 
and partly on the amoimt of strain in the original 
configuration ; and we may suppose that different groups 
of molecules, even in a homogeneous solid, are not in 
similar circnmBtances in this respect. 

"Thus we may suppose that in a certain number of 

groups the ordinary agitation of the molecules is liable to 

accumulate so much that every now and then the con- 

' " CoD4tituttoii or Bodies," Eney, .firtf., niutli edition. 
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figuration of one of the groups breaks up, and this whether 
it is iu a state of strain or not. We may in this ease 
itssunie that in every second a certain proportion of those 
groups break up, and assume configuratiuna corresponding 
to a strain uniform in all directions. 

"If all the groups were of this kind, the medium 
would be a viscona fluid. 

"But we may suppose that there are other groups, the 
configuration of which ia so stable that they will not 
break up under the ordinary agitation of the raolocuiea 
unless the average strain exceeds a certain limit, and this 
limit may be different for diRerent systems of these grou[>B. 

"Now if such groupa of greater stability are dia- 
eeminated through the substance in such abundance as to 
build up a solid framework, the substance will be a solid, 
which will not be permanently deformed except by a 
stress greater than a certain given stress. 

" But if the solid also contains groups of smaller 
stability and also groups of the first kind which break up 
of themselves, then when a strain is applied the resistance 
to it will gradually diminish aa the groups of the first kind 
break up, and this will go on till the stress is reduced to 
that due to the more permanent groups. If the body is 
now left to itself, it will not at once return to its original 
form, but will only do 60 when the groujjs of the first 
kind have broken up so often as to get back to their 
original state of strain. 

"This view of the constitution of a solid, as consisting 
of groups of molecules some of which are in different 
circumstances from others, also heljw to explain the state 
of the solid after a permanent deformation has been given 
to it. In this case some of the less stable groups have 
broken up and assumed new configurations, but it ia quite 
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possible that others, more stable, maj still retain their 
original configurations, so that the form of the body is 
determined by the equilibrium between tlieae Iwu acta of 
groupa ; but if, on account of rise of temperature, increase 
of moisture, violent vibration, or any other cause, the 
breaking up of the less stable groups is facilitated, the 
more stable grou{« may again assert their sway, and tend 
to restore the body to the shape it had before its 
deformation." 

254. There remains one specially complex kinetical 
case of elastic reaction, >.e. the effects of Collision. 
According to Newton, the " rules of the congress and 
reflection of hard bodies " were discovered about the 
same time by Wren, Wallis, and Huygens. Wallis had 
the priority, then followed Wren. But Wren " eonfinned 
the truth of the thing " by a pendulum experiment (see 
Appendix IV.). By "bard bodies" are meant such as 
rebound from one another with the same relative velocity 
as they bad before collision. Newton goes oD to describe 
his own mode of experimenting on the subject, how ho 
allowed for the resistance of the air, etc., and proceeds as 
follows:— 

" By the theory of Wren and Huygens, bodies 
absolutely hard return one from another with the same 
velocity with which they meet. But this may be 
affirmed with more certainty of bodies perfectly elastic. 
In bodies imperfectly elastic the velocity of the return 
is to be diminished together with the elastic force ; 
because that force (except when the parts of bodies are 
bruised by their congress, or suffer some such extension 
u happens under the strokes of a hammer) is (as far aa 
I can perceive) certain and deterndneU, and makes the 
bodies to return one from the other with a relative 
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veloci^, which is in a given ratio to that rektive 
velocity with which they met. This I tried in balla of 
wool, made up tightly and strongly compressed . , . the 
halls always receding one from the other with a relative 
velocity, which was to the relative velocity with which 
they met as about 5 to 9. Balls of steel returned with 
almost the same velocity : those of cork with a velocity 
something less ; but in balls of glass the proportion was 
about 15 to 16." 

Of course results of this kind are confined to moderate 
relative speeds. The qaeation becomes a very different 
and vastly more difficult one when very high relative 
speeds are contemplated. Wlien the relative speed is 
such as to lead to the breaking of one of the two bodies, 
we have a problem of at least as high an order of diffi- 
culty OS that presented by Tenacity. (§ 226.) 

255. So far as spherical bodies of small size, and im- 
pinging on one another with a moderate relative speed, 
are concerned, there is yet but little to add to Newton's 
results. These results, however, were fully confirmed by 
the careful and instructive esperimeats of Hodgltinson.' 
Though the difficidt mathematical problem of the defor- 
mation and elastic rebound of two impinging spheres has 
been magnificently treated by Hertz,* his results are 
applicable only to very slight distortions. 

But recent inquiries have shown that Newton's use of 
the term " perfectly elastic " is not correct, for two bodies 
may be perfectly elastic, and yet fwt rebound from one 
another with the relative velocity of their approach. This 
happens, in an easily intelligible manner, when a bell or 
other body capable of vibrations is struck by a hanuner, 

^ BtU. Jw. Report, 1834. 

■ OnUe, xdi, ISS2. See sIbo Soliaeeb«li, Arth. da OeiUm, ISSt. 
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And it ia dear that tbe problem of impact of large n 
where the propagatioa of distorting stross in each has to be 
taken actiount of, will prove a veiy difficult one. 

In modem phraseology the ratio of the relative velocity 
of recoil to that of collision is called the Coe^ierU of 
Bealilution. It is not directly a coefficient of elasticity, 
for it depends to some extent upon the sizes and ahapea 
of the impinging bodies, as ve]i as upon the materials of 
which they consisL 

256. It is clear that, so far as direct impact of spheres 
is concerned (where the whole motion of each of the 
masses is in one common line), the third law of motion, 
along with the value of the coefficient of restitution, 
suffices for the calculation of the entire circumstances of 
the motion after impact. 

For if 11, M', be the masses of the sphere^ v, v' and 
r,, v^' their respective speeds before and after impact, 
and e the coefficient of restitution, the third law gives 



. Mr + MV 



while the elastic property gives 



r,'-i', 



■ ,{v-f): 



BO that u, and u,' are fully determined. 

This part of the subject will be found fully discussed m~ 
most treatises on Dynamics. For illustrations of cases in 
which, even with perfect elasticity, the coefficient of 
restitution ia necessarily less than unity, tbe reader 
may consult Thomaon and Tait's Natural Philotophy, 
§304. 

257, In the case of violent impact between bodies of 
small dimensions, as in golf or cricket, the mutual action 
(in the first sense of Newton's Third Law, § 128) usually 
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incrcnses faster than in direct proportion to the deforma- 
tion, measured liy the approach towards one another, after 
contact, of the undistorted parts of the two bodies. This 
will be the case oven while Hooko's Law holds, becaiLse 
the greater the deformation the more extensive usually 
are the parts deformed. Thus (§ 71) the duration of 
impact is le^s the greater is the relative speed ; ao long at 
least as no permanent distortion ia produced. 

The duration of comiireaaion is obviously greater than 
the time in which a ^Htint, moving with the initial 
relative speed, would pass over a space equal to the 
deformation (measured as above). But it ia less than 
twice as great For, since the mutual action inci-easea 
faster than does the deformation, and is such aa to retard 
the relative speed, its time-average value during the 
compression must he greater than its apace-avemge. 
That is 

MV MV" 

where T is the time of compression, and D the norma! 
deformation. This gives 

T 2D 

which is the statement above. The period of recovery 
is longer than that of compression in the ratio 1 : e, 
approximately. 

Some notion of the duration of impact maybe obtained 
from the following experimental results.' A block of 
hard wood, weighing 5J lbs., fell from a height of 4 feet 
on a cylinder IJ in. in diameter and IJ in. long, the 
lower half of which was imbedded lu a large mass of lead 
resting on the ground. 

' Free. R.S.B., I889-B0. p. 1S2 ; Trant. E.S.E., 1891, 1893, 
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It appeals from the experimente that the eUetic foro^ 
called into play by the distortion, raries nearly in the 
sesqatplicsl« ratio of the amount by which the cylinder 
s shortened. It ia vety curious to find that thia remit, 
deduced from experiments in which the elastic body ia 
violently strained Ihroughoid (being virtually struck at 
both ends simnltaneoualy} ia in exact accordance with the 
theoretical result of Herlx, in wliicb the impinging bodies 
were supposed to be perfectly free except in the region 
of their mutual contact, and the whole distortion was 
assumed to be veiy smalL 

A needle-point, attached to the block, recorded its 
motion on a rapidly revolving disc of glass, thinly covered 
with fine printer's ink ; and time waa measured by a 
simultaneous record made by a tuning fork maintained in 
vibration by a periodic electric current. When a golf- 
Imll was substituted for the cylinder, the time of impact 
was about 0-004. 

Thus a golf-ball (since its mass is about 01 lb. only) 
haa rebouuded from tlie club before it has described a 
space equal to half its radius : — and the whole time of 
impact is of the order of one ten-thousandth of a second. 
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258. A SOMEWHAT pedantic nomeiiclatuie hns introduced 
the terms Cohesion and Adhedon in senses distinct from 
one another. Thus contiguous parts of a piece of glass, 
or of a drop of water hanging from it, are said to cohere, 
while the water is anid to adhere to the glass. Such 
pedantry usually tends to produce confusion, as will be 
seen at onco if wo try to state in its language how the 
parts of a lump of granite, or of a drop of mixed alcohol 
and water, are kept together. We will therefore use, 
indiscriminately, whichever of the words happens to 
present itself when we require one of them. 

We have already referred to the molecular forces which 
are practically alone efficient in keeping together the 
particles of a solid of moderate dimensions (| 167), and 
to the resotidification (by pressure) of powdered graphite 
(% S3). The one characteristic of these forces, and that 
which specially contrasts them with gravitation, is that 
they are insensible at aeneihte distances. We have studied 
the elasticity of fluids and of solida, and have also made 
some remarks on the tenacity of solids (| 226). A few 
other instances of cohesion between the particles of solids 
may now be noticed, but the subject is one on which no 




be ai^teted in the preaent stftt« 



a of Biuble, aa esch of vliich a tnie plane 
I bis been wtxked, tnU, when these surfaces are 
t fimlf together, eren n foetu, adhere so as to 
e the ira^t ot nther (unless it be great in com- 
pWHoa whh the ue« of contact), so that one remains 
raqwaded bun the other. Barton, early in the century, 
) a set of enbee of copper whose sides were so veiy 
tne that when a doien of them were piled on one 
another the whole series adhered together when the 
w one was lifted. If a small plane surface lie scraped 
ik on Moh of two pieces of lead, and these be presaed 
r (with a alight screwing motion) they adhere 

I if they formed one mass. The processes of 

gilding, silvering, nickelising, etc, and their results, are 
known tu alL So are ttie properties of lime, glae, and 
other cements, all depending on the molecular forces in 
and between solids. 

369. Sor are we in a better position when we seek, 
by what nsed to be con^dered a direct mode of measure- 
ment, the force of adhesion between a solid and a liquid. 
In the great majority of cases, the liquid wets the solid : 
so that when we suspend a plate of the solid horizontally 
from one scale-pan of a balance, and try what amount of 
weights WB must put into the opposite pan so as just to 
detach the plate from a hquid surface, tiie liquid itself 
is osually divided, not directly separated from the solid. 
Such eiperimentfi, besides being very tedious and difficult, 
lead to no results of the kind sought (see § 287). We 
have seen (§ 319) that the adhesion of water to glass is, 
at least, 800 lbs. weight per square inch, But a force of 
about 60 grains' weight only is required to draw a square 
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inch of glass (wetted) from the eorfaee of water ; while, 
if the plate be carefully cleaned and dried, only about 
three times as great a force is required to separate it from 
clean mercury. When a square inch of amalgamated nine 
is used it requires more than 500 grains' weight to remove 
it from mercury. Here, however, as in the case of glass 
and water, it is the liquid which is divided (^ 275, 294). 

260. The Internal (or molecular) Cohesion of a liquid is 
suggested at once from analogy by the tenacity of a solid. 
Its amount is large (§ 219), but in consequence of the 
mobility of liquids its direct measurement presents experi- 
mental dilRculties apparently insuperable. It will be seen 
later that it can be calculated from the surface-tension, 
though the value thus obtained will be too small. It must 
be carefully distinguisbcd from what has been called the 
Internal Preamre of a liquid ; a conception not very easy 
to define, because somewhat difficult to grasp. 

In some statical theories of molecular action, especially 
that of Laplace, one of the most striking deductions ie 
that there must be a very great internal pressure in every 
liquid mass ; — a pressure wholly independent of the form 
and size of the bounding surface. This is usually known 
as " Laplace's K." Laplace's own estimate of its value in 
water ie given {with the caution " une aussi prodigieuse 
voteui ne pent poa €tre admiae avec vraisemblance ") as 
the weight of the water which would fill a tube of unit 
section whose length is 10,000 times the distance of the 
earth from the sun : i.e. something like 10^' tons weight 
per square inch.' This was based on the corpuscular 
theory of light, the numerical data being the refractive 
index of water and the speed of light. 

' Jtfrte. CiUiU, livre x., Sappliiment i. U Th^orie de I'Action 
Capil]ftir«. 
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Ko doubt the idea of molecular force was introduced to 
explain, amoug other thinga, the crowding of the particles 
together. But, aa the particles ore not supposed to be 
jammed together, it is clear that they must be regarded as 
acting repulsively when they are very near one another. 
Thus the first layers of particles, on either side of any 
imagined plane drawn in the liquid, may be conMdered. 
aa repelling one another, while the constituents of &e 
second, third, it, layers on either side of the plane attract 
these, and one another, across it. If this attraction be 
regarded as producing a pressure-stress +K, why should 
ire not apeak of a simultaneoua pressure-stress — E due to 
the repulsion 1 Thus, from the statical point of view, there 
would be no molecular pressure at all: — though there 
must, of course, be compression sufficient to bring the 
requisite repulsion into play. This compression must 
obviously increase, from the surface inwards, but only 
through a depth of the order of tlie molecular range. For 
the rest of the mass it is constant. Thus there is a 
surface film in which the state of the liquid is different 
from that throughout the reat 

The case presents a somewhat different aspect whan J 
we look at it from the kinetic point of view : — for theaM 
we have, in place of statical molecular repulsion, thaw 
impulse-energy of moving particlee, which produces i 
stresB sufficient to balance K. 

When external pressure is applied, the values of t 
balancing stresses will (on either of the above theories) h 
increased, because of the further compression produced. 
But the repulsive stress must then exceed the attractive 
by the amount of the external pressure ; and to 1 
extent there will bo what ia ordinarily meant by hydi 
static pressure, throughout the liquid. 
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[It is poaaiblo that the quantity U, in the empirical 
formula (^ 216, 217) for the average compressibility of a 
liquid for the fiiatjj atmospherea : — viz. 



may represent the pregsure-stresa K ; for the formula may 
be written as 

where {n+p)(v- a) = n(^,-<.) ; 

a=.o„{l-e) 

represents the (theoretical) volume under infinite prea- 
snre. By the remark above, n increases with the com- 
pression. This meets exactly the slight defects of the 
formula, pointed out in § 217.] 

261. We now come to phenomena in which accurate 
meaaureraenta are in general possible. These are the 
phenomena due to the Sur/aee-Tenm'on of liquids. We 
owe the idea to Segner (1751), but its development and 
application are due mainly to Young. The more recent 
theoretical advances in the subject were made cliiefly by 
Laplace and Gauss. [For a sketch of the history of this 
subject the reader is referred to Clerk-Mai well's article, 
" Capillary Action," in the ninth edition of the Eiv-y. Brit] 

262. As soon as we recognise, as a fact, the extremely 
short distance at which these powerful molecular forces 
are sensible, wo see that there must be an essential 
difference in state between parts of a liquid close to the 
surface and others in the interior of the mass. For if 
we describe, round any particle of the liquid as centre, a 
sphere whose radiui< is the utmost range at which the 
molecular forces ate sensible, the only parts of the liquid 
which act directly on that particle are tJiose contained 



218 PROPERTIES OF MATTKK. 

within tho sphere. So long aa the sphere lies wholly 
within the liquid the forces on the particle must obviously 
balance one another. [Of course it must be approximntely 
so, unless the least distance from particle to particle is com- 
parable with the radius of the aphere. We know of no 
liquid for which this is the case.] But when part of the 
sphere lies outside the liquid surface, i.e. wlien the 
distance of the particle from the surface is less than the 
range of the molecular forces, we can no longer make 
this aaaertioD. 

Hence we should expect to find peculiarities in the 
surf»ce<itlin whose thickness ia approximately equal to 
this molecular range. [The compressibility ia, happily, 
email in liquids, otherwise the reasoning above would 
lead to the result that the " peculiarities " should extend 
to a distance from the surface somewhat greater than tha 
radius of the sphere of action of the molecular forces.] 
We must appeal to experiment or observation to find 
their nature in each particular case. And here, as we 
shall soon see, a multitude of well-known facts comes at 
once to our assistance. But we must first examine, after 
Gauss, the theoretical conditions a little more closely. 

263. An important theorem of Dynamics is that, for 
stable equilibrium of a system, the potential energy of 
the whole must ho a minimum. It is easy to see from 
the considerations given in last section that, go long aa 
we ameider molecular forest alone, the amount of energy 
of the liquid mass can vary only with the extent of the 
surface, but we may formally prove it as follows. 

Let the energy be Sg per unit mass of the interior 
liquid, and e per unit mass for a layer of the skin, of 
surface 8, thickness (, and density p. Tlien, if M be tlie 
whole moss of the liquid, and £ its whole potential 
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energy, we have, by samining the energy of the interiot 
mass and of the successive layers of skin (which may be 
treated aa having nil practically the same superficies so 
long as their curvuture is finite, in consequence of the 
shortness of range of the molecular fgtcea), 

E-(M-a Zfp)et + 9. -Sift 
-M.o+8. Z(p(it-«,), 

Thus, in consequence of this property of the skin, the 
whole eoergy is increased or diminished by a quantity 
which is directly proportional to 8. The multiplier of 
S depends u[>on the nature and the temperature of the 
liquid, and on the nature of the aubstance which is in 
contact with its free surface, only. 

Hence, when e is greater than e^ everywhere through- 
out the skin, aa we find happens when a water surface 
ia espoaed to air, S tends to the smallest value compatible 
with the Donditiona. But when e ia less than e^, as when 
water ia in contact with glass, S tends to take as large a 
value as possible. If part be exposed to air, and part be 
in contact with glass or other substance, the final result 
is more complex, but involves the same principles. 

It is obvious that precisely similar reasoning may bo 
applied to the case of two liquids in contact, even after 
diffusion has gone on for a little, so long in fact ns there 
remains a sensibio difference between the energy per 
unit mass iu the common skin and in either of the 
liqnidfl. (See ^ 292, 300.) In auch a cose, however, the 
resulting changes of form must necessarily take place more 
slowly than when a single liquid is exposed to air, as the 
inertia of the whole system has to be overcome. 

264. Still keeping to the theoretical view of the 
autgect, let us consider what is imphed in the tendency 
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of the liqwid surface to become as small as possible. It 
must bohave, only in an incomparably more perfect 
manner, like on elastic membrane (such as a sheet oi 
india-rubber), which has been stretched by equal teosions 
in ail directions, But, while tlie tension of such a mem- 
brnno becomes less as it is permitted to shrink more and 
more, the liquid film has still aa great a tendency to 
shrink, however small ita surface may have become. 
Thus it must be under a definite Sar/aee-Teneion. 

If T bo this tension across a line of unit-length on 
Buch a liquid surface, it is easy to see that the work 
required to stretch a rectangle, whose aides are a and f/, 
into another whoso sides are a and b + l, is 

i.e. T multiplied by the increase of area. This quantity T 
must, therefore, be the multiplier of S in the expression 
{of last section) for the whole energy of a mass of liquid. 

265. When the hquid is drawn out into a film, as in 
blowing a soap-bubble, the tension of this film is practi- 
colly 2T ; so long, at least, as the whole thickness of the 
film is greater than twice the molecular range. For it 
may be regarded as consisting of a layer of interior water, 
with two surface-skins. 

266. We now come to the observed facta which are to 
be compared with these indications of theory. But, first, 
we assume the mathematical theorem that the sphere is, 
of alt surfaces, that which, with a given content, has the 
smallest superficies. 

Whenever a drop of liquid is left free from all but 
its own molecular forces, we find it assumes a perfectly 
spherical form. By far the most rigorous proof of this 
ifl afforded by the rainbow. Exceedingly alight deviations 
from perfect sphericity of tlie falling drops would suffice 
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entirely to alter the churacter of this phenomenon. Greater 
deviations would altogether prevent ita occurrence. 

The manufacture of small-shot, in which it ia im- 
portant that each particle should be truly spherical, ia 
another good example. A shot-tower, as it is called, is 
merely a gigantic ahower-bath, where the liquid employed 
ia melted lead, which ia slightly alloyed, mainly for the 
purpose of making it leas viscous while liquid. The 
m^'oritj of the falling drops solidify in forms very nearly 
spherical before they reach the water-bath which is 
employed to break their falL 

The rounding off of the sharp edges of a broken piece 
of sealing wax, as soon as it melts in a flame, is another 
example ; and it was in consequence of the almost perfect 
sphericity of the little bead, formed on the end of a glass 
fibre which is held in a flume for a short time, that such 
beads were used by the early microscopists as single 
magnifiers, lij the use of those, Leuwenhoeck and others 
anticipated many of the results which are now obtained 
by means of the splendid achromatic object-glasses of 
modem compound microscopes. 

267. An ingenious method of guarding a liquid from 
the action of any hut molecular forces was devised by 
Plateau. He simply placed a mass of oil in a mixture 
of alcohol and water of the same density as the oil. 
Here the mass assumes a perfectly spherical form. 
When this arrangement is altered by evaporation, the 
mixture becomes denser from the top downwards. The 
globe of oil becomes flattened, because its lower parts tend 
to rise and its upper portions to sink, being immersed re- 
spectively in parts of the liquid denser and leas dense than 
the oil. This mass of oil can he made to fulfil definite 
boundary conditions, by bringing into contact with it 
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various fcamea of wire, etc, all Iboroogbly oiled be{iM«- 

268. If B large drop of water be laid ou a dean glass 
plate, it Bpreada itself over a considerable surface. 
[Tbeoretically, it should wet the whole surface.] Now 
let ether vapour, which is heavier than air, be poured 
upon the middle of the water surface ; or let it be 
touched there hy a glass rod moistened with alcohol ; or 
even hold the point of a red-hot poker close to it. In all 
these cases the effect is to reduce, locally, the surface- 
tension, BO that, as it were, a weak part of the surface- 
film is produced, and this is pulled out over the surfac« 
by the greater contractile tension of the unaffected parts 
of the skin. The water, in fact, often retreats on all 
sides from the affected part, leaving the central portion 
of the glass uncovered. The effect is precisely similar 
to that which is produced in a stretched sheet of india- 
rubber where one part is either thinner than the rest, 
or has been slightly heated by a flame. 

The surface-tension of a drop of mercury is greatly 
altered when it is (electrically) " polarised." Remarkable 
phenomena of this kind were described by Stretbill Wright 
in I860.' Lippmann has employed this surface effect in 
the construction of a very sensitive electrometer, 

269. The phenomenon called the "tears of strong 
wine," first explained by J. Thomson, ia another example. 
When the sides of a drinking glass have been moistened 
with strong wine, we observe that tlie liquid filin soon 
becomes corrugated. The ridges are formed of the 
portions from which the greatest amount of alcohol has 
Bvaporateil, and which, therefore, have the greatest 
surface-tension. As these slide, by gravity, down the 

' Phil. Mag., lia. p. 12B. 
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eides, we oee them now and then stop, and even retract, 
when they come to a part vfhere there ia more alcohol, 
and therefore leas aurf ace-tension. 

By far the beat example, however, ie fnmiehed by 
aome of the less viscid oils. A few dropa, let fall on the 
surface of a quiet pool, seem almost to Hash out over tho 
surface, showing in the most brilliant manner the inter- 
ference colonrs of thin plates. 

Another striking instance of the effects of surface- 
tension is furnished hy a piece of camphor when placed 
on water. It usually dissolves more rapidly at some one 
place than at others, thus relatively weakening the surface- 
tension of the water in that place, and is consequently 
dragged about with considerable rapidity, and in the most 
capricious manner. Similar results, bnt of a more complex 
and often much more violent nature, are obtained with a 
pellet of potassium or of sodium. 

270. It is the same when we deal with a double skin, 
as in a soap bubble. When a soap-film is lifted by the 
mouth of a glass funnel previously wetted throughout 
its interior with the solution, it rapidly runs up the cone, 
and Axes itself finally at the place where the area of the 
cross section is least. 

Van der Mensbrugghe has devised a very beautiful 
and instructive experiment of this kind, which it is easy 
to repeat. He lays on a soap-film, lifted by a large v 
ring, a short endless silk thread, thoroughly wetted with 
the soap solution. As soon as the film is broken iiuside the 
coil of the thread, the thread is stretched out into an exact 
circle which bounds the hole in the film. The rupture 
ia easily effected by touching the film with a hot wire, or 
a lucifer match juat blown out. [Tho circle is the figure 
which, with a given perimeter, has the greatest area. 
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Thus tho film haa the smalleBt area, subject to the 

conditions.] 

■When a soap bubble ia blown at the mouth of a 
funnel, and the neck is loft open, we see it ebrmk faster 
and faster, expelling the contained lur, which is thus proved 
to be at greater than atmosjiberic preaeure. Faraday snc- 
ceedod in blowing out a candle by the air thus expelled. 

The BOop-glycorine solution, invented by Plateau, givea 
filnu which last for hours together, enabling us to study 
the phenomena of eurf ace-tension even more simply and 
accurately than can bo done by the help of his earlier 
method {§ 267). His great work' on these subjects forms 
B. storehouse of interesting and important experiments, 
all the more remarkable that they were devised by one 
who had the misfortune of being permanently disabled 
from seeing them. The reader must be referred to these 
volumes for other examples than the few for which we 
can find room. 

271. It is very inatnietive to observe the mode in 
which many problems, some of extreme mathematical 
difficulty, are at once solved practically by experiments 
with these eoaji-films. 

The whole physiesl part of the phenomena depends 
upon the fact that Ihe JUm taJces the form of smaller 
tuperfidei eomislent mth t)i.e eonditiona. 

When the film is exposed to equal pressure on its sides, 
i.e. when no air is anywhere enclosed by it, it may be 
made up of portions which are individually plane ; 
which case the problem, though possibly complex, 
comparatively easy. But this is an exceptional eose ; f 
even with equal pressures, the film is usually curved, 

' Slatiqtie erp^rimentaU et thiorigiic dai Liquidta to 
SeiiUs Fonts itvUmtiaircs. Taris, 1S73. 
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and it must always be curved when the preasuros on its 
sides are diflerenL 

272. Here it becomes necessary to consider the curva- 
ture of the film, and the way in which it depends upon 
the pressures to which the sides 
are expoaed. A very simple in- 
Teetigation gives na all we require 
in this matter. Suppose a tape or 
band, of unit breadth, while under 
tension T, be wrapped transversely ' 
round a cylinder of radiua R, and 
let p be the pressure which it pro- 
duces on unit surface of the cylin- 
der. ConBider a very small portion 
of ita length, AB, subtending an 
angle $ at the centre, O, of the 
cylinder. This portion of the band is kept in equili- 
brium by the tension, T, at its ends, and the reaction, 
p. AB, of the cylindrical surface. Resolving these forces 
in the direction OC, bisecting the angle AOB, we have 

2TBii]i--p. AB-p.R«; 

which, when 6 ia very small, becomes 




Thus the band reijuires, for its support in the cylindrical 
form, an excess of pressure on the concave, over that on 

T 
the convex side, amounting to ^ per unit of surface. 

273. In the case of a soap-film, or of the surface-film of 
a licjuid generally, there may be simultaneous curvatures in 
two planes at right angles to one another and to the tangent 
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plane. The effecta of those are to be amply saperposed, m 
they are independent Lot R, bo the radius of the second 
curvature, then, as the film exerts equal tension in all 
directions, the difference of pressures on its aides is, per 
square unit, 

This expression must bo doubled in the case of a eoap- 
bubble, for (§ 265) it has Ueo surface-films. 

This formula may easily be obtained in another way, 
viz., by expressing the work done during an infinitesimal 
normal displacement of each point of the film ; — Jirst, as 
the product of tho difTercnce of external and internal 
pressure into the increase of contained volume, and seeottd 
as the product of tho surface-tension into the increase of 
surface of the film. This, howeyer, we leave to the reader. 
He will easily find that if ( be the normal displacement of 
the element, t^, of surface, and p the dilTerence of pras- 
BUrea, wo have 

/Ms(,-T(^+i))-0, 

Khaleoer be tho value of t, the integral being extended 
over the whole surface. 

By a well-known geometrical theorem, due to Euler, 
the quantity multiplied by T, i.e. the sum of the curvatures 
in two planes at right angles to each other, and both 
passing through the normal to a surface at a particular 
point, is iudepondeat of the aspects of these planes. 
Hence it is convenient to choose B and R, as theprineipal 
radii of curvature of the film. 

When, as a purely mathematical problem, we seek the 
characteristic of tho surfaces of least area which satisfy 
given boundary conditions, we are led to the condition 




that Hie gum of the eurvalures at any pmnt is constant. 
This agrees with the physical result. 

274. Thus, when a Boap-film is exposed to equal 
pressures on its two sides, it must satisfy the given 
boundary conditioDs, and posaasa the further property 
that, at every point o£ its aurface, 



»'.e. whatever bo its curvature in any normal section, it 
must have au equal and opposite curvature iu the normal 
Bectiou perpendicular to the first, 

Such must, therefore, if we neglect the (very slight) 
disturbing effects of gravity, be the form of a aoap-film 
exposed on both sides to the air. Thus if we lift such a 
filin on a flat loop of wire it assumes a plane surface ; but, 
by bending the boundary, we can make it assume forms 
of marked curvature. In all its forms, however, the sum 
of the curvatures at each point is nil. And the same is 
the case, however ramified, linked, or knotted the wire 
frame maybe, provided only that there is no air imprisoned 
at any place. 

276. If we imprison a quantity of air by the film, as, 
for instance, by forming it between the rims of two equal 
funnels, and closing the neck of each with a finger, we 
have in general different pressures outside and inside ; 
and then we have (§ 269) 



2T R ^ K, 

where p is the constant difference of pressures. By 
altering the reLitive position of the funnels, as by shift- 
ing one sidewise out of the line of symmetiy, or by 
making it rotate (otherwise than about its axis of sym- 
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Bietry), we can throw the fiJm into estTOordiuaty shapes ; 
all of them, however, possessing the fuudanii^ntal propertj 
of constant sum of the cuFTatuiea 
at each point. But we content 
ourselves with a brief notice of 
the results of gradually withdraw- 
ing the funnek from one another, 
Fio. aa. while keejibg their axes of sym- 

metry in one line. 
Thus we may begin with the fihn as a quasi-ephcrical, 
or even spherical surface, having both its curvaturea 
moderate {Fig, 1). Ab wo withdraw the funnels from 
one another the longitudinal curvnture diminishes, and 
the transverse increases to the same amount, till at last 
tbo longitudinal curvature vanishes altogether, and the 




film becomes cylindrical (Fig. 2), Still further a 
ing them, the film takes an hour-glass form as in Fig. 3, 
where the increasing curvature of the transverse section 
is now balanced by a gradually increasing negative c 
ature in the longitudinal section. At a certain limit 
this state of the film becomes unstable, and the positive 
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and negative curvaturea near the iniddle both rapidly 
inctoose, till the walla at that part uollapse into a mere 
neck of water, which ia ruptured, and leaves a pro- 
tuherant film on each of the funnels. By a little 
dexterous manipulation these may easily ho made to 
reunite into the original form. 

276. The facte we have just deecribed show us the 
nature of the proceae by which a complete soap-bubble 
a detached from a funnel, alwaya leaving a film on the 
iimnel ready to produce a second bubble. Thie process 
con easily be studied by comp/eling the blowing of the 
bubble with coal-gas, after it has been commenced with 
air, and watching it detach itself in virtue of the light- 
ness of its contents. 

Even so dense a liquid as mercury can be formed into 
a bubble. We have merely to shake a glass holHeJilleit 
with water and clean mercury. The bubbles which form 
on the mercury (often detached) ore full of water, Some- 

les we see others coming up from the interior of the 
mercury. These are water-skins full of mercury. 

277. When two complete soap-bubbles are made to 
unite, the tendency of the liquid film is to contract, that 
of the {compressed) air inside ia to expand. It becomes 
a curious question to find which of these actually occurs. 

Let their radii, when separate, he R and R,, and let 
them form, when united, a bubble of radius r. Then, if 
Q be the atmospheric pressure, the original pressures in 
the hubbies were 

while that in the joint bubble is 
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By Boylo's Law the deDsitaes are es the 
Heuoe, expreaaing that no air is lost, we hare 

or nR'+B,*-H)+4T(R'+R,'-»*)-0. 

If Y be the diminution of tlie whole volume oocapied hf 
the sir, S that of the whole surface of the liquid film, 
this condition gives at once 

snV+lTS-0. 

As n and T are both essentially positive, this condi- 
tion shows that V and 6 must have opposite, aigna. 
Hence biitli tendencies are gratified, the surface, as a 
whole, shrinks, and the contained air, as a whole, increases 
ill volume, siniultaneouely. But the work done by the 
expanding gas is only about two-thirde of that done by 
the contracting film. 

It is worthy of notice that, as is easily proved, the air 
in a floap-bubble of any finite radius would, at atmo- 
spheric pressure, fill a sphere of radius greater than 
before by the constnnt quantity iT/3II. 

278. As a practi(:al illustration of the use of these 
formulie, let us apply them to a stalionary steam-boiler 
of the usual cylindrical form, with the ends portions of 
spheres. If K be the radius of the cylinder, R, that 
of each end, and P the excess of internal over external 
pressure, the tension is 

Acros* a generating line, SP, 

Parallel to a generiting Uuc, ^^-iBP, 

Across suy line ou the end, jRiP. 




boiler-plate be equally tenacious 
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directiona, there is no danger of the enda being blown 
off, for the bailer will rather tear along a generating line. 
And, to make the ends as strong as the aides, they 
require only half the curvatui-e. 

Thus, also, we see why stout glaae tubes, if of small 
enough bore, are capable of resisting very great internal 
pressure, when, aa in Andrews' experiments (g 198) on 
carbonic acid, they are exposed only to atmospheric 
pressure outeida 

In what precedes we have neglected the weight of the 
Boap-film, and have consequently taken its tension as 
being constant throughout. But a moment's considera- 
tion of the equilibrium of a plane vertical film shows 
that the tension must incrcaae from below upwards. 
This gives an immediate explanation of the difficulty 
presented by the fact that bubbles cannot be blown with 
pure water, though its aurf ace-tension is much greater 
than that of a soafHSolution. The soap-Bolution is, as 
Marangoni has pointed out, an excessively heterogeneous 
liquid, and (within limits) can and does adjust its Burface- 
tension to the value required at each point. The slowness 
with which the fihn becomes gradually thinner, so as to 
display in succession the various interference colours of 
thin plates, is to be ascribed to the viscosity of the liquid.' 

279. We are now prepared to consider the phenomena 
properly called Capillary, ae having been detected in 
tubes of very fine bore. 

When clean glass tubes, each open at both ends, are 
partially immersed in a dish of water, we observe that 
(in apparent deviation from the hydrostotic laws, g 189) 
the water rises in each to a higher level than that at 
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which it stands ouUiJe. Ala) we notice that this rise is 
groat«r thu finer the bore of the tube. The cut shovs 
the pheaomenon in section. 

Perform the same experiments with mercurj instead 
of water, and we find that the liquid stands at lower 



levels inside than outride each tube, and that this 
depression Is greater the finer the bore of the tube. 
Turn the above cut upaide down, and it will correspoud 
to this effect. 

280. But a closer inspection at once shows the 
im>ri»iiate cause of the phenomena. Tlio water surface 
inside each tube is aliraya concave outwards, that of the 
mercury convex ; and the curvature of either is great«r 
the finer is the bore of tlie tube. 

Remember the surface-tension of the liquid, and the 
consequent excess of pressure on the concave side, over 
that on the convex side, which is necessary {§ 272) for its 
equilibrium, and we see at once that the water immedi- 
ntety under the surface-film must have a. leas preseure 
tbut of the atmosphere to which its concave side 19 
Thus, bydrostaticaUy (g 189), it belongs to a 
liigher level than the undistarbed water, whose surface 





19 plane, and the pressure in which (immediately under 
the surface) is equal to the atmoapheric pressure. 

[I^place'a K (^ 260), or whatever may take its place, 
does not affect thia conclusion j for ita value is the same 
at all points of tiie liqoid which are not ia the surface' 
skin]. 

As the surface curvature is greater in the finer tubes, 
80 the higher rise of water in these is a direct hydrostatic 
consequence of ihe greater relief of pressure. 

The convexity of the mercury aurface, on the other 
hand, requires immediately under the film a pressure 
exceeding that of the atmosphere hy an amount propor- 
tional to the sum of its curvatures. Thus we see why 
the mercury stands at a lower level in the tube than 
outside it 

281. It only remains that we should account for the 
concavity of the water surface, and the convexity of that 
of the mercury. 

In the annexed sections of a concave and of a convex 
surface, in which a tangent, £A, is drawn to the liquid 
film, where it meets the side of 
the tube at B, the angle ABC of 
the wedge of liquid is ohriously 
loss tliaii a right angle for the 
concave surface, and greater than 
a right angle for the convex. 
Ueuce the problem ia reduced to 
the determination of this angle, 
called the Ati{jle of Cimfoft, 

That this angle must have a definite value for each 
liquid, in contact with each particular solid, appears at 
once from the consideration that, in the immediate neigh- 
bourhood of B, the gravitational or other exteroal forces. 
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acting on a very amall portion ot the liquid, are inooni- 
parably less intense than the molecular tensions. Heuro 
the equilibrium of tliat portion (tangentially to the Boli<l) 
■will depend upon the aurface-tenaiona lUoiig BA, BC, BD 
Alone. The directionR of two of these, and the maguiludoa 
of all three, are deterniiuate, whatever two fluids (even 
when one is gaseous) are in contact with each other and 
with the solid (g 263). EA, therefore, wlU ultimntely 
assume such a direction that tlio Burface-tenaion along it 
will, when resolved in CD, just hulance the differenoo 
between the tensioua in HI) and BC. Hence, if that in 
BD is the greater, the angle of conlingence will be acute ; 
if that in BC be the greater, it will be obtuse. 

282. In the cose of mercury and clean glass, exposed 
to air, the angle of contact ia 

' G2' (Quincltc), 132' 2' 



With water and clean glass in air the angle vanishes 
entirely ;— in fact, of the three tensions, that ui BD 
exceeds tlie sum of the other two ; but when the glass is 
not clean it may reach (and even surpass) 90°. When it 
is exactly 90° there is no curvature of the water surface 
inside the capillary tube, and it therefore stands at the 
level of the uudiatutbed water outside.* 
283, We may now complete the explanation of the 

' Ono of Qay-Lnssac's ingenious metlioda for detcnniiiing tJiB 
nuglo of contiict wiien it ia finite muBt bo u, lenal iudicnted htini. 
If the liquid be introduced grsduaJly into s Email glu* sphere 
(from b«low) there vill be one poeltiao in which il« mrtvx i> 
thronghout pJane, By determining this jiositiou the ungte oaii 
be at once c«toulfttod, [A plane glass plnte dippnd into meronry, 
mid inclined uDtil the liquid jinder it ia flat tbroughoet, would ^Te 
■u Mwllentdeta rniiii tfy i ^ ,] . 
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behaviour of a liquid in a capillary tubo aa followa ; — 
When the rise (or depreasion) exceeds several diameters 
of the tube, the curvature is practically the Kwue over 
the whole free surface, which ia therefore approximately 
spherical. In mercury, because of the finite angle of 
contact, it forms a Begment lesa than a hemisphere ; in 
water it is a complete hemisphere. 

In the former case the radius is directly proportional 
to that of the tube, in the latter it ia equal to it. In 
both cases, therefore, the relief or the increase of pressure, 
and consequently the rise or depression of the liquid, is 
inversely as the radius of the tube. This agrees with 
the (long-known) results of experiment 

284. We may make, in a very simple manner, due to 
Dr. Jurin, a calculation of the capillary elevation, which 
is applicable to wider tubes than those spoken of in last 
section. Suppose the radius of the tube to be r, p the 
density of the liquid, a its angle of contact, T the tension 
of the surface-film, and It the mean height to which it is 
elevated, [This mean height is taken such that the 
volume of the liquid actually raised would, if the surface 
were not curved, fill the length A of the tube.] Then 
the vertical component of the whole tension round the 
edge of the film ia obviously 

2irrTcosa. 

But tlua supports the weight 

of liquid, (virtually) filling a length h of the tube. 
Equating these quantities we obtain, after reduction, 

rgp 
When a>2' h is negative, and the liquid ia depressed. 
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All tlie quautities h«re arc easy to meaaure except T 
and a. Ilencp, if a cati bo fouiid by a separate process, 
T b at once determined. In the case of water in clean 
glass we tutve coa a « 1, so that the above relation gives 
T directly, 

265. The following values of T are given by Quincke. 
Each diitiun in the table belongs to the film at the 
common surface of the substances whose names are in 
the same line and column with it. 

Air, Water. Hercaty. 

■W«tBr . 81 . — . *\S 

Mercnij . 640 . 418 . — 

AJoohol £5-5 . — . 399 

The unit here is one dyne per (iinear) centimetre. To 
reduce to grains' weight per inch divide by 25. Tkue we 
may easily calculate, from the formula oE last section, 
that water rises a little more than half an inch in a glass 
tube whoso bore is y'^lh inch in diameter. 

286. In the Atmoriieter, which is merely a ball of un- 
glozed clay luted to a glass stem, the whole filled with 
water and inverted in a vessel of mercury, not only is 
the reduction of pressure by the fine concave surfaces of 
water in the pores sufficient to keep a column of 3 or 4 
feet of water supported, but, as evaporation proceeds, 
mercury rises to take the place of the water, sometimes 
to 33 inches or more. The process htis not, so far as we 
know, been pushed to its limits. Xlitia the widest of 
these pores can sustain (virtually) a column of some 26 
feet of water. It is ettsy to put the Atmomet«r directly 
into this condition, and the consequent great concavity of 
the surface of the water in each poni renders it eminently 
(it (§ 291) as a nucleus for the deposition of vapour.' 
' ftw. JC.S.B., February Ifl, ISSS. 
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287. TLe data of § 285 enable as easily to colculute the 
force with which a boy's " sucker " ia preBsed against a 
etone. Suppose we have two plates of gliiss, 6 inches 
square, with a film of water between them whose thick- 
ness is y^th of an inch. The force required to pull one 
perpeudiculiirly from the other, in which case the free 
water surface romid the edges will take a (cylindrical) 
curvature of radius jjifth of an inch, would be the 
weight of a six-inch square prism of water about 5 
inches high, i.e. between 6 and 7 pounds' weight. If 
the film were of half that thickness (at the ed(,'es) the 
force required would be double. Thus, as J. Thomaou 
has pointed out, two flat slalra of ice, hanging side by 
Bide on a horizontal wire, with a film of water between 
them, are pressed together with a force which may much 
exceed the weight of either : and may therefore freeze 
together even in a warm room. When a mere drop of 
water is placed between two very true glass planes the 
relief of pressure produced enables tlio atmospheric 
pressure to force them closet together, and this effect 
increases, not only by the enlargement of the wetted 
surfaces, but by the increase of curvature round the 
edges of the flattened drop. The pressure producible iu 
this way is very great, and may crack large sheets of plate 
glass (if there be portions not very true) when they are 
laid on one another with a drop of water between them. 
On the other hand, a few small drops of mercury, in- 
terposed here and there between the plates, form an 
exceedingly perfect clastic cushion. 

288. There are many common phenomena whose 
explanation is easily traced to the actton of capillary 
forces. Thus air-bubbles, sticks, and straws floating on 
still water, appear to attract one another ; and gather 
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into grooiM, or no to th« edge of U» eoaUinitig nmi, 
Thia ia tiwft Quo one -with anj two bodni, Mch of 
which b welted b; the water, and it ia «l»o true wbaa 
neitber is wetted. Bnt when one of the bodies is WQtted, ' 
■ltd the other U not, they behnre as if they repelled one 
anothet. The exfilaDntinn is eoaUy pvea : — either ffom 
the point of view of the Tsrioua forces called into play 
l^ the disptscenient of the water, or (more simply) by 
(he uoDsidentiou of the whole energy of the liquid as 
depending on the relative position of the floating bodies 
(§ 363) and the couseqneut displacement of the surface. 

A needle, or eren a (very small) pellet of mercory, 
may easily be mnde to float on water. The hydrcxAatic 
condition rttt^nires merely n depression of the surface, 
eo that the water displaced may be equal in weight to 
the floating body ; but, that this displacement may take 
place, the angle of contact must be rnnde greater dian 
90°, which is at once ensnrod if the needle be rvty 
eliffhtly greased. Thus we explun how watar-fiira run 
on the surface of a pool 

III the same way we can explain why a piece of wood 
is not wetted when it is dipped into water whose surface 
is covered with lycopodium seed ; and why mercui? can 
be poured in considerable quantity into a bag of gauie or 
cambric without escaping through the meahee, {§ 100.) 

An sir-bubble in water assiimes a spherical form, even 
when it is in contact with the side of a gloss vess^ and 
a very small globule of mercury laid ou glass becomes 
almost spherical But an air-bnbble on the side of a 
glitsa vessel containing mercury is flattened out, vrlule a 
drop of water on clean gloss spreads itself out indeSniteljr. 
In all these cases the angle of contact at once explains 
iho residt. 
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Tlie difficulty of obtainiog a dean sarfoce of water ut 
mercury depends upon the great surface-tension of thnee 
liquids relatively to that of the majority of other aub- 
' stances. From the reasoning of g 281, and the data 
of § 285, we Bee that water ought to spread indefinitely 
over a clean surface of mercury. 

289. The form of section of a (cylindrical) liquid 
surface, in contact with a plane solid surface, is easily 
deduced from tha hydrostatic principle that the elevation 
(or depreasion) at any point is proportional to the relief 
(or increaae) of pressure, i.e. to the one ciirvature. Hence 
it miist he the curve of flexure (§ 237) of a very long 
uniform elastic wire, with a kink in it, under the action 
of tensions at its ends ; for at every point of that curve 
the curvature is proportional to the distance from the 

in which the stress acts. Hence we can at once 
find the form in which the liquid surface meets a plane 
solid face, whether it be vertical or not, by drawing 
the corresponding elastic curve and taking acconut of the 
inclination of the plate and of the angle of contact 
When the liquid surface is between two glass plates, 
inclined at any angles to the vertical, but having their 
line of intersection horizontal, the form of the cylindrical 
surface is given by one of the more complex forms of 
the elastic curva 

290. The surface-tension of liquids diminishes with 
rise of temperature. And Andrews showed that, as 
liquid carbonic acid is gradually raised to its critical 
temperature, the curvature of its surface in a capillary 
tube grif dually diminishes. 

)1. Lord Kelvin ' showed that there is a definite 
vapour-pressure, for each amount of curvature of a liquid 
' Pnc. S.3.R, 1970. 




surfacp, iKxcmary to equilibrium. It is 1 
(ace ia more concave, greater as it is leas coDcove or mon 
convex. Hence precipitation of v-aber-vapour will, releri 
paribim, take jdace more rapidly the more concave (oi 
the loss convex) la llie surface of that already deposited 
Thus, as Clerk-MuxwfU pointed oul, the larger dropt 
iu a cloud mnst grow at the expense of the anmller on^ 
The explanation of tlicse curious facta is given by the 
kinetic theory much in the same way aa ia Uiat of the 
olTecl of the curvature of the discs of a Radionyeltr. 

So great a pressure of vapour would be necessary for 
the existcitce of txri/ small globules of water (in the 
nascent state of cloud, as it were), that, as Aitken has 
shown, condensation cannot commence iu free air without 
the presence of dust-nuclei. The more numetoUB thess 
are, the smaller is the share of each, aud thus we have 
various kinds of fog, mist, and cloud. 

292. Many extremely curioua phenomenti, due in great 
part III Burfuce-tensiou, have been investigated by various 
experimenters, especially Tomlinson. Thus difTerent 
kinds of oils can ho distinguished from one auoLlker, 
or the purity of a specimen of a particular oil may 
be ascertained, by the form which a drop takes when 
let fall on a large, clean, water surface. In some cases 
a drop of oil does not spread entirely over a liquid 
surface, but forms a sort of lens, The angles at which 
its faces meet one another, and the surface of the liquid, 
are then to be determined from the respective surfac 
tensions by the triangle of forces, as in § 281. 

Agiiiii, when a drop of an aqueous solution ol a 
say permanganate of potash or some other high] 
coloured substance, is allowed slowly to descend j 
water, it at first takes the form of a vortex-ring, boundc 
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of coiiroe, by a film of definite aur face-tension. But, aa 
diSiision proceeds, it would appear that this film becomes 
weaker at certain places (juet aa in the caae of wine, 
§ 269), and consequently unstable. Be tbiB as it may, the 
ring breaka into segments eacii of which is (as it were 
a new drop, which behaves aa the original drop did, 
though somewhat less vigorously. Thua we have a very 
curious appearance, almost resembling the development 
of a polyp ; the number of distinct individuftla being 
markedly greater in each successive generation. With 
a drop of ink these developments take place ao fast that 
the eye can scarcely folio iv them. 

The phenomena of surfsce-tenBion were found by 
Bosscha to bo exhibited, in some forms, by smoke. And 
Van der Waals showed that smoke stands lower in the 
moistened branch of a U-tube than in the dry one, ex- 
hibiting a convex surface like that of mercury. 

293. We may now say a word or two as to the ex- 
treme limits at which the molecular forces are ae&siblc. 

is not at all remarkable that the various estimates 
differ widely from one another, for they are all obtained 
by processes more or less indirect. They all agree, how- 
ever, in giving small values. Experiments of Plateau 
on soap-films, and of Quincke on the behaviour of water 
and thinly-silvered glass, give only abotit 1/500,000 of 
aa inch. It is probable that the limits vary somewhat 
with the nature of the substance experimented on ; and 
the question ia cortaiidy connected, in no remote manner, 
with the differences in the crilii-ai temperature (§ 194) 
of various substances. 

294. The separation into drops, of a liquid coliunn 
slowly escaping into air from a small hole in the bottom 

a veasel, can be studied by examining it by the light 
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of electric spttfks rapidly eucceeding one another. 
■ phenomenon Bimilai to that which we have deecribed 
in g 275, when a cylindrical film is drawn out between 
two fiinnels. When the hquid ia a very viscous one, as 
treacle or Canada balsam, eHpecially if its aurface-tflnsion 
be amall, the viecosit; greatly retarda the development of 
this effect of instability; and such liquids can, like melted 
glass, be drawn into fine continuous threads. This pro- 
perty sometimes gete the special name of VuridUy^ 

29&. The propagation of ripples, as Lord Kelvin 
ahowed,^ ia olao due mainly to surface-tension. The Kt- 
perimental proof is given by the fact that the ehortei 
are the ripples the faster they run, while ordinary 
oscillatory waves in deep water, propagated by gravita- 
tion, run faster the longer they are. 

[This affords a good example of the application of what 
is called the principle of DywimvxU Similarity ; i.e. the 
effect of eeiih upon physical phenomena. It is, of oomse, 
merely a question of Dirnvrteiom as in § 64. Various 
inBtonces of the application of this principle have already 
been given, e./j. ^ 40, 167, 228, 284, etc] 

In two similar ripples, of different wave-lengths, the 
forces are independent of the lengths, the ranges ara 
directly as tlie lengths, and the mosses of water are as the 
squares of the lengths, of the ripples. Hence the rates 
of propagation are inversely as the square root of the 
wave-length. In similar oscillatory gravitation waves, on 
the contrary, the forces are as the squares of the lengths, 
the ranges as the lengtlis, and the masses as the squares 
of the leugtha, and the ral« is directly proportional to the 
square root of the wave-length. 

Thus very short ripples run almost entirely by surface- 
' PkU. Mag., 1871, il p. 376. 
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tension, while long ripples and short waves run partly 
by gravity partly by surface-tension. Lord Kelvin has 
shown that the limit between waves and ripples in water, 
which is the slowest-moving surface disturbance, has 
about 2/3 inch as its wave-length, and runs at a speed 
of 9 inches per second. Every shorter disturbance runs 
mainly by surface-tension, and may be called a npple ; 
every longer one runs mainly by gravitation, and may be 
called a wave. Fairly accurate determinations of Burface- 
tension have been obtained by measurement of the 
lengths of ripples produced when a vibrating tuning-fork 
(of known pitch) reatd against a trough containing a 
liquid. ' 

296. W^en a solid is exposed to a gas or vapour, a 
film is deposited on its surface which, in many cases, 
introduces confusion in weighings, etc. Thus, if a dry 
platinum capsule be carefully weighed, then heated to 
redness and weighed again immediately after it has 
cooled, it is found to bo lighter. If left exposed to the 
air it gradually recovers its former weight. In so far as 
this effect is a purely surface one, it is increased in pro- 
portion as the surface of a given moss of the solid is 
increased. Thus "spongy" platinum, as it is called — i.e. 
platinum in a state of very minute division (obtained by 
reducing it by heat from some of its salts) — eshibits the 
phenomenon to a notable extent iJobereiner showed 
that a jet of hydrogen can bo set on fire, by the heat 
developed when it is blown against spongy platinum 
whicli has been exposed to the air. The platinum is 
heated to redness by the combination of the oxygon film, 
already condensed on its surface, with the hydrogen 
which suffers condensation in its turn. 

> C. M. Smith, Proe. S.S.E., 1890. 
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Another remarkable form of esperiment, analogous to 
this, CDDaista in heating a helix of platinum wire to 
incandescence in the flame of a Bunsen latap, turning olf 
and then immediately turning on again the supply of 
gas ; for the wire remains permanently red-hot in the 
explosive mixture of air and coal-gas ; without, how- 
ever, reaching a high enough temperature to inflame it 
agaia. 

The araount of surface really exposed by finely porous 
bodies, especially (as Hunter' showed) cocoa-nut charcoal, 
is enormous in comparison with their apparent surface ; 
and in consequence they are able to absorb (as it ia called) 
quantities of gas altogether disproportionate to their 
volume. Even ordinary charcoal, when heated red-hot 
(to drive out the gases already condensed in its pores) 
and allowed to cool in an atmosphere of carbonic acid 
gas, absorbs from sixty to eighty times its volume of the 
gas. If it be then introduced into a tube full of mercury 
it can ba made, by heating, to disgorge this gas, which 
it reabsorbs as it cools. This property has been utilized 
for the production of very high vacua ; as much as 
possible of the gas being removed by an air-pump while 
the charcoal is hot, and the greater part of the remainder 
being absorbed when it cools.' 

The student may easily understand the immense addi- 
tion to the surface of a body, which is caused either by 
pores or by fine division, if he reflect that a cube, when 
sliced once ]:>arallel to each of its pairs of faces, obviously 
has its whole surface doubled. 

297, There is another form of action, analogous to 
this, produced by certain substances, such as peroxide of 
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manganese, when in a state of fina division. When a 
Btream of ojtygen, containing ozone, ia passed through the 
powder it emerges as oxygen alone. The ozone has heen 
reduced to the form of oxygen by what ia called Cafdlysie; 
the oxide of manganese is practically unaltered. 

298. What ia called the ioluHon of a gas in a liquid is, 
in many respects, analogous to the condeneation on the 
surface (or in the pores) of a solid. 

The empirical laws of this subject, originally given by 
Henry and by Dalton, have been verified for moderate 
ranges of pressure by Bunsen. 

According to Henry, when a solution of a gas is in 
equilibrium with the gas itself, the amount dissolved in 
unit volume of the liiuid is proportional to the pressure 
of the gas. The coefficient of proportionality diminishes 
rapidly with rise of temperature. 

To this Dalton added that each constituent of a gaseous 
mixture is dissolved exactly as it would have been had 
the others not been present. 

It ajipears that the heat disengaged in solution is 
always greater than that due to the mere liquefaction of 
1 the phenomenon is, to a considerable 
extent, of a chemical character; and thus we are prepared 
to find great differences in the absorption of the same gas 
by different liquids. Thus carbonic acid is 2'5 times 
i soluble in alcohol than in water; while it is 1*8 
times more soluble in water at 0° C. than in water at 





299. Thoooh wo cannot mark a special group of the 
partiules of laij one liquid or gas, bo as to enable us la 
iee how they gradually mix themselves with the others, 
wa have almost perfect assurance that they do so. This 
aasuraiico is based partly upon the relative behaviour of 
two niiscible liquids, or two gases, put in contact with 
one another; partly upon the results of the kinetic 
theory, which have been found fully to explain at least 
the greater number of the phenomena ordinarily exhibited 
by gaaes. Thus, altogether independent of the convec- 
tion currents due to differences of temperature, there 
goes on, in every homogetteous liquid ot gas, a constant 
transference of each individual particle from place to 
place tliroughout the mass. In homogeneous solids, at 
least, it seems probable that there is no Buch transference, 
but that each particle has a mean, or average, jiosition 
relatively to ite immediate neighbours, from which it 
Buffers only exceedingly small displacements. 

300. True diETusion, which is much more rapid in 
gases than in liquids, is essentially a very slow process 
compared with those convection processes which are 
mainly instrumental in securing the thorough inte^ 
mixture of the various constituents of the air or of 
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dissolved aalta with the ocean water. For ita careful 
study, therefore, great precautions are required, with a 
view to the preservation of oniformity of temperature, as 
the only mode of preventing convection currents. We 
will suppose that these precautions have been taken. 

U^ by meana of a tube {fitted with a atop-cock) which 
is adjusted at the bottom of a tall gloss cylinder nearly 
full of water, we cautiously introduce by gravity a strong 
solution of some highly-coloured salt (such as bichromate 
of potash), the solution, being denser than the water, 
forms a layer at the bottom of the vcaael. If we watch 
it from day to day we find that, in spite of gravity, 
the salt graduaUy rises into the water column, which 
now eliowa an apparently perfectly continuous gradation 
of tint from the still undihited part of the solution up 
to the as yet uncontaminat«d water above. The result 
iTresistibly eu^ests an analogy with the state of 
temperature of a bar of metal which is exposed to a 
source of beat at one end. The analogy would be almost 
complete if we coald prevent loss of heat by the sides 
of the bar; for experiment bos shown that, just as the 
flux of heat is from warmer to colder parts, and {reterU 
paril'us) proportional to the grail lent of temperature, 
so the dilfusion of the salt takes place from more to kw 
concentrated solution, and at a rate at least approximately 
proportionnl to the gradient of concentration. This ia, 
possibly, not quite the case at first, when there are 
exceedingly steep gradients of concentration, for then 
(see g 292) there ia probably something akin to a surface- 
film which for a time behaves somewhat like tliat between 
two liquids which do not mix. This is forcibly suggested 
by the result of rough stirring of the contents of a vessel 
with parallel glass sides, in which there is a layer of strong 
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brine villi clear water above it ; eepeciallj if a horizontal 
beam of siinligbt, from a distant aperture in tbe shutter 
of & dark room, be made to pass through the voaeel, 
and be received on a sheet of paper placed a few inches 
behind. However rough tbe stirring, if it be not too 
long continued, the mixture is soon seen to settle into 
layers of difibrcnt densities ; and time is required before 
diffusion does away with the steep gradient* of concen- 
tmlion which have been produced between the layers. 
These effects can be produced again and again in the 
same mixture, and show how very much more rapid ia 
the mixing wlien aided by rough mechanical processes 
than when left entirely to the slow hut sure effects of 
diffusion. Tbe effect of the stirring is to produce im- 
mensely extended surfaces of steep gradient of concen- 
tration all through the mixture, and thus greatly to 
accelerate the n.itur3l action of diffusion, to which the 
final result of uniform concentration is really due. 

301. Ttie first accurate experiments on this subject 
are due to Graham,^ who employed varibus very simple 
but eilective processes. He showed that while the rate 
of diffusion varied considerably with the substances 
employed, these could be ranged in two groat classes, 
CoUoulu and Ciystallotda, the members of the first class 
having very small diffusivity compared with those of the 
second. Thus he found that the times employed for oi^ual 
amounts of diffusion in water were relatively aa follows : — 

Hydrochloric Acid 1 

Cotnmoa Salt 283 

Sugar 7 

Albainen 49 

Ctramel Sa 

* CSumta^ atid I'hyaical Batardtu, collDCtcd and reprintad. 
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He also verified that the rate of diffusion of any one sub- 
stance is proportional to the gradient of ooDcentration, 
and added the important fact that rise of temperature 
haa a marked effect in accelerating the process. 

302, Tlio subject haa aiuce been elaborately investi- 
gated by varioua espeiimenters, and absolute values of 
diffusivity have been calculated from their experimenta 
as well aa from those of Graham. 

Following the analogy with heat^cond action, we may 
define, after Fourier's method, aa follows : — 

The diffusivity of one substance in another is the 
number of units of the substance which pass in unit of 
time through unit of surface, when the gradient of con- 
centration perpendicular to the surface ia unit of substance 
per unit of volume per unit of length. 

If we use the C, G. S. system, iii which unit of length 
ia a centimetre, unit of mass a gramme, and unit of time 
a second, the numbers obtained would be exceedingly 
small, so that the C. G. S. system is departed from in 
practice to the estent of making a day the unit of time. 
With this we have, according to Stefan's calculations 
from Graham's results : — 

Tanipentare C. 



Caramel 



10° 



The meaning of this is that, for instance at 10° C, i 
water which so holds common salt in solution that there 
is one gramme per cubic centimetre more in each hori- 
zontal stratum, than in the stratum one centimetre above 
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it, the upward progrcM of the salt is ftt the rote of 0*91 
gramme through each square ccntimHro per day. [Solu- 
tions of common salt differing by whole grammea of salt 
per cubic centimetre are, of coarse, only a pleasant fiction 
of the C. G. 8. system.] 

303. Fick, Voigt, Uoppe-Seyler, H. Weber, and many 
others, have greatly extended Graham's work ; some 
using Ms process (with slight variations), others employ- 
ing procesBos depending upon special physical results 
(such as rotatory polarisation, or electromotive force) due 
to tlie salt which is diffitsing. It is probable that very 
good measures mny be obtained, though the method 
would be IiilMrious, by using a narrow tank with parallel 
ginss sides (as in g 300), and observing, from time to 
time, tlie greatest refraction Buffpred by any part of a 
horiKOntal beam of sunlight transmitted tlirough the 
heterogeneous lii]^uid, the tank having been originally 
half liUcd (as in § 300) with a strong sohition of a salt, 
under pure water.' Lord Kelvin introduced a rough- 
and-ready method by letting doivn into the dilfusiou 
column a number of glass beads, containing more or less 

lir, and therefore having, each as a whole, different 
mean densities, and observing from day to day the 
position of the stratum in which each floated in equili- 
brium. This method would probably be the best of all, 
could we only make the beads small enough, so as not to 
trench upon too many strata at once, and could we also 
make certain that neither air bubbles nor cryt^tals should 
develop upon them. The latt«r condition, however, is 
practically unattainable. 

304. It seems that the idea of comparing diffusion with 
heat-conduction was originally propounded by Borthollet 

' Tail, "On MirBgo," Traiui. R.S.E., 1881, 
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before Fourier puhlialied his great investigations on the 
latter subject; but Fiuk was the first to ravive and 
develop it in mare recent times. 

The physical explanation of the cause of diffusion of 
liquids in one another, or of solids in a liquid, is vastly 
more complex and difRcult than that of the diSusion of 
gases, though, in some of their coarser features, the 
first tivo of these ate closely analogous to the last. In 
the words of Clerk-Maxwell : " It is easy to see that if 
there is any irregular displaiiement among the molecules 
of a mixed liquid, it must, on the whole, tend to cause 
each component to pass from places where it forms a 
large projiortion of the mixture to places where it is 
less abundant. It is also manifest that any relative 
motion of two constituents of the mixture will he 
opposed by a resistance arising from the encounters 
between the molecules of these components. The value 
of this resistance, however, depends, in liquids, on more 
complicated conditions than in gases, and for the present 
wa most regard it as a function of all the properties of 
the mixture at the given place — that is to say, its tem- 
perature and pressure, and the proportions of the 
different components of the mixture." 

305. The interdifiusion of gases is thus, theoretieally, 
a simpler question than that of liquids ; and has been 
developed, from the basis of the kinetic theory of gases, 
into an almost complete explanation of the observed 
phenomena. We cannot here introduce the mathematical 
part of the investigation, as it involves analysis of a kuid 
foreign to tlie range of an elementary hook; but we 
simply state that the equations lUtimately arrived at are, 
in their simplest form, closely analogous to those obtained 
by Fourier for heat-conduction in a homogeneous isotropic 
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soliil. This part of the theory we owe mainly to Clerk- 
Maxwell. The exporimeutal part has been well supplied 
by Losehraiilt.' The following niinibcrs ^vo an idea of 
his values of int^rdiffuairity of paire of gasea, in a 
mixture at a pressure of one atmosphere. We have 
preserved only two significant figures, though the 
measures (which are in C, G. S, wnita) were given to 
four. 

Carbon io Add and Air 0*14 

Oxjsfev and Hydrcigen 0'72 

Carbonic Acid and Hydrogen , . . O'SS 

Carbonic Add and Carbonic Oiida , . . 0'14 
Carbonic Oiido and Uydro^n . . 0'61 

According to the theory, as given by Maxwell, these 
quantities should be nearly in inverse projiortion to the 
geometrical mean of the densities (at one atmosphere) 
of the two gases. The. higher parts of the theory of this 
subject are very complex and dillicult, and cannot yet be 
considered as at all satisfactorily developed. 

306. Returning to the consideration of liquids, we 
meet with certain very curious phenomena when two 
raiscible liquids are separated by a membrane such as a 
diaphragm or septum of bladder, or of parchment paper. 
These are usually arranged under the general title of 
Osmone, sometimes pedantically divided into eudoemosa 
and eiosmose. The first careful examination of them 
we owe to Dutrocliet, but the earliest observation 
recorded is due to Ifollet in the first half of last 
century. 

The main phenomenon, of which all the others are 

more or less complicated varieties, is simply that different 

liquids pass at different rates through a porous membrane. 

' Sibatngs-Bcrichtc d. Kaia. At. ai fFien, 1870. 
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Thus Nollet immersed in VBtei a Teasel full of alcohol, 
tightly closed by a piece of bladder, and was surprised to 
find that the contents suou increased to such on extent 
aa almost to burst the bladder. He then tilled the 
vessel with water, tied on the bladder, and immersed the 
whole in alcohol, when the reverse effect was obtained ; 
the contents of the vessel diminished and the bladder 
was forced inwards. Strange to say, after 80 good a 
commencement, he contented himself with recording the 
two observations. 

307. The phenomenon is so obviously connected with 
many processes which go on in living bodies, whether 
vegetable or animal, that it has attracted the attention 
of physiologists as well as of phyfiicists, and an immense 
mass of observations on various forms of it has already 
been accumulated. 

Its theoretical explanation is much more complex than 
that of ordinary liquid diflusion, because it is found that 
the malerial of the septum plays an important, often a 
paramount, part iu determining the rate, and sometimes 
even the direction, of the osmose in a trial with two given 
liquids. 

Osmose is undoubtedly a case of ordinary diffusion, 
compUcated by the molecular actions between the material 
of the septum and the various liquids employed. Thus 
there need be no more reason for surprise that a liquid, 
Buch as the sap in plants, should he osmoticaJIy raised 
to great heights against gravity, than that water should 
rise in a capillary tube, or that bichromate of potash 
should (§ 300) diSuse upwards in a column of water. 

308. Something very similar to osmose can be obtained 
by ordinary diffusion, when horizontal strata of two 
liquids are separated by a stratum of a third liquid of 
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iutermedtuto deuaity. Sometimes one or olh(<r of tho 
extremes ntone passes tliraugh the iutermedktu layer, 
eoniutimcs both ditTuso into it. A beautiful muthcxi ot 
gmdually developing chemical actions which, on the 
largo scale, would produce dangerous expIosioDe, ia thus 
Buggeatod. AVlien nitric acid, muter, aod alcohol nra 
thu ilixnQ liqiilita, the chemical action takes place slowly 
where the two extreme liquids meet, as they di£nm 
towards one another through the wster-eeptum. 

309. Though the theory is but imperfectly understood, 
tho practical applications of osmose have been developed 
to tin important extent. Of these we need here m«nUaa 
only the procesa of Dialysis, due to Gi-ahara. The dis- 
tinction between Colloids and Crystalloids, in their 
behaviour as regards a porous eeptum, is even more 
marked thnu in direct liquid diffusioo. Hence, when a, 
mixture of colloids and crystelloids, in solution, is placed 
on one aide of a bladder or a piece of parchment paper, 
and pure ivnter on tho other side, it is practically the 
crystalloids alone which pEiss through the septum into 
the water. If the colloida bo originally in enormous 
excess, one rejietition of the process on the mixtura 
which lias pussed through the septum is sufficiout to 
separate tlic crystalloids almost entirely from the coltold^ 

This process is of very great importance us an auxiUat^ 
to chemical analysis in modico-legal questions : — for Uig 
more common of the violent poisons are with few excep- 
tions crystalloids, and can be easily and almost com- 
pletely separated, by dialysis, from the large admix- 
ture of colloids in ivhicb they are uaituUy fouml In the 
viscera. 

310. Graham, in his extensive scries of cxiffirimenta 
on tho passage of gEisee tbrougli various solids with holes 
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or pores, recognised several quite diatinct processes, each 
with its own laws. 

When a gns is maintained at constant preasuro on one 
side of a very thin non-poroua plate, which has a small 
hole in it, there heing vacuum at the other side, the 
process of passage is called Effneion. This may be 
looked on as at least roughly analogoua to the passage of 
a liijuid through the orifice. The tloser consideration of 
it belongs to Themuxiynctmiat. The work done on unit 
volume as it [>aBses out is directly aa the pressure, the 
kinetic energy acquired ia measured by the density and 
the square of the speed of effusion conjointly. Hence, 
under the same pressure, the speed of effusion is inversely 
as the square root of the density. This result was very 
nearly realised in Graham's experiments; witness the 
following : — 

Time of EIRisioD. Theoretical Time. 



Kitrogen 

Hydrogen . 
Ciirbonia Acid 



1-187 



■23a 



The only discrepancies which call for notice are with 
hydri>gen and carbonic acid. But Graham was able to 
show from the results of another of his series of eicperi- 
ments, that these discrepancies are due to the fact that 
the perforated plate was not infinitely thin, and that the 
aperture therefore behaved like a very short capillary 
tube. This explanation is fully borne out by the fact 
that the discrepancies are iti opposite dire^liojis for these 
two gases, and that this characteristic difference is reqiiutd 
by the mode of explanation. 

From these exjierimenta Graham concluded that the 
law of this process is nnalogoos to that of diffusion with- 



M atmm gnai by Gnhua to 
1 tt agM aBdn ^K a wMe tfara^ ■ capiDuy 
to iiliaiiMiJ wm ct m mnch nora eomptex 
t Umb n the caat of effuioB ; and tbe law of 
> £b as it eosld ha iixiiliiiiul by expeii- 
moit aloB^ waa of a Aflcnnt idna. OqiilUr; tabes, 
VBijIug in IcBgtfa from SO leat down to a few inches, 
w«e CBpIajred. It WM toaad tbat the material of Ihe 
tab* had BO ioBaeaoe ; hence it has bees suggested that 
1 heccnn liiied with a film of the gta, and that 
■ of the pioUem is to be aon^t 
a with Tiseoaitf. The rate of tiana- 
B of hjdiogen is only doable of that of nitrogen, 
while that of carbonic acid b mnch greater than that of 
oxygen :— 

linnting Tratu^nttian ^mM 



O^gen . 



Nitn^pn Kid Oubonic Oxide 

Hjdrogm 

CuboiUL' Add 



in rery fine CtpQIuiea, 
1-000 
0-Ml 
0-S75 
0-4S7 

0-7a7 



The two last results show the foundation of the explana- 
tory remark towards the end of last section. 

The following are some of Graham's comments on 
this verj- curious subject : — 

"The times of oxygen, nitrogen, carbonic oxide, and 
air, are directly as their densities, or equal iani/!it» of 
these gases pass in oiiiial times. Hydrogen passes in 
half the time of nitrogen, or twice as rapidly for equal 
volumes. The result for carbonic acid appears at first 
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QDOmalons. It is that the transpiration time of this gaa 
is inversely proportioaol to its density, when compared 
with oxygen. It is to he lememhered, however, that 
carbonic acid ia a compound gas, containing an equal 
volume of oxygen. The second constituent carbon 
wliich increanes the weight of the gas, appears to give 
additional velocity to the oxygen in the same manner 
and to the same extent as increased density from pressure, 
or from cold (as I believe I shall be able to show), in- 
creases the transpiration velocity of pure oxygen itself, 
A result of Ihia kind shows at once the important bear- 
ing of gaseous trans] >irabiUty, and that it emulates a 
place in science with the doctrines of gaseous densities 
and combining volumes. 

" The circumstance that the transpiration time of 
hydrt^Q ia one-half of that of nitrogen, imlicates that the 
relations of transpirability are even more simple in their 
expression than the relations of density among gases. 
In support of the same assertion may be adduced the 
additional fact; that binoxide of nitrogen, although 
differing in density, appears to have the same tmnspira- 
tion time as nitrogen. Protoxide of nitrogen and 
carbonic acid have one transpiration time, so have 
nitrogen and carbonic oxide, as each pair has a common 
density ." 

312. When one gos is separated from another, or from 
a vacuum, by a septum of compressed graphite (g 53), the 
law, and even the rale, of passage come to be very nearly 
the same as those of ordinary gafeous diffusion. Thus 
gases pass through such a septum at rates inversely as 
the sqmire roots of their densities, as in efiusion. If the 
septum is made of plaster of Paris, tho results become 
partially complicated by transpiration. This source of 
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confiiBion is practically non-exiHtent when the septum is 
made of " biscuit- ware," as it is technically called ; and 
the eanie may bo eaid of all the Ener kinda of onglaxed 
earthenware. Here the pores ore eo fine that, as Grabani 
Bays, the action ceases to be molar and becomes molecular. 
Each particle acta, as it were, on its own account. Hence, 
when a mixture of two gases of difibrent densities is 
placed on one side of Buch a septum, tbe less dense gns 
passes in greater percentage than the denser, and we 
have AtmofijeU ; — a mode of separating different gaaes 
somewhat akin to dialysis (§ 309). There are few physical 
experiments more striking and snggostive than the simple 
one of auTTDunding, with an atmosphere of coat gas, the 
bulb (made of unglazed clay) of an arrangement like a 
large ordinary aiNthermometor. The rapidity with whiclt 
the gases pass through the bulb is extraordinary. 

313. But when the septum is made of caoutchouc the 
process of penetration is quite difforeut. The septum 
now acta as a colloidal body, not as a porous one ; and 
the gas combines in an imperfect ctiemical manner with 
the matter of tbe septum, in which it diffuses (in the 
ordinary sense of the term), until it reaches the other 
side and is set free. Thus the small toy-balloons of thin 
india-rubber, when originally filled with hydrogen, soon 
collapse. On the other hand, when they are blown wiUi 
wr and then immersed in an atmosphere of hydrogen, 
they rapidly swell and burst. 

The same phenomenon is beautifully shown by blow- 
ing a soap-bubble with carbonic acid gas. For tbe gas 
dissolves in the liquid film, diOuses through it, and 
escapes into the air, so that the bubble soon collapses. 
Similarly, an ordinary soap-bubble made to float on car- 
bonic acid gas expands, gradually sinks, and finally bursts. 




DIFFUSION, OSMOSE, TRAN3PIEATI0N, ETC. 



A good instance of gaseous difFusion is afforded by 
evAporation of water, or other liquid, at temperaturee 
below the boiling point, when air is preBent. For the 
process goes on antil the vapour in contact with the 
liquid has a pressure determined eolely by tlie tempera- 
ture, and by the eurvature of the liquid surface. When 
a layer of vapour of the proi>er pressure has once formed 
at the surface, the resistance to ita difiiision is so con- 
siderable that, nnlesa there he wind or convection-currents, 
the rate of evaporation is reduced to that of diffusion ; 
and vapour is formed (at the liijuid surface) only as fnst 
as that which is already formed is able to get away. By 
weighing, from time to time, a test-tube of known length, 
which has a layer of liquid at the bottom and ia open at 
the top, fair measures of the rate of diffusion in air, of 
vapours heavier than air, can be obtained. 

314. Very curious results have been obtained by 
Deville and Trooat with reference to the rapid passage 
of various gases through heated cast-iron. Carbonic 
oxide is one of these, and as this is a highly poisonous 
gas, the matter is one of great importance in relation to 
the heating of rooms by stoves. They also showed that 
highly heated platinum ia freely pervious to hydrogen. 
Graliam's researches on the behaviour of pallndiiira with 
respect to hydrogen have afforded the means of obtaining 
^similar effects even at temperatures far below red-heat; 
and, quite recently, v. Helmholtz and Root have proved 
that platinum is pervious to hydrogen even at ordinary 
temperatures. Thus the question ia one of importance, 
not alone from the sanitary point of view, nor from the 
point of view of its purely scientific explanotion, but 
also from the very important point of view of the con- 
struclion of gas- thermometers for the measurement of 
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high tomperatures, in which the recipient muat necessarily 
be made of eome practically infusible metal. The nhole 
of tills part of the subject, however, has n specially 
ehemical interest, so that we are not called on to discgf 
it further. 

315. We have already employed the word FuronfyM 
two somewhat different applications. In our 
discussion of common tenna (§ 37) we spoke 
applied to liquids, and also, by parity of results, to g 
But in § 249 we used it as denoting a property possessed 
even by the most elastic of solids. 

We must now consider, more carefully, its application 
to lluid motion. 

And, first, as regards liquids. Questions such as were 
briefly touched upon in g 37 belong, in their full develop- 
ment, where eildies present almost insuperable difficulties, 
to Hydrokmeiict, and are therefore not to be treated 
farther in this work. But the passage of a liquid, under 
pressure, through n capillary tube, is (so far as it is 
amenable to elementary mathematical treatment) part of 
our subject So is the torsional vibration of a disc, in 
its own plane, when it is suspended by a wire and im- 
mersed in a fluid, especially when, as iu Clerk-Maxwell's 
experiments on gases, other two discs, are JUed near and 
parallel to it, on opposite sides. So far as liquids ore 
CODCcracd, these forms of experiment were carefully 
worked out by Poiseuille and by Coidomh respectively, 
and have since been extended, with various modifications, 
by V. Helmholti, 0. E. Meyer, etc. Later, Graham (as 
wo have just seen), Clerk-Maxwell, and many others, 
have applied one or other of these forma of experiment, 
more or loss modified, to the determination of 
viscosity of gaseous bodies. 
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316. Before goiug farther, we must define precisely 
what we mean by viscosity ; and the definition will, of 
course, show how it is to be measured. 

Suppose a layer of fluid, of unit thickness, to fill the 
interval between two plane surfaces, of indefinite extent, to 
which the fluid adheres. When one of these surfaces is 
made to move in a given direction parallel to the other, 
with unit speed, the tangential force on either per unit of 
surface is the measure of the viscosity. 

Hence, if, in Fig. 1, § 38, v be the speed at depth y, 
the tangential stress per unit surface of the layer at that 
depth ie — 

dv 

'<fil 

where k b the viscosity, The dimenaiona of Visooeity, 
therefore, differ from those of Rigidity (§ 178) simply by 
the time unit ; i.e. as the dimensions of velocity differ 
from those of acceleration. This may be seen at a glance 
from the equation of g 250. 

The estabhsbment of a simple working definition, such 
aa that above, leads at once to the formation of the proper 
equations of motion in all problems of this kind. The 
process is precisely the same as that adopted by Fourier in 
his definition of Heat Conductivity ; and it ia curious to 
see how all who have, in modern times, treated viscosity 
without using Fourier's method, have fallen into the vague 
and misleading methods of Fourier's predecessors. 

317. If, with this definition, we investigate tlie motion 
of a liquid in a capillary tube, when it baa become steady, 
we are led to the result (fuliy borne out by the experi- 
ments of Foiseuille ') that, ceterie paribui, the discharge 
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in a gircn time is proportional to tbe foattb power of tbe 
radius of the bore. (Compare § 228.) 

For the solution of the problem we assume that the 
motion is everywhere parallel to the axis of the tube, wjd 
with speed dependent onlj on tbe distance from it. Let 
K bo the viscosity, and consiJer the tangential stress (per 
unit length of the tube) on tbe surface of a cylinJrictd 
layer of liquid of radius r, concentric with the tube. If v 
be tbe speed of that layer, tbe amount of the stress is 
(by the definition above) 



Hence the difference ot the tangential forces on the surfaces 
of a cylinder of liquid of thickness Sr is 



I 

I 



But, as the motion is not accelerated, this must he equal 
and opposite to the difference of the pressures on the ends 
ot the cylinder, which is (per unit length) 

where x is measured parallel to the axis, This must 
obviously be independent of x, and, as the motion is 
always very slow under the conditions, p is approximately 
independent of r. Hence 

^_ u 

dx ' 

a constant, whose obvious value is the difference of 
pressures at the ends, divided by the length, of the 
tube, 
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Tims we have the very simpla eqaatioo. 
"'dry dr )' 



hf^ 



the integration constant being uero, because otherwise we 
should have finite tangential atresa on an infinitely small 
filament along the axis. 

Thus, if rg be the radiua of the bore of the tube, and if 
we assume that « is nil when r~r^ {i.e. that there is no 
finite shpping of the liquid along the walls gf the tube) 



r-). 



The whole volume of liquid which passes in unit of 
time through each cross section is 



'/"""-£/■<'■ 



-r^Tdr-^t„\ 



318. This expression enables us at once to calculate the 
vahies of « from experiments such as those of Poiseuille 
Their agreement with the formula above is very close 
throughout, the bores, lengths, and pressures being varied 
within wide limits. The most remarkable additional 
feature which Poiseuille recognised is the rapid diminution 
of viscosity of water with rise of temperature. In C. G. S. 
units his experiments give, approximately, 
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Coefft. of ViBcoflity. 
O'OIS 
O-013 
0010 



This means that there is a tangential stress of O'OIS 
dynes per square centimetre on each of two parallel planes. 
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one centimttre apart, vihan one ia moriDg relatively to 
the other at the rate of one centimetre per eecond, anil 
whoa the interspace is filled nith wtiter at 0° C. 

It ia well to note that from 0* to 10° C. the viscosity 
of water (Ma off al the rate of 2'S per cent, per degree. 
Comimre this with the corresponding increase of the rate 
of diffusion of common salt in water (§ 303), which, by 
Graham's results, is about 4 per cent per degree of 
temperature, 

319. The oscillation method of Coulomb is trouble- 
some in the complex mathematical details to which it 
leads, and even more so in the experimental precautions 
which it requires. It has been carefully worked out, from 
both points of view, by many different phjaicista, including 
especially O. K Meyer. Modifications of it have been 
employed by v. Helmholtz and others. The theoretical 
part of the investigation, which is very complex, was first 
developed by Stokes, who applied it to the reduction of 
pendulum uxperimente. 

The results of Meyer are about a sixth greater than 
those of Foiseuille. Those of v. Helmholtz and v. 
Pietrowski,' in which liquids were contained in an 
oscillating sphere, were complicated by finite slipping, 
which led to a new problem. Their result for water is 
about one-fourth greater than that of PoiseuiUe. 

According to Schottner,^ the coefficient of viscosity of 
glycerine (in C, G. S, units) sinks, from about 42 at 3' C, 
to Uttle more than 8 at 20" C. 

3S0. The Viscosity of a gas can be calculated, at least 
approximately, from the Kinetic theory, for it ia easy to see 
that it must depend upon the tratLsference of momentum 

' Sitsujisiber. der K. Ac. in Wien, 1S60. 
> Ibid., 1878, p. 6ES. 
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by tho interchange of particles between two contiguous 
layers of the gas which have relative velocity. 

Clerk-Maxwell, who first gave the theory of tliis subject, 
found that the viscosity is independent of the density in 
each particular gas, and iiKTsaien with rise of temperature, 
being directly proportional to the square root of the 
absolute temperature. 

But his experiments on air, made (g 315) by the oscil- 
lation method, gave (in C. G. S. units) the formula 

O'OOO, 000.886(274 + 
where ( is the temperature centigrade. Here a different 
temperatnre-law appears.' 

Maxwell also showed that in oxygen the viscosity is 
greater than in air, and in carbonic acid less. In hydrogen 
it is about half as great as in air. Theoretically it is as 
the density of the gas, and the mean free path of a 
particle, conjointly. The mean free path depends upon 
the gixe of the particles, being {cderis paribus) inversely 
as the squares of their diameters. [Compate with Graham's 
results above, gg 310, 311.] This subject has since been 
elaborately investigated by Meyer, Kundt and Warburg, 
and many others, but the exact law of the temperature- 
variation is still uncertain. 

' Stolies IPMl. Traja., 1SS6] sttribates this discrepancy to non- 
parsUelism of the Gzed and osoiltatiDg plates. 
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CHAPTER XIV. 

AGG&BOAnOX or PAKtlCLBS. 

321. Thi3 clupUr must be a veiy short one, becauee, 
thnugh experimeutal faeU aie to be had in profusion, the 
subject, as a whole, has not yet been raised to the higher 
level of Science from that of the mere preliuilnaiy " beetle- 
hunting or crab-catching stage." Parte of it are already 
much further advanced. The geometry of crystalline 
forma has been very fully developed and systemalised. 
The physical properties of the aggregate have been 
scientifically developed, as we have seen, mainly from 
the hasia of Hooke's Law for solids aad liquids, and of 
Boyle's L^w for gases ; and the formulation of these laws 
has enabled us to discuss, with something like a secure 
foothold, the deviations from them. 

But the mode of formation of the aggregate of particles, 
at nil events in solids and liquid^ is a question of much 
greater diiEculty. We still require, in fact, a Kepler to 
co-ordinate the facts, before there can be a chance for a 
Wewton to group them under some simple but all-emhracing 
statement. 

All that our plan permits us to do is to point out 
briefly how far the Ptolemy and the Copernicus, as well 
as the Tyclio Brahe, of this subject have marshalled the 
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materialfl for the coming Kepler. The Newton will be 
later ia appearing. 

322. In the case of gases a real step to explanation 
has been taken, but a great part of the very eloments of 
the Kinelic Theory (§§ 33, 107) ia atUl obscure and 
difficult. The earliest su^eetion of it is commonly 
attributed to D. Beinoulli (1738), but the following 
paaaage from Hooke'e Pamphlet De Ptitenlia Resfilutwa^ 
ahows that essentially the same ideas had been published 
long before. 

" In the next place for fluid bodies, amongst which the 
greatest instance we have is air, though the same be in 
Bome proportion in all other fluid bodies. 

" The air then is a body consisting of particles so email 
as to be almost equul to the particles of the Hetero- 
geneous fluid medium incompassing the earth. It is 
bounded but on one side, namely, towards the earth, and 
is indefinitely extended upward being only hindered from 
flying away that way by its own gravity (the cause of 
which I shall some other time explain). It consists of 
the same particles single and separated, of which water 
and other fluids do, conjoyned and compounded, and 
being made of particles exceeding small, its motion (to 
make its balance with the rest of the earthy bodies) is 
exceeding swift, and ita Yibrative Spaces exceeding large, 
comparative to the Yibrative Spaces of other terrestrial 
bodies. I suppose that of the Air next the Earth in its 
natural state may be 8000 times greater than that of 
Steel, and above a thousand times greater than that of 
common water, and proportion ably I suppose that its 
motion must be eight thousand times swifter than the 

■ See footuote to § 221. Also the quoCatioa from Boyle (g 186) 
where be apeaka of the space the air " poaaai'd But ^it'd." 




fornier, and above a thouBand tiroes swifter than the 
Utter. If therefore a quantity of this body be inclosed 
by a solid body, and that he so contrived as to compress 
it into less room, the motion thereof (supposing the heat 
the same) will continue the same, and consequently the 
Vibrations and Occuraions will be increased m recii>rocal 
proportion, that ia, if it be Condensed into half the space 
the Vibrations and Occursions will bo double in number 
If into a quarter the Vibrations and Occursiona will be 
quadruple, etc. 

" Again, if the containing Vesael be bo contrived 
to leave it more space, the length of the Vibrationa 
be proportionably enlarged, and the number of Vibrations 
and Occursiona will be reciprocally diminished, that is, if 
it be suffered to extend to twice its former dimensions, 
its Vibrations will be twice as long, and the number of 
its Vibrations and Occuraions will be fewer by half, and 
consequently its endeavours outward will be also weaker 
by half. 

" These Explanations will serve mtitatts mtiiandti 
explaining the Spring of any other Body whatsoever. 

The modern revival of the theory is due to Herapath. 
and, a little Inter, to Joule, who was the first to 
definite calculations as to the speed of the particles of 
gas necessary for the production of the observed presaore 
at different temperatures. He stated distinctly that his 
results were independent of the size of the particles, and 
of the number of collisions. Krdnig ia constantly cited, 
especially in German works, as having advanced 
theory ; but the only novelty which his paper ' seems 
contain ia the somewhat startling, and certainly 
unverified, result that the weight of a. gaa when in mo( 
' Fogg. Ann., 1866, icix. p. 319. 
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is only half what it is when the gna ia at rest. [He for- 
gets to take account of the additional impulse due to 
restitution, g 255.] 

The ftr£>t approach to a thorough treatment of the 
theory was made by ClauaiuB, who took account of the 
mutual impacts of the particles, with the consequent con- 
ception of the mean free path ; and who introduced the 
statistical method of treatment. He was followed by 
Clerk- Mas well, and by Boltnuanti, and among the tliree 
the theory was rapidly developed. 

It ia already competent, aa is shown in works on Beat 
(to which the theory now properly belongs) to explain 
fully many of the properties of gases ; but it still labours 
under an unanrmounted difficulty, viz. the explanation 
of the diversity of values of the ratio of the two specific 
heats (at constant pressure and at constant volume) in 
various groups of gases. The difficulty ia probably due 
to our ignorance of the interior mechanism of the 
particles of gases ; and it haa been greatly enhanced by 
an apparently unwarranted application of the Tlieury of 
Pro^&i7tVi«s,Dnwhich the statistical method is based. But 
the examination of such questions is foreign to our work, 

323. The key to the explanation of the liquid state is 
undoubtedly to be sought in connection with Andrews' 
grand discovery of the Crilkal Temperature (§ 194). 
Whether something akin to this does, or does not, hold 
with reference to the relation between the solid and 
liquid states, is a problem which does not appear to have 
been attacked. It presents, undoubtedly, most formid-,-— 
able difficulties, experimental as well as theoreticsr^ 
which are heightened by the well-known fact that tl^e ; 
are solids whose melting point is loitered by pre^»reJ r 
Bat here, again, we trench on the domain of Heat. I A I ' 
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32i. The essential difference between the solid and 
the liquid states of any kind of matter lies in the fact 
that any distorting stress, however smaU, i£ only peraiat- 
ently applied, produces finite change of arrangement 
omong the particles of a liquid, whereas it can in general 
but iufiuiteaimally alter the relative positiOQ of eojitiguotu 
particles of a solid (unless, of course, it be sufficient to 
produce rupture of the mass). It is barely coQceiv&ble 
that thore can be in any case an abrupt transition from 
one of these states to the other ; and, in fact, in the 
great majority of cases at least, there is known to be a 
gradual transition from the solid to the liquid stnte^, as 
the temperature is raised in the vicinity of tho melting 
point, so that there is continuous passage from the state 
of very plastic solid to that of very viscous liquid. The 
same thing is observed in various colloidal bodies such aa 
isinglass and other jellies, when made up with difiereut 
amounts of water. In this connection the student 
ahould again read the remarkable statement of Cieik- 
Maxvfell in § 253 above. 

Especially on the subject of crystallisation do we 
appear to get some light from such a view of inter- 
molcculiir action. For it would seem that au essential 
requisite to the formation of a homogeneous crystal must 
be the comparative freedom of each particle from the in- 
fluence, direct or not, of alt besides those in its immediate 
vicinity. That there is, even in the most homogeneous 
crystals, still at least a trace of what Maxwell calls th« 
more stable groups, is probably indicated by the emt- 
enee of Cleamffe Plansn, which are not in general parallel 
to the more prominent faces of the crystal. In fact, as 
Sorby has shown, cleavage planes analogous to those of 
slate-rocks can be developed in the majority of plastic 
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solids by the application of presBure-Btresa in a direction 
perpendiculur to them. It is tliua tliat slatee tliemselveg 
are formed from a deposit of mud. The proof ia obvious 
from the fact that the planea of cleavage are often in- 
clined at large angles to those of stratification. But we 
offer these remarks merely as a Euggeetion, which our 
limits prevent us from developing. 

In this connection it may be well to mention an acute 
remark of Le Eoux ' to the effect that annealing appears 
to preserve the state of iaotropy characteristic of fusion. 
He was led to this by remarking that a glass of borate 
of magnesia, which was ordinarily transparent, became 
like porcelain or, rather, like white marble when very 
quickly cooled. 

325. Whether all solids tend to acquire ultimately a 
crystalline structure or not, we cnu at least seek to ^d 
the forms which they are likely to assume in cases (such 
as that of slow deposition from a state of solution) where 
each particle is free to choose its position of least poten- 
tial energy relative to those already deposited. This 
was long ago very well worked out by Ifaiiy, though (of 
coarse) without any reference to poteutial energy. And 
the agreement, of the results of such hypothetical calcula- 
tions, with the observed forms of natural and artificial 
crystals, shows that we have really made a step in the 
right direction (though a te<^ short one) to the explana- 
tion of these singular and beautiful results of the action 
of molecular forces. 

326. The simplest case is that iu which the separate 
particles behave as if they were spherical, i.e. as if they 
exerted equal resultants of molecular and of thermal 
action (at the same distance) in all directions. Here wo 

1 Cimpta Sendm, 1667, p. Il!6. 
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cnn call to our assistance the aaalog]' of vrell-known 
resulU as to the piling of shot, etc. 

There are two ways in whidi we may suppose the 
first plane layer to be laid down; i.e. in st^uare order, 
DT in equilateral triangular order. Again there ore twT> 
ways in whith the nest layer may be (aymtnetrically) 
deposited, i.e. particle above particle, or particle above 
the middle point of each square, or of each equtiat«nil 
triangle. The two latter cases, however, are really tiie 
some arrangement, bo far as the relative positions of 
contiguous particles are concerned ; aa we see at once by 
looking at one of the faces of a four-sided pyramid 
built up on a square base. For in the face Ibe order is 
triangular. Or, it we remove one edge from the three- 
sided pyramid built on an equilateral triangular base, 
we find the particles in the plane of replacement to be 
in square order. 

We find these two forma, apparently so different, in 
many species both of natural and of artiGcial crystals. 
Thus tlie regular oktahedron, which is merely two four- 
sided pyramids built on opposite sides of the same square 
base, and its herriihedrat form, the regular tetrahedron, 
which is the three-sided pyramid built on an equilateral 
triangular base, are both met with in various substances 
belonging to the Cubic System. The measured angles 
between the several pairs of faces are found to agree 
exactly with those of the geometrical solids. 

327. An imperfectly developed oktahedron, when the 
iraporfoction is symmetrical, may assume various forms, 
all of which are met with in actual crystals. Thus, 
suppose we remove layer after layer, symmetrically, 
from the summits of the oktahedron. The new faces 
thus produced form parts of the taaea of a cube; and 
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we may obtain the cube complete by continuing the 
process till the lost trace of the oktahedral faces has been 
removed. 

Replace, symmetrically, the edges either of the oktahe- 
dron or of the cube, and we produce a set of parts of the 
faces of what is called a Rhombic Dodekahedron (Fig. 41). 
Many natural crystals assume symmetrical forms con- 
taining faces belonging respectively to the oktahedron, 
the cube truncating its summits, and the rhombic dode- 
kahedron replacing its edges. 

Instead of replacing each edge by a single plane 
equally inclined to the faces which meet in that edge, 
suppose we bevtl it symmetrically by two planes. We 
shall now no longer have a form with fixed angles {i.e. 
invariable shape) aa in the cases previously mentioned, 
but one which (though its general character is determined) 
will have its form de[iendeut on the inclination of the 
bevelling planes to the faces which meet in the edge 
bevelled. Here, again, the geometrical results are found 
to fit the forms actually presented in nature. 

It is an interesting and instructive work for the 
student to verify these statements by operating on a 
lump of soft chalk, or (still better) stiff putty or 
modeller's clay, by means of a broad, but thin, bladed 

328. This is not the place to enter into crystallo- 
graphic details, but we may introduce the following 
statement, which inclndes all the above results, and 
which is found, at all events, to accord fidly with the 
general appearance of any of the very numerous crystals 
belonging to what is called the cubic system. 

Any three axes which meet, but which do not lie in 
one plane, being chosen, the equation of any plane 
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whaiover, which does not pB83 through the origin, uui 
be written in the form 

kc+ky + li-X. 

Here h, k, and t arc finite quantities, the reciprf>ca]« ol 
the distantea from the origin at which the plane meeta 
the axes respectively. 

To obtain all the plane facea of any one simple form 
of crystnl, all we have to do is to give to A, A:, / in the 
above expression all admi^ihle voIdgs in aiiccession. 

329. When we take the cubic system, of which nione 
we have yet spoken, aymmetry shows that if the three 
axes be taken an the lines joining pairs of opposite 
summits of the oktahedron, obtained as in § 336 above, 
these will possess properties abaolutoly alike. ThtiB 
symmetry further shows that the numbers h, It, I mag b« 
airanged in any order, for what is true of any one of the 
axes is true of each of the others. Sintilsr considerations 
show that each of k, k, I, independent of the others, vuxy 
be either potilive or negative. These quantities are 
always found, in actual crystals, to have their ratios 
rigorously expressihle in small Whole Numhert. [This, 
of itself, is a very strong argument in fevooi of t]ie 
notion that the crystal is built up of little ports, all equal 
to one another.] 

The numbers A, k, I can be arranged in six different 
orders ; and, as any one of these orders has eight po^ible 
arrangements of signs, there are forty-eight symmetri- 
cally arranged plane triangular faces on the most general 
simple form of this system. This form is found in 
many natural crystals, and is called a hexakis-oktaliedron 



iwo of ^1, k, I are equal, it is usual to divide the 

} groups ftcconiiDg aa thft tJurc' 
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greater than the others. Both classes hare twenty-four 
faces on!y, but in the first group they are triangular, in 
the second quadrilateral. Tliese are, respectively, the 
triakis-oktahedroD (Fig. 38) and the eikositetrahedron 
(Fig. 39) which are derived roBpectively from the 
oktahedron by symnietrical bevelling of its edges, and 
by symmetrical blunting of its summits. 

Intermediate to these there is the case when all three 
of ft, lE-, / are equal, and we have the oktahedron itself. 

There is also a limiting case when the third vanishes. 
This is the rhombic dodekahedron (Fig. 41) discussed in 
§ 327 ; and of course it also forme the limiting case of the 
series when one of h, k, I vanishes and the otliers are uD' 
equal, cftlied the tetrakis-hcxahedron (Fig. 40), obtained 
by symmetricBl bevelling of the edges of the cube. 

When two vanish we have the cube. 

The following figure shows the Hexakis-Oktahedron, 
an octant (lying among the positive axes of x, y, j), being 





specially lettered for reference, ajid we can easily see how 
it degrades into the other foms. 

Thus if xGy, and therefore yAi and zBr, become 
straight lines {i.e. if the planes iiad»d URM^ l|| a and d, 
e and /, coindd« in pairs), tha fl 




rBfc U h rfw (F|g.>8). TUi dflgBidMiBto tfae oLtahedion 
if D be ik tk* ftmm ^i {ijL U m, I, t, d, e,/, »re aJl ojm 
phae) : wA into Ae tlionbtc doddahnlran if DC ba 
pKpcaficakr b> the pitakt of xy (u. U i^ 2^ a*, »'. an all 
puts of ana plaasX 

A^in, if Um pbnM/sBii o, b md c, J ind e, flotnciile 
ia |«ii^ n hxn (Iw fAowigtimhedron (Fig. 39). 

If ADB be panDd to the plane of 2y, etc, the an^e 
ADB ia a right an^e, the planes/ and ^, a and a\ h and 

^(', etc, coinage in paii^ and the figon is the tetmkis- 



hexahedron (Fig. 40), which becomes the cube when/, /, 
a, a', etc, are nil in one plane ; and the rhombic dodeka- 
hedron when a, a', b and b', are all in one plane. 

330. Six faces of the rhombic dodekaliedron are 
parallel to the line joining D with the origin, and are 
situated eymmetricall; round it. If, then, these h&a% 
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be extended in their own plauea without any alteration 
of the two groups of three forming the other faces, the 
whole will become a regular hexagonal prism with enda 
consisting each of three equal rhombic faces with their 
greater angles in contact at the summit. This is found, 
by measurement, to bo the form of a bee's cell. And a 

iea of these dodekahedra (all equally and similarly 
distorted from equal rhombic dodekahedra) can (like 
them) be so packed together as to M space without 
leaving interstices, as in a honeycomb. 

331, If, instead of building up a mass of equal spheres, 
we use similar, equal, and similarly situated ellipsoids of 
revolution, we must make corresponding alterations in 
our rules for h, k, I above. If the chief axes o! the eUip- 
Boids be perpendicular to the layers of particles, the 

ij, z axes are still a rectangular system, but h (say) is 

1 longer interchangeable with A or with I. For A is 

now a small integral multiple of a parameter which 

depends on the chief axis of the ellipsoid, while k and I 

I aimilar multiples of the (equal) parameters of the 
other two axes. This greatly reduces the number of 
lossible faces in the simple forms. 

If the particles are similar, equal, and similarly situated 
ellipaoids, touching one another in a layer by the ends of 
two of their axes, the x, y, z system is still rectangular, 
but no two of h, k, I are interchangeable. 

In any other arrangement, which is capable of giving 
a homogeneous whole, the simplest x, y, z system is no 
longer rectangular ; and the ellipsoids, though still 
dimilar, equal, and similarly situated, may come in 
contact (in threes) in an infiuity of different ways. 

There is no known form of crystallised matter whose 
sepoiate fo^'.es cannot be exactly accounted for by results 
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haaoi on these premises, though there are many cases 
of hemihedry, etc., in which the faces geometricaUy 
deteriniiied for a simple form present themselves only in 
selected groups. 

332. In what we have said above, the only assumptions 
made (for the purpose of explaining homogeneity) were 
that the particles grouped wore themselves equal, similar, 
and similarly situated ; and that the arrangement of its 
neighbours round it was exactly the same for each 
particle. 

But it is easy to conceive that very different results 
may be obtained, even with identical materials, according 
to circumstances. Every one who has seen water which 
is prevented only by currents from becoming solid ice, 
and which is full of excessively small ice crystals, may 
easily imagine a state of things in which the particles 
(which, otherwise, would have been deposited one by 
one to form a crystal) may arrange themselves in veiy 
small, but similar and equal, groups before they are 
deposited. Thus the aggregates, above contemplated, 
may be built up, not directly of individual particles, 
but of other less complex though (among tbemsclvea) 
aimilar and equal sets of aggregated particles. Here 
again we come back to the same idea as that in the 
quotation from Clerk-Maxwell (g 263), and may employ 
it for the purpose of explaining the existence of cleavage 
planes, etc. 

333. The aggregations we have considered have been 
such OS take place freely; but if we consider what is 
likely to happen under circumstances of temporary or 
permanent stress, as, for instance, in a Ruperfa drop, 
or any other melted muss of which a portion is cooled 
and sohJified more suddenly than the rest, wo see 
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thftt ^e cannot expect a. result in which the potential 
energy of the whole shall be as small as possible ; 
and are, therefore, prepared to find that such bodies, 
unless carefully annealed, are essentially in unstable 
equilibrium. 




APPENDIX I. (§ 18). 

HvPOTUKaES A8 TO THE CoSSTITUTIOK OF ilATTEIt. 

By Professor FliM, D.D. 

1. All tnatfrial substances are itifintt«Iy divisible into 
parts of the same naturo an themselves aud as complex, 
oveo qualitatively, as themselves, 

2. All material subataneea are divisible into ultimate 
indivisible homogeneous parts as complex as the wholes. 

One or other of tltese two hypotheses (it is, perhaps 
imiwssible to dotermiDe which) is attributed by Lucretiua 
to Anaxagoras, whose real opinion, however, was probably 
the one which (ollowa. 

3. AH material substances aro formed from a primitive 
matter, "in which all things were together, infinitely 
ttumurous, infinitely little," and of which each in&nitely 
little part was infinitely complex. 

4. All material substances result from the combination 
of a few kinds of material elements, each of which Is 
composed of jiarticles like to itself, e.g., earth of earthy 
particles, water of aqueous particles, air of aerial particles. 
— TJiis waa the hypothesis of the Hindu Kanada, the 
Greek Empedoclea, and a host of medieval j;/ij/«(ciK/A 

5. All material aubatanccs are states or stages of one 
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primitive matter or element, e.y. of water or air. — Tlie 
hypothesis of Thales, Anaximenes, etc. 

6. All material BubstaDces are divisible into ultimate 
indivisible parts, " strong in solid singleness," which have 
no qualitative but only quantitative differences, and 
which variouslj aggregate through motion in a void. 

This is the atomic hypothesis as taught by DemocrituB, 
Epictitns, etc. 

7. All material substanees arc divisible into elementary 
substances which are subdivisible into molecules, and, 
ultimately, into atoms possessed of distinctive qualita- 
tive as well as quantitative differences. — Bccently, and 
probably still, the ordinary chemical hypothesis. 

6, All material substances are divisible into Bo-called 
elementary substances composed of molecular particles 
of the same nature as theiuaeJvea, but these moleculni 
particles are complicated structures consisting of congre- 
gations of truly elementary atoms, identical in nature 
and differing only in position, arrangement, motion, etc., 
and the molecules or chemical atoms are produced from 
the true or physical atoms by processes of evolution 
under couditions which Chemistry has uot yet been able 
to reproduce. — Hypotheeia of H. Spencer, etc. 

9. All material substances are composed of atoms, not 
hard and solid and on that account indivisible, but the 
rotatory ruiga or infinitesimal whirls of an incompressible 
frictionless fluid, supposed to be homogeneous and perfect, 
but the nature of which is not otherwise described ; and 
all the differences of material subatauces are due to the 
diaracterg and beiiaviour of their component rings or 
whirls.— The hypothesis of Sir William Thomson. 

10. The matter which is the object of the senses ia 
the product of a world-building power moulding in accord- 
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Bnce vitli etcrual ideas an nncreated substratum, the 
" recoptBole " aud " nurso " of " forms," but itaeU devoid 
of form and definite attributes. — Plato's hypotbesje. 

11. The matter which is an object of sense is a 
synthesis of/i>rtii with a primary matter which is merely 
capacity niid passivity — a synthesis produced by a for- 
mative cuuse, which must be both au efficient and final 
cause. ^ — Aristotle's hypothesis. 

12. Impenetrability is the essence of matter. — Hypo- 
thesis of various physicists. 

13. Extension, not impenetrability, is the essenra of 
matter. " Give me extension and motion and I will 
construct the world." — Descartes. 

14. Material things are "modes" of extension, which 
is one of the oidy two discoverable "attributes" of the 
one " Substance." — Spinoza. 

15. Matter in its ultimate constitution consists of 
neiaphygieal jioinfx which give rise to sensible matter by 
states of effort (eonalits) transitional from rest to motion. 
— The Hypothesis of Vico, See my " Vico." 

16. The ultimate elements of matter are indivisible 
points without extension, but anrrounded by spheres of 
attractive and repulsive force which alternate according 
to the distance of these points up to a certain degree of 
remoteness. — Hj-po thesis of Boscovich. 

17. The physical universe ia constituted by the un- 
conscious perceptions of a vast collection of unexteuded 
spiritual forces or monads, endowed with a power o£ 
spontaneous development and with something of the 
nature of desire and sentiment ; and tlie properties which 
physical science aacrihea to the idtimate elements of 
matter are the modes Under which the reciprocal actions of 
the monads appear to sense, — The hypothesis of Leibuits, 



18. Matter ia a mental picture in whicii " mind-stuB " 
is the thing represented, and mind-stuff is coustituted by 
feelings which can exist by themeelves, without forming 
parte of a conscioiisneas, but which are also woven into 
the complex form of human minda.— The hypothesis of 
CHfford. 

19. Matter apart from perception has no existence ; 
physical phenomena are essentially gensali(ms or ideag ; 
"bodies" are groups or elustere of actual or expected 
sensations arranged according to so-called laws of nature 
iu which is manifest the working of the divine mind. — 
Berkeley's hypothesis. 

20. Matter is simply an appearance to sense, without 
anything real in it. — The Hindn hypothesis of Mayo, the 
Eleatic hypothesis of non-being, etc. 

21. Matter is "the permanent possibility of sensa- 
tions."— J. S. Mill. 

22. " Die Materie ist Dasjenige, wodurch der Wille, 
der das iunere Wesen der Dinge ausmocht, in die Wahr- 
nehmbatkeit tritt, anschaulich, SieJtIbar wird. In diesem 
Sinue ist also die Materie die blosse Sichtbarkeit dea 
Willens, oder due Baud der Welt als Wille mit der Welt 
als Vorstellung. Die Materie ist durch und durch 
Causalitat." — Schopenhauer. 

23. Matter ia constituted by forces which are out- 
going or manifestations of the Divine Will. 

2i. Matter is not objectified Will but objectified 
thought. 

25. Matter is Nature's Belf-«xtemality in its most 
universal form with a tendency to self -intern ality or 
individuation shown in the iiUiis of gravitation, end 
nature is the Idea in the form of otherness, or 
alienation. — HegeL ^ 
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From the article "Atom," bj Cicrk-Mucwell, 
EiKj/. Brit., Bth od. 
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V Atom (arofUK) is a body which cannot be cut in two. 

The atomic theory is a theory of the constitution of 
bodies, which asserts that they nre made up of atoms. 
The opposite tlieory is that of the homogeneity and 
condiiuity of bodies, and asserts, at least in the case 
of bodies having no apparent organisation, such, for 
instance, as water, that aa we can divide a drop of water 
into two parts which are each of them drops of water, 
80 we have reason to believe that these smaller drops 
can be divided again, and the theory goes on to assert 
that there is nothing in the nature of things to hinder 
this process of division from being repeated over and 
over again, times without end. This is the doctrine of 

I the infinite divisibility of bodies, and it is in direct con- 
tradiction with the theory of atoms. 
The atomiate assert that after a certain number of such 
divisions the parts would be no longer divisible, because 
each of them would be an atom. The advocates of the 
continuity of matter assert that the smatlest conceivable 
body has parts, and that whatever has parts may be 
divided. 



There are thus two modes oE thinking about the con- 
stitution of bodies, which have had their adfaeretita both 
in ancient and in modern times. They correspond to 
the two methods of regarding quantity — the arithmetical 
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and the geometrical. To the atomlst tlio true method 
of estimating the quantity of matter in a body is to count 
the atoms in it. The void spaces between the atoms 
cmint for nothing. To those wlio identify matter with 
extension, the volume of apace occupied by a body is the 
only measure of the quntitity of matter in it 

Of the differeut forms of the atomic theory, that of 
Boecovich may be taken aa an example of the purest 
monadism. According to BoscotIcIi matter is made up 
of atoms. Each atom is an indivisible point, having 
]K«ition in space, capable of motion in a continuous path, 
and posBeseiug a certain mass, wliercby a certain amount 
of force is required to produce a given change of motion. 
Beaidea this the atom is endowed with potential force, 
that is to say, that any two atoms attract or tepel each 
other with a force depending on their distance apart. 
The law of this force, for aU distances greater than say 
the thou^ndth of an inch, is an attraction varying as the 
inverse square of the distance. For smaller distances 
the force is an attraction for one distance and a repulsion 
for another, according to some law not yet discovered. 
Boacovich himself, in order to obviate the possibihty of 
two atoms ever being in the same place, asserts that the 
ultimate force is a repulsion which increases without 
limit as the distance diminishes without limit, bo that 
two atoms con never coincide. But this seems an 
unwarrantable concession to the vulgar opinion lliat 
two bodies cannot co-exist in the same place. This 
opinion is deduced from our experience of the behaviour 
of bodies of sensible size, but we have no experimental 
evidence that two atoms may not sometimes coincide. 
For instance, if oxygen and hydrogen combine to form 
water, we have no experimentai evidence that the mole- 
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cule of oxygen is not in the very same place with the 
two molccnlea of hydrogeo. Many persons cnniiot get 
till of the opiiiioD that all matter is extended in length, 
bre-adth, und depth. This is a prejudice of the same kind 
with the last, arising from our experience of bodies con- 
sisting of immense multitudes of atoms. The system of 
Atoms, according to Boscovich, occupies a certain region 
of space in virtue of the forces acting between the com- 
ponent atoms of the system and any other atoms when 
brought near them. No other system of atoms can 
occupy the same region of space at the same time, 
because, before it could do so, the mutual action of the 
atoms would have caused a repulsion between the two 
systems insujierable by any force which we can command. 
Tlius, a number of soldiers with firearms may occupy an 
extensive region to the eKclusion of the enemy's armies, 
though the space tilled by their bodies is but smalL 
In this way Boscovich explained the apparent extension 
of bodies consisting of atoms, each of which is devoid 
of extension. According to Boscovich's theory, all action 
between bodies is action at a distance. There is no such 
thing in nature ns actual contact between two bodies. 
When two bodies are said in ordinary language to be in 
contact, all that is meant is that they are so near togetlier 
that the repulsion between the nearest pairs of atoms 
belonging to the two bodies is very great. 

Thus, in Eoscovicli's theory, the atom has continuity 
of existence in time and space. At any instant of time 
it is at some [loint of sjace, jind it is never in more than 
one place at a time. It posses from one place to another 
along a continuous path. It has a definite mass which 
cannot be increased or diminished. Atoms are endowed 
with the power of acting on one another by attraction 




or repulsion, the amount of tlie force dependini^ on the 
distance between them. On the other hand, the atom 
itself haa no parts or dimensions. In its geometrical 
aspect it is a mere geometrical point. It has do exteu- 
eion in Bpaco, It haa not the so-called property oE 
Impenetrability, for two atoms may exist in the same 
place. This we may refpird as one extreme of the 
various opinions about the constitution of bodies. 

The opposite extreme, that of Anasagoras — the theory 
that hodies apparently homogeneous and continuous are 
so in reality — is, in its extreme form, a theory incapable 
of development. To explain the properties of any suh- 
atauce hy this theory is impossihle. We can only 
admit the observed proper Lies of such substance as 
ultimate facts. There is a certain stage, however, of 
scientific progress in wliich a method corresponding U> 
this theory is of service. In hydrostatics, for instance, 
we define a fiuid by means of one of ita known pro- 
perties, and from this definition we make the system of 
deductions which constitutos the science of hydrostatics. 
In this way the science of hydrostatics may he built 
upon an experimental basis, without any consideratioB 
of the constitution of a fluid as to whether it is mole- 
cular or coutiimous. In like manner, after the French 
mathematicians had attempted, with more or lees in- 
genuity, to construct a theory of elastic solids from the 
hypothesis that they consist of atoms in equilibrium 
under the action of their mutual forces, Stokes and 
others showed that all the resulta of this hypothesis, so 
far at letist as they agreed with facta, might be deduced 
from the postulate that elastic bodies exist> and from the 
hypothesis tbot the smallest portions into which we can 
divide them are sensibly homogeneous. In this way the 
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principle of continuity, which is the basis of the method 
of Fluxions and the whole of modern mothematica, may 
be applied to tho analysis of problems connected with 
material bodies by aasuming them, for the purpoM of 
this analysis, to be homogeneous. All that is required 
to nmke the teaulta applicable to the real c«ae is that the 
amikUest portions of the substance of nhich we take ouf 
notice shall be sensibly of the same kind. Thus, if a 
railway contractor has to make a tunnel through a hill 
of gravel, and if one cubic yard of the gravel is so like 
another cubic yard tliat fur the purposes of the contract 
they may be taken as equivalent, then, in estimating the 
work required to remove the gravel from the tunnel, he 
may, without fear of error, make hia calculations as if the 
gravel were a continuous substance. But if a worm has 
to make bis way through the gravel, it makes the greatest 
possible difference to him whether he tries to push right 
against a piece of gravel, or directs his course through 
one of the intervals lietwcen the pieces; to him, therefore, 

e gravel is by no means a homogeneous and continuous 
substance. 

In the same way, a theory that some particnlsr 
substance, say water, is homogeneous and continuous 
may be a good working theory up to a certain point, 
but may fail when we come to de«l with quantities so 
minute or so attenuated that tJieir heterogeneity of 
structure comes into prominence. Whether this hetero- 
geneity of structure is or is not consistent with homo- 
geneity and continuity of substance is another question. 

The extreme form of the doctrine of continuity ia 
that stated by Descartes, who maintains that the whole 
universe is equally full of matter, and that this matter 
is all of one kind, hanog no essential property besides 




that of extension. All the properties which we perceive 
in matter he reduces to its parts being movable among 
one another, and so capable of all the varieties which we 
can perceive to follow from the motion of its parts 
(Prineiyia, ii. 23). DeecarteB' own attempts to deduce 
the different qualities and actions of bodies ia this 
way are not of much value. More than a century was 
required to invent methods of investigating tlio con- 
ditions of the motion of systems of bodies such an 
gined. 



A cube, whose side is the 4000th of a milliniijtre, 
may be taken as the mimmiim viiibile for observers of 
the present day. Such a cube would contain from 60 
to 100 miUion molecules of oxygen or of nitrogen ; but 
since the molecules of organised eubstances contain on an 
average about 50 of the more elementary atoms, we may 
assume that the smallest organisei! particle visible under 
tlie microscope contains about two million molecules of 
oi^anic matter. At least half of every living organism 
consists of water, bo that the smallest Uving being visible 
under the microscope does not contain more than about 
a million organic molecules. Some exceedingly simple 
organism may be supposed built up of not more than a 
million similar molecules. It ia impossible, however, 
to conceive so small a number sufficient to form a being 
furnished with a whole syst«m of specialised organs. 

Thus molecular science sets us face to face with 
physiological theories. It forbids the physiologist from 
imagining that structural details of infinitely small 
dimensions can furnish an explanation of the infinite 
variety which exists in the properties and functions of 
^^e most minute organisms. 
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A microscopic germ is, wo know, <»pab!c of develop- 
iiieut into a highly orgctnised animal. Another genu, 
equttlly microscopic, becomes, when developed, an aniiual 
of A totally diffei'ent kind. Dooll the ditfercncea, infinite 
in number, which distinguish the one animal from the 
other, arise each from some difference in the Btructure of 
the respective germs 1 Even if we admit this as posnhle, 
we shall be culled upon by the advocates of Fangeneeia 
to admit slill greater marvels. For the microscopic 
germ, according to this theory, is no mere individual, 
but a representative body, contaiuing members collected 
from every rank of the long-drawn ramification of tlie 
ancestral tree, the number of these members being amply 
sufficient not only to furnish the hereditary characteristics 
of every orgnn of the body and every habit of the animal 
from birth to death, but also to afford a stock of latent 
gemmules to be passed on in on inactive state from germ 
to germ, till at last the ancestral peculiarity which it 
ropresenta is revived in some remote descendant. 

Some of Uie exponents of this theory of heredity have 
attempted to elude the difficulty of jilaeing a whole 
world of wonders within a boily bo small and so devoid 
of visiblB structure as a germ, by using the phrase 
structureless germs.' Now, one material system can 
differ from another only in the configuration and motion 
which it has at a given instant. To explain differences 
of function and development of a germ without assuming 
differences of etructure ia, therefore, to admit that the 
properties of a germ are not those of a purely material 
system. 



Coincidences obfterved, in the caae of several terrestrial 
Bubataocea, with several sjstenia of lines in the spectra of 
the heavenly bodies, tend to increase the evidence for 
the doctrine that terrestrial substances exist in the 
heavenly bodies, wliile the discover}' of particular lines 
in a celestial spectnun which do not coincide with any 
line in a terrestrial spectrum does not much weaken the 
general argument, hut rather indicates either tliat a sub- 
stance exists in the heavenly body not yet detected by 
chemists on earth, or that the temperature of the heavenly 
body is such that aomo substance, unJecomposable by 
our methods, is there split up into components unknown 
to us in tlieir separate state. 

We are thus led to believe that in widely-separated 
parts of the visible universe molecules exist of various 
kinds, the molecules of each kind having tlieir various 
periods of vibration either identical, or so nearly identical 
that our spectroscopes cannot distinguish them. We 
might argue from this that these molecules are alike 
in all other respects, as, for instance, in mass. But it is 
sufRcient for our present purpose to observe that the 
same kind of molecule, say that of hydrogen, has the 
same set of periods of vibration, whether wo procure the 
hydrogen from water, from coal, or from meteoric iron, 
and that light, having the same set of periods of vibra- 
tion, comes to ua from the sun, from Sirius, and from 
ArcturUB. 

The same kind of reasoning which led us to believe 
that hydrogen exists in the sun and stars, also leads us 
to believe that the molecules of hydrogen in all these 
bodies had a common origin. For a material system 
capable of vibration may have for its periods of vibration 
any set of values whatever. The probability, therefore, 
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the molecules wliich did not faE under oue of the very 
limited number of kinds known to ua ; and to got rid of 
a number of indestructible bodies, exceeding by far the 
number of the molecules of all the recognised kinds, 
would be one of the aeverest labours ever proposed to a 



It is well kuown that living beings may be grouped 

into a certain number of species, deBned with more or 
less precision, and that it is diHicult or impossible to find 
a series of individuals forming the links of a continuous 
chain between one species and another. In the case of 
living beings, however, the generation of individuals is 
always going on, each individual differing more or less 
from its parents. Eauh individual during its whole life 
b undergoing modification, and it either survives and 
propagates its species, or dies early, accordingly as it is 
more or less adapted to the circumstances of its environ- 
ment Henue, it has been found possible to frame a 
theory of the distribution of organisms into species by 
means of generation, variation, and discriminative destruc- 
tion. But a theory of evolution of this kind canuot he 
applied to the case of molecules, for the individual mole- 
cules neither are born nor die, they have neither parents 
nor offspring, and so far from being modified by their 
environment, we find that two molecules of the same 
kind, say of hydrogen, have the same properties, though 
one bos been compounded with carbon and huried in the 
earth as coal for untold ages, while the other haa been 
" occluded " in the iron of a meteorite, and after unknown 
wanderings in the heavens has at last fallen into the 
hands of some terrestrial chemist. 

The process hy which the molecules become distributed 
into distinct species is not one of which we know any 
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Bat thoo^ thia bypotheos geta rid of the difficulty 
of aoooanting for the tDdependeot origin of different 
Bpecin ol molecules, it merely tmnsfen the difficulty 
from the koown molecules to the primitive atoms. How 
did the atoms come to be all alike in those propertieB 
which aie in themselves capable of assuming any value f 

If we adopt the theoiy of Boscorich, and assert that 
the primitive atom is a mere ceiitre of force, having a 
certain definite mass, we may get over the difficulty about 
the equality of the mass of all atoms by laying it down 
as a doctrine which cannot be disproved by experiment, 
that mass is not a quantity capable of eontinaous increase 
or diminution, but that it is in ita own nature discon- 
tiuuous, like number, the atom being the unit, and all 
maaaes being multiples of that unit, We have no evidence 
that it is possible for the ratio of two masses to be 
an incommensurable quantity, for the incommensurable 
quuntitiea in geometry are supposed to be traced out in a 
cDiitinuouB medium. If matter is atomic, and therefore 
discontinuous, it is unfitted for the construction of perfect 
geometrical models, but in other respects it may fulfil its 
functions. 

But even if we adopt a theory which makes the 
equality of the mass of different atoms a result depending 
on the nature of mass rather than on any quantitative 



adjustment, the correspond euce of the periods of vibra- 
tion of actual molecules is a fact of a different order. 

We know that radiations exist having periods of vibra- 
tion of every value between those corresponding to the 
limits of tho visible spectrum, and probably far beyond 
theae limits on both sides. The most powerful sijcctro- 
Bcope can detect no gap or discontinuity in the spectrum 
of the light emitted by incandescent lime. 

The period of vibration of a luminous pnrticle is there- 
fore a qaantity which in itself ia capwible of assuming any 
one of a series of values, which, if not mathematically 
continuous, ia such that consecutive observed values differ 
from each other by less than the ten-thousandth part of 
either. There is, therefore, nothing in the nature of time 
itself to prevent the period of vibration of a molecule 
from assuming any one of many thousand different 
observable values. That which determines the period of 
any particular kind of vibration is the relation which sub- 
sists between the corresponding type of displacement and 
the force of restitution thereby called into play, a relation 
involving constants of space and time as well as of masa. 

It is the equality of these space- and time-cotistanta 
for all molecules of the same kind which we have next 
to consider. "We have seen that tho very different 
circumstance-s in which different molecules of tho some 
kind have been placed have not, even in the course of 
many ages, produced any appreciable difference in the 
values of these constants. If, then, the various processes 
of nature to which these molecules have been subjected 
since the world began have not been able in all that 
time to produce any appreciable difference between the 
constants of one molecule and those of another, we are 
forced to conclude that it is not to the operation of any 
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of tbeac procewes tliat the onifonnity of the canaliuite 
is due. 

The formalion of the tnolMulc is therefore an OTont 
not belonging to that order of nature under which we 
live. It is on oi«ralioti of a Viud which i« not^ ao far 
as we are aware, goiug on on earth or in tliti suu or tha 
Etars, eit)i<!r uow or since these bodies began to \te fonned. 
It must be reft^rred Ui the epoch, not of the furmntiun ot 
the earth or of the solar system, but of the eatabliahmont 
of the existing order of nature, and till not only tbcae 
worlds and systems, but the very order of nature itself ia 
dissolved, wo have no reason to expect the occurrence of 
any oiteration of a similar kind. 

In the present state of science, therefore, we hnTe 
strong reasons for believing that in a molecule, or if not 
in a molecnie, in one of its component atoms, wo bavs 
something which has existed either from eternity or at 
least from times anterior to the existing order ai nature. 
But besides tliis atom, there are immense numbnrs of 
other atoms of the same kind, and the constants of each 
of these atoms are incapable of adjustment by any proceee 
now in action. Each is physically independent of all tfae 
others. 

A\'hether or not the conception of a multitude of 
beings existing from all eternity is in itself self-contra- 
dictory, the conception becomes palpably absurd when 
we attribute a relation of quantitative equality to all 
these beings. We are then forced to look beyond them 
to some comiuou cause or common origin to exjilaia 
why this singidnr relntton of eijiiality exists, mth«r tiim 
nny one of the inlinite number of possible relatione ot 

ncompetent to reason upon the creaUoa ol 



matter itee!t out of nothing. We have reached the 
utmust limit of our thiuking faculties when va have 
admitted that, bccnuse matter cannot bo eternal and 
self -existent, it must have been oreatBd. It is only when 
we contemplate not matter in itself, but the fonn in 
which it actually exists, that our mind finJa something 
on whiuh it can lay hold. 

That matter, as such, should have certain fundamental 
properties, that it should have a continuous existence in 
BpacQ and time, that all action should be between two 
portions of matter, and so on, are truths wiiich may, for 
aught we know, Ijc of the kind which metaphysieiana 
call necepaury. We niay use cur knowledge of auch 
truths for purposes of deduction, but we have no data 
for speculating on their origin. 

But the equality of the constants of the molecules is 
ft fact of a very different order. It arises from a 
[larticular distribution of matter, a coUoeation, to use 
the expression, of Dr. Chalmers, of things which we 
liave no difficulty in imagining to have been arranged 
otherwise. But many of the ordinary instances of 
collocation are adjustments of constants, which are not 
only arbitrary in their own nature, but in which varia- 
tions actually occur ; and when it is pointed out that 
these adjustmeub) are beneficial to living beings, and 
are therefore instances of benevolent design, it is Teplied 
that those variations which are not couduiiive to the 
growth and ranltiplicatiou of living beings tend to their 
destruction, and to the removal thereby of the evidence 
of any adjustment not beneficial. 

The constitution of an atom, however, is such as to 
render it, so far as we can judge, independent of all the 
dangers arising from the struggle for existence. Pl.'iusible 
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reasons may, no doubt, be assigned (or believing that if 
the Constanta bad varied from atom to atom through any 
Bensible range, the bodies formed by aggregates of such 
atoms would not have been so well fitted for the cod- 
struction of the world as the bodies which actually cxieL 
But aa we have no experience of bodies formed of mch 
variable atoms this must remain a bare uonjecliire. 

Atoma have been compared by Sir J. Henschol to 
manufactured articles, ou accouut of their uuifomiitj'. 
Tlie uniformity of mauufuntured articles may be traced to 
very ditTsrent motives on the part of the manufacturer. 
In certain cases it is found to be less expeusivo aa regards 
trouble, as well aa cost, to make a great many objects 
exactly alike than to adapt each to its epccial requJre- 
meiiU. Thus, shoes for soldiers are mode in Uige 
numbers without any designed adaptation to the feet of 
particular men. In another claas of cases the uniformity 
is intentional, and is designed to make the manufactured 
article more valuable. Thus, Whitworth's holts are made 
in a certain number of sizes, so that if one bolt is lost, 
another may be got at once, and accurately fitted to it« 
place. The identity of the arrangement of the words in 
the different copiea of a document or book in a matter of 
great practical importance, and it is more perfectly secured 
by the process of printing than by Umt of manuscript 
copying. 

In a third class not a part only but the whole of the 
value of the object arises from its exact conformity to a 
given standard. Weights and mcaatires belong to tbia 
class, and the existence of many well-adjusted material 
standards of weight and measure in any country fur- 
nishes evidence of Uie existence of a eystCTn of law 
regulating the transactions of the iuhabilanls, and enjoin- 




ing in all professed mcflsorea a conformity to the national 
standard. 

There are thus three kinds of usefulness in manufac- 
tured articles — cheapness, aerviceableness, and quantita- 
tive accuracy. Wliich of tlieae was present to the mind 
of Sir J. Herschol we cannot now positively affirm, but 
it was at least as hkely to have been the lost as the fir«t, 
though it seems more probable that lie meant to assert 
that a number of exactly similar things cannot be each 
of them eternal and self-existont, and most therefore 
have been made, and that he used the phrase " manu- 
factured article " to augyeat the idea of their being made 
in great numbers. 
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TUM vero ex eo inventionia ingressu duas dicitnr 
fecisso massos ffiquo pondere, quo etiam fuerat corona, 
nnam ex auro alteram ex argento. Cum ita fecisset, vas 
amplum ad summa labni implevit aqua ; in quo demisit 
argenteam massam : cuius quanta magtiitudo in vase 
depressa est, taiitum aquse effluxit, Ita exempta massa, 
(^uanto minus factum fuerat, refudit sextario menans, ut 
eodem modo, quo jirius fuerat, ad labra lequaretur. Ita 
ex eo invcnit, quantum [ad rerluni] pondua aigenti ad 
certam aqu» mensuram responderet. Cum id expertus 
esaet, turn auream maasam similiter pleno vase demisit, et 
ea exemiita, eadem ratione raensura addita invenit ex 
aqua non tantum defluxisse sed [fanf»m] minus, quanto 
minus msgno corpore eodem pondere auri massa esset 
quam argenti. Poatea Toro repleto vase in eadem aqua 
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ipui corona demisaa, iDTeiut plus aqiw deflnsJaM in 
corouatn, ijuam iu aureom eodem ponden kusud : «i ite 
ex CO, qawl plus iJeQuxerat aqiUB in corona qaam iu 
mama, raliociiiatus deprehendit argcDti in anni miztiDOMa 
et nianifestum fartum redemploris. — ^^■itruTi^8, De Areki- 
(erfurrf, Lib. IX., Prr/alio. 



APPESDIX IV. (§191). 

Note os a SiNoin.&R PissiOB in the "Pbiscipia." 

By Profosor T»it.' 

Ik tlie remarkable Seholiiim, appended to hie diapter 
ou the Laws of Motion, where Xewton is allowing what 
Wren, Wallis, and Huygens had done in connection wilh 
the impact of bodies, he uses the following ver}' peculiar 
language ; — 

"Sed et veritfts comprohata est a D. Wrenjw coram 
He'jiil St'deiate [ler cxperiniontnm Fendulorum, quod 
etiani Claritsiimts Mmioltug Libro integro exponere mox 
difOiatUB Mt." 

The Inat clause of this sentence, which I had occasion 
to coitfult a few days ago, appeared to me to be bo 
tiarcastic, and ao unlike in tone to all the context, that 
I WHS anxiouB to discover its full iuteution. 

Not one of the Commentators, to whose works I had 
access, nukes any remark ou the passage. The Trans- 
lators differ widely. 

Thus Motto softens the clause down into the trivial 
' Free. HS.E., JmiDarf 19, 1BS5. 
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remark "which Mr Mariotte aoon after thought fit to 
explain in a treatise entirely on that subject." 

The Marquise du ChasteUet (1T56) renders it tlms : — 
". . . . maia ce fut Wrenn quj lee confirma par des 
Experiences faites avee des Pendiiles devant la Socititii 
Royale: lesquellea le c^lubre Marioite a rapport^es depuis 
dans un Traits qii'il a compost espr^e sui cette matifere," 

Thorp's translation (1777) runs : — 
" which the very eminent Mr Mariotte aoon after thought 
fit to explain in a treatise entirely upon that subject." 

Finally, Wolfera (1872) renders it thus :— 
"der zweitc Ketgte der Societiit die Richtiglceit seiner 
Erfindung an einem Pendelversuche, den der beriihmto 
Mariotte inseinem eiyonen Werke ana einander zn setzen, 
fflr wtirdig eracbtete." 

N'ot one of these seems to have remarked anything 
singular in the language employed. But when we con- 
sult the " entire book " in which Mariotte is said hy 
Newton to have " expounded " the result of Wren, and 
which is entitled Traits de la Parciimon ou Choe t/c« 
Corps, we find that the name of Wren is not once 
mentioned in ita pages ! From the beginning to the end 
there is nothing calculated even to hint to tlie reader 
that the treatise is not wholly originaL 

This gives a clue to the reason for Newton's sarcastic 
lai^age ; whoso intensity is heightened by the contrast 
between the Cluriummue which ia carefully prefixed to 
tlie name of Mariotte, and the simple D. prefixed, not 
only to the names of Englishmen like Wren and Wnllis, 
but even to that of a specially distinguished foreigner 
like Huygeiis. 

Newton must, of course, like all the scientific men of 
the time (Mariotte included), have been fully cognisant 
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of Boyle's celebrated controversy with Linus, which M 
to the publication, in 1662, of the De/rtKt of the Doetriite 
louefiing the Spring and Wei^fki of the Air. In that tract, 
Part II. Cliap. T., the result called in Siitain Boj/W» Lavi 
ia established (by a very reniarkabla series of experi- 
ments) for pressures less than, as well as for pressures 
greater than, an atmosphere ; and it is establiEbed by 
means of the very form of appaiatua atiil employed for 
tlie purpose in lecture demotiatrutioua. Boyle, at least, 
clmmed origiaality, for he says in connection wllh the 
difficulties met with in tlie breaking of his glass tube, — 
" , . , . &n accurate Experimeut of this nature would be 
of great importance to tlie Doctrine of the Spring of 
the Air, and has not been made (that I know) by any 
man. . . ." 

In Mariotte's Diiccnm de la Nature d^ VAir, published 
youKTKKN years later than Uiis work of Boyle, we find 
no mention whatever of Boyle, though the identical fonu 
of apparatus used by Boyle is described. The whola 
work proceeds, as does that on Pereustion, with a caini 
igtioration of the labours of the majority of contemporary 
philosophers. 

This also must, of course, have been perfectly wdl 
known to Newton :— and we can now see full reason for 
the markedly peculiar language which he permita himself 
to employ with reference to Mariotte. 

What was thought of this mutter by a very distln- 
guished foreign contemporary, appears from the treatise 
of James Bernoulli, De Oraoitate .Athens, Amsterdam, 
1683, p, 92. 

" Veritas utriusque huius rcgulse manifeata fit duohus 
curiosts experimentis, ab lUiutr. Dn. Boylio hanc in turn 
factLs, quEB videsis in Traefalu ^us eontni Litutm, Cap. V., 
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cui duas Auctor subjunxit Tabulas pro divereis Condeu- 
aationis et Rarefuctionia grodibus." 

In order to satisfy myself tbut Newton's language, 
taken in its obvious meaning, really has the intention 
wMcli I could not avoid attaching to it, I requested my 
colleague Professor Butcher to state the impression which 
it produced on him. I copied for bim the passage above 
quoted, putting A, for the word Wrenjio, and B. for 
Mariottiu ; and I expressly avoided stating who was the 
writer. Here is his reply : — 

" I imagine the point of the passage to be something of 
thifl kind (speaking without farther contest or acquaint- 
ance with the Latinity of the learned author) ; — 

" A established the truth by means of a (simple) ex- 
periment, before the Royal Society ; later, B thought it 
worth bia while to write a whole book to prove the same 
point, 

" I should take the tone to be highly sarcastic at B'a 
expense. It »eems to suggest that B was not only clumsy 
but dishonest. The latter inference is not certain, but 
at any rate we have a hint that B took no notice of A's 
discovery, aud spent a deal of useless labour." 

This conclusion, it will be seen, agrees exactly with the 
complete ignoration of Wren by Jloriotte. 

When I afterwards referred Professor Butcher to the 
whole context, in my copy of the first edition of the 
Princtpia, and asked him whether the use of ClarisHmus 
was sarcastic or not, he wrote — 

" I certainly think bo. Indeed, even apart from the 
context, I thought the Ciarinsimus was ironical, but there 
can he no doubt of it when it corresponds to D, Wren." 

In explanation of tliia I must mention that, when 1 
first sent the passage to Professor Butcher, I had copied 
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flnd !>!■ •UlBiuont :— " Lm rxji^rieuws de Bofle se tii|>]>orUDt 
Miil«niHnt aiix irrowion* )uj<i^ricnnii It In prrsnioD atmoB|iti^nque." 
Comi'iirg tliU wllU Boylc'i own words, in 1 195 aboTO. 
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It must be Baid, ie juHtica to Mariotte, that he does 
not appear to have claimed the diacovery of any new 
facts in connection either with coliiaion or with the 
effect of pressure on air. He rather appears to write 
with the conscioua infallihility of a man for whom nature 
has no secrets. And he transcribes, or adnpts, into his 
writings (without any attempt at acknowledgment) what- 
ever suits him in those of other people. He seems to 
have been a splendidly successful and very early example 
of the highest claas of what we now call the Paper- 
ScientUle. Witness the following extracts from Boyle, 
with a parallel citation from Mariotte of fourteen years 
later date at lead. The comparison of the sponges had 
struck me so much, in Mariotte's work, that I was 
induced to search for it in Boyle, where I felt convinced 
that I should find it. 

" This Notion may perhaps be somewhat further ex- 
plain'd, by conceiveing the Air near the Earth to be such 
a heap of little Bodies, lying one upon another, as may 
be resembled to a Fleece of Wooll. For this (to omit 
other likenesses betwixt them) consists of many slender 
and flexible Hairs; each of which, may indeed, like a 
little Spring, be easily bent or rouled up ; but will also, 
like a Spring, be gtill endeavouring to stretch itself out 
again. For though both these Haires, and tlic .^rcal 
Corpuscles to which we liken them, do easily yield to 
eiternaU pressures ; yet each of them (by virtue of its 
structure) is endow'd with a Power or Principle of Selfe- 
I}ilatatIoR ; by virtue whereof, though the hairs may by 
a Mans hand be bent and crouded closer together, and 
into a narrower room then suits best with the Nature of 
the Body, yet, whils't the compression lasts, there is 
in the fleece they composeth an endeavour outwards. 
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whereby it continually thrusts against the hand that 
opposeth its Expanaion. And upon the removall o( the 
BYternidl pressure, by opening the hand more or ksa, the 
compiessed Wool] doth, as it were, spontaneously expand 
or display itself towards the recovery of its former more 
loose and free condition till tite Fleece hath either reg&in'd 
its former Dimensions, or dt least, approached them as 
neare aa the compressing hand, (perchance not quite 
open'd) will permit. The power of Selfe- Dilatation is 
somewhat more conspicuous in a dry Spnnge compress'd, 
then in a Fleece of "Wooll. But jet we rather chose to 
employ the latter, on this occasion, because it is not like 
a Spnnge, an intire Body ; but a number of slender and 
flexible Bodies, loosely complicated, as the Air itself 
seems to be." 

And, a few pages Inter, he adds ; — 

" . . . .a Column of Air, of many miles in height, 
leaning upon some springy Corpuscles of Air here below, 
may have weight enough to bend their little eprings, and 
keep them bent: As, (to resume our former comparison,) 
if there were fleeces of Wooll pil'd up to a mountainous 
height, upon one another, the hairs that compose the 
lowennost Locks wliieli support the rest, would, by the 
weight of all the Wool above thom, be as well strongly 
compress'd as if a Man should squeejie them together in 
his bands, or employ any such other moderate force to 
compress them. So that we need not wonder, that upon 
the taking of the incumbent Air from any parcel of the 
Atmosphere here below, the Corpuscles, whereof that 
undermost Air eonsista, should display themselves, and 
take up more room than before" 

Mariotte (p. 151). "On pent comprendre k peu prts 
cette diflirence de condensation de I'Air, par I'ezemple 
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de ploaieuTs Sponges qu'on auroit e 
lea auttes. Cat il est Evident, que cellos qui Beroietit 
tout au haiit, auroient leur ^teiidue naturelle : i^ue 
cellee qui seroient immMiatement au deasous, seroieiit 
un peu moiDB dilat^'ca ; ct que celles qui seroient au 
dessDus de toutcs lea autres, seroient tr^a-serrecs et con- 
denafes. II eat encore mauifeate, que si on Otoit tout«s 
ccllea du desaus, celles du dessoua repreudtoient leur 
^teudue naturelle par la vei'tu de lesaort qu'elles out, et 
que ei ou en 8toit eeulement une partie, elles ue lepreu- 
droieiit qu'une partio de leur dilatation." 

Those curiouB in auch antiquarian detaila will probably 
find a rich reward by making a careful comparison of 
these two works; and in tracing the connection between 
the Liber itdeger, and its foua et origo, the paper of Sir 
Chrifltopher Wren. 

Condorcet, in his Etoge de Mariotte, saya : — " Lea loia 
du choc des corps avaient M trouvdes par une m^ta- 
physique et par une applicatioa d'analyse, nouvelles 
I'une et I'autre, et si aubtiles, que lea demonstrations de 
ces loia ne pouvaient aatiafairc que lea graiida mnthfi- 
maticiena. Mariotte chetcha h lea ri>adre, pour ainsi dire, 
populairea, en lee appuyont sur dcs experiences, etc." 
i.e. preeudy what Wren bad thoroughly done before him. 

"Le diacoucs de Mariotte aur la nature de I'air 
lenferme eucore une auite d'exp6nenccs inti^reasantes, 
et qui etaieut absolumcnt neuvea." This, as we have 
seen, is entirely incorrect. 

But Condorcet shows on easy way out of all questions 
of thia kind, however delicate, in the words: — "On no 
doit aux morts que ce qui pent fitre utile aux vivanta, la 
vdrit4 et la justice. Cependaut, loraqu'il rcste encore 
des amis et dcs enfauts que la v^rit^ peut affliger, lea 
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